Linear Systems: Black Boxes and Beyond

These notes are derived from the 2016-2017 notes of the same name, and are intended to follow
Linear Transformations and Group Representations. The main changes from the 2016-2017
notes are that material about the passage from the discrete-time cyclic scenario to the
continuous-time acyclic scenario is modified, cable equation material is added, and the point
process section is expanded (moments of renewal densities added).

The classic “black box” problem and its variants

The general setup is a “black box™ with an input, s(¢), and an output, »(z), where

r(t)=F[s](7).

s(t)—» F »r(t)

F is variously called a system, a transformation, a transducer, or, a “functional” (hence, the
bracket notation), to emphasize that imply that the value of F' at a given time ¢ depends not just
on the particular current value s(¢), but on the values of s at all times (or all previous times).

We have access to s(¢) and 7(¢) but not the insides of the black box, and would like to
characterize it.

For example,

apply a voltage, measure a current;

apply a head rotation, measure the eye movement;

apply a volume load to the circulatory system, measure the heart rate response
apply a light stimulus to a photoreceptor, measure the current

apply a pulse train to a synapse, measure the postsynaptic current

We typically assume that we can manipulate s(¢) (but sometimes we can only observe it).

We also can have many goals: We may be interested simply in a concise way of describing F,
or we may be interested in a way of describing F' in a manner that suggests what is inside the
black box. We may be interested in understanding how a network of such black boxes combines.
We may have partial knowledge of the contents of F, and want to use it to infer the rest (“gray
box™), for example:

——+t | known [—— unknown >
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The input can be spatiotemporal rather than just spatial (apply an input to a neural network,
measure the firing rate). We can try to reduce to the above case by assuming the inputs don’t

interact, i.e., F[s,,...,5,|(t) = F [s,](1) ++--+ Fy [s,](©)

We may be interested in characterizing the variability of the output of F: in general, to determine
p(s,r). We can try to reduce to the above case by assuming that noise is additive, i.e., that

p(s,7)=D, ... (r(t) —F|s] (t)) . This could be a very bad approximation if, say the output is a

spike sequence — but then we might try to analyze in terms of a derived variable, e.g., a “firing
rate”.

Time-translation invariance

Of course the general class of problems considered above is intractable. So to get off the ground,
we make two assumptions: time-translation invariance (hard to argue with) and /inearity (a
major simplification). For “systems”, we also assume causality, i.e., that the output can only
depend on the input from earlier times. Also, need to make “technical” assumptions: finite
memory (the output can only depend on the input up to some maximum previous time), and
bounded response.

Linearity is the major simplification. It is never exact (saturations, thresholds, can’t have
negative firing rates), but it is very often useful. Many aspects of the theory do extend to
nonlinear transformations, but it is not nearly as concise a theory — it can’t be -- and it is not
covered here.

Notation: translation-invariance can readily be restated in “functional” notation: If F [s] t)y=r@)
and s' =D, (s) (i.c, s'(t)=s(t+T)), then F[s'|(t)=r(t+T). Of course this is just the
familiar FD, = D, F .

Linearity in “functional” notation: F [51 + SZ](t) =F [sl ] )+ F [sz](t) and
Flas|(t)= a(F[s](t)) for any scalar o.

Consequences of linearity

Linearity is simply that F' is in Hom(V,V'), where V is the vector space of functions of time (the
real line). But to use the machinery we developed — that is, to work over the field C, we need to
figure out a way to interpret functions of time that have complex values. The solution is given
by linearity. Any signal s(¢) can be decomposed into a real part and an imaginary part:

5(t) = 8, (1) +is,,,, (1) , where s, and s, . can be determined from s by

real imag

S, ()= %(s(t) +5(1)) and s, (t) = %(s(t) —5(1)) (Note that s, is itself a real-valued
i
signal, since it is equal to its complex conjugate). So, if we know how a physical (“real”) linear
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system responds to “real” inputs, then there is only one choice for how it responds to complex-
valued inputs, namely: F|[s](t)=F [Sm, - ismmg](t) = F[s,,,](0)+iF [S,-mag](t) :

Linearity also provides an intuitive way to characterize how a transducer operates on an arbitrary
signal s(¢). First, break up time into tiny intervals:

Linearity states that we can consider each interval independently, so we do this:

\

n(__n_____:t_,__ﬁ_m .
S
4"; oy

o f

The response 7 to s at time ¢ contains contributions from inputs at all times in the past, i.c., at all
times t—7, for 7>0.

i

»

Let’s say that f(u) is the response of the system to a unit impulse at time 0. f(u) is known as
the “impulse response”. Time-translation invariance means that f(u) also determines the
response to an impulse presented at time ¢ —7: itis f(u—(/—7))=D_, . (u). Thatis, at time
t > 1, the response to an impulse presented at time ¢t —7 is f(t—(t—7))= f(7).

Linearity means that we also know the response to an impulse of size «; itis af . So the total
response at time ¢ is a sum over all contributions from times 7 earlier:

oo

r(t) = F[s](¢) = fs(t —71)f(7)dT,1.e., the response is the convolution of the stimulus with the
0
impulse response. A possibly more intuitive view comes from changing variables to u =¢—17:

r(t) = F[s](¢t) = f s(u) f(t —u)du -- in both cases, it should be evident that the impulse
response f weighs the influence of the stimulus at all previous times, and these combine by
linearity.
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Note also that the impulse response is, in fact, the response to a formal impulse: if we define

O(u) as the “function” for which 76(;{) g(u)du = g(0), then
FI8)0) = [ 8Gu)f(t—u)du= 1(0).

We can always replace the limits of integration with [—o00,00] as long as we keep the
requirement that impulse responses are always 0 when their arguments are <0 (required by
causality).

Why not use the time-domain formulation?

It would seem natural to use the above result (the impulse response is the response to a delta-
function) to measure it directly, and to use the time domain formulation. Why not?

In addition to the theoretical considerations discussed so far, there are two reasons.

First, measuring the impulse response directly pushes the system into a range in which linearity
is likely to be least valid (it is never completely valid), as one needs to realize the delta-function
by a short, high-intensity stimulus.

More precisely: if the impulse response is something that does not change much over times on
the order of AT, then one can approximate

1 t+AT /2
£ zﬁ[ [ ranau

t—AT/2

This is equivalent to approximating a delta-function by a pulse of width A7 and height 1/ AT .
So, to make the pulse valid as a delta-function, you need to keep the width A7 small. Making
AT small (but keeping the response size constant, so that you can measure it in the face of
system and instrumentation noise) means increasing the height 1/ AT , since, for sufficiently
short times, the response is proportional to the area of the pulse. But increasing the height will
eventually recruit nonlinear phenomena that may have no physiologic relevance.

Second, using the impulse response does not lend itself to seeing how systems combine.

— 1 F M G >

H

For example,
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F=retinal processing, G=cortical processing;
F=visual processing, G=neural to BOLD transformation
F=the system you are studying, G=your measuring device

If you know the impulse responses of the components f(7) and g(7), then what is the impulse
response of the composite system H? We can calculate based on impulse responses:

Say F[s]=gq, Glq]l=r.

r(0)=Glgl(n = [ qt—7)g(r)dr and q() = FLs)(t) = [ s/ —7)f(+)d7".
Straightforward substitution,

g(t—7)= [s(t=7—7)f(z")d7', 50

r(t) = f f s(t—7—7") f(r)g(T)d7'dT . Change to a new variable for the total lag time,
u=1+71"

r(t)= f f s(t—u) f(u—7)g(1)dudT , and interchange order of integration:
()= [ se— u)( [ rw-m g(T)dT)du .

This writes the response 7 in terms of an impulse, r(¢) = f s(t—u)h(u)du , for

h(u) = f f(u—T7)g(T)dT . That is, the impulse-response of the composite serial system is the

convolution of the component impulse responses, # = f x g . It’s not even self-evident that

f*g=gxf (well, almost self-evident, change variables 7' = u — 7).

It would be much worse to try to work out the
impulse response for a feedback system, as —1» + > F

you’d wind up writing an integral equation for
the response to a delta-function, 4, i.e., the

system output which, when filtered by G, added

to the input and then filtered by F again,

recovers the same output. H

The frequency-domain
representation

Once we assume time-translation invariance and linearity, we can now use the group-theorietic
machinery we’ve developed, and this leads to a much simpler way of representing signals and
transformations than in the time domain.
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Algebraic consequences

Linearity means that a filter ' is a member of Hom(V,V'), where V' is the vector space of
(complex-valued) functions of time.

Time-translation is a unitary representation of the symmetries of the line in Hom(V,V'). That s,
the correspondence between times 7 and time-shift operators D, maps the structure of the
additive group of real numbers into a set of unitary operators in Hom(V,V).

This is the regular representation, as D, can be viewed as a permutation of the time points.

The group representation theorem tells us how the regular representation is decomposed into its
irreducible components. Since the group is commutative, all irreducible representations have
dimension 1.

Based on analysis of the cyclic group Z, , we know that for each representation, a time

translation 7 maps to multiplication by a complex number of magnitude 1, whose phase is
proportional to 7. So we can parameterize the irreducible representations by this proportionality

—callit w. So the representation U_ maps T to multiplication by ¢ .

Now let’s find the subspace of V' in which the regular representation acts like U . That is, what
are the functions of time for which a time-shift by 7' results in a multiplication by " ?

Concretely, what are the functions f for which 7 (t+7T)=¢e"" f(t)? Set t=0 to find
f(T)=¢€""£(0). That is, the subspace of ¥ corresponding to the representation U is the

subspace consisting of all functions of the form f(T') = ae™” , i.e., the Fourier basis.

Now, what are the consequences of time-translation invariance? FD, = D,F means that
commutes with the regular representation. So in the basis in which each D, is diagonal, F'is

diagonal too. That is, F acts separately on each subspace of V' that corresponds to the irreducible
representations. Since each of these pieces are one-dimensional, it must be that F”s action on
each of them is multiplication by a complex number — and we call this complex number

A

f(w).

Representing signals

How do we change bases from the “intuitive” time-domain basis to the irreducible
representations (the Fourier basis)? I.e., given a representation of a signal as a function of time,
s(t), how do we project it into the subspace in which time-translation by an amount 7 acts like

multiplication by an amount " ? As above, we know what this subspace is: it is the one-
dimensional space of scalar multiples of ¢*’. And we know how to project an arbitrary vector v
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(v,u

into the space spanned by some u, P, (v)=u . So we just apply this with v =15 and

—~
~——

u,u
iwt

u—=e

The problem is that <u,u> and <v,u> are integrals over an infinite domain, and it is not clear

whether they can be defined in a self-consistent way. But working formally, with the
“convention” that u has unit length, i.e., that <u,u> =1 we find

P(f)=e" f s(t)e ™dt . The coefficient of ™' is the coordinate of s in the new system, i.e.,

—00

“Fourier analysis”:

o0

$(w) = f s(t)e ™dt . (1)

Similarly, since the ¢ is a basis set, we should be able to write s(¢) in terms of it, i.e., “Fourier
synthesis.” After some further work (see next section), the result is

[o¢]

s(t):% f SW)etdw . )

Note the “+” in the exponent — this comes from the algebraic structure, and the need for
complex conjugation on the right side of the inner product. However, the 1/27, which might be
a bit of a surprise. Egs. (1) and (2) are known as Fourier transform pairs. We could make them

completely symmetric (except for the sign in the exponent) by moving a factor of +/27 , but then
other things would look more complicated.

The infinite line and the factor of 1/27

The reason the factor of 1/27 becomes clear when we try to give rigorous interpretations to both
<u,u> and <v,u> . If we take <u,u> =1, then we are giving a finite (nonzero) value to an integral
of a function of magnitude 1 over the entire domain —effectively, taking an average over the
interval [—o0,00]. But if we apply this logic to a function v that only has a finite duration in
which it is nonzero (“finite support”), we’d want to assign a value of 0 to (v,u> . This would
make the “synthesis” (eq. (2)) nonsensical, as each $(w) would be zero. To avoid this kind of
collapse, we realize that we have to interpret the coefficient s(w) as the size of the projection,
per unit frequency. That is, in a small range of frequencies Aw, the value of §(w) does not

change much, and eq. (2) could then be approximated by a sum. Working out the details of this
leads to the factor of 1/27.

Here are those details. Had we worked with cyclic time, discretely sampled (in N points per
cycle), nothing would be needed besides group theory — the representations of the cyclic group of
an N-gon. The group is generated by the element a that corresponds to advancing by one time
step (AT =T /N ). We already saw that the irreducible group representations are maps from a to
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multiplication by the complex number ¢*™’" . Since 2mik = [}57}]£ = [@k]AT , We can

N T T
make a correspondence between the infinite case (a representation whose multiplier for a time

step of AT is ¢“*") and the finite case (a representation whose multiplier is e*™'"):
iwAt =27ik/ N corresponds to frequency w=2nk/T .

This leads to the discrete Fourier transform — “analysis”

Pl N-1 N-1 '
'§k — izs(jAT)efhrikj/N — izs(jAT)efhrik(jAT)/T — lZ(AT)S(tj)e—katj/T ’ (3)
N ‘= N ‘= T =
where the last step uses AT =T /N and ¢, = jAT . In the limit that N — oo and AT — 0 (and

with w=2mk /T ), this can be interpreted as the integral

=1 [ s ar, )

which corresponds to the standard analysis equation, eq. (1), with §(w) =TS, .
The corresponding “synthesis” (which will correspond to eq. (2), with w =27k /T ) is

N-1
S(t) — Z§ke+27rikt/T , (5)
k=0

where the “synthesis” is valid at any time ¢ that is one of the times ¢, = jJAT = jT /N at which
the signal s(¢) is sampled. That is,

N-1 N-1 N—-1
_ A 2wkt )T o F2mik(GT/NVT _ a F2miki/N
s(tj)—Zske —Zske ! —Zske I (6)
k=0 k=0 k=0
This also becomes an integral in the limit that N — oo
N
A 2mikj/ N
s(t,) = f 5.0 gk (7)
0
Since w= 2wk /T , we can change variables, incurring a factor of 7/ 27 :
T 27N/T T 27N/T )
st)y=== [ s Mdw=2= [ §e™dw, (8)
27 4 2 4

This corresponds to the standard Fourier synthesis equation (2), with §(w) =T, .

Representing transformations: the “transfer function”

How do we represent transformations in the new basis? That is, in the subspace spanned by ¢,
what is f (w), the scalar multiplier that corresponds to the action of F?

We use the impulse response to determine how F acts on s = ™’ :
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FIs)(t) = f s(t—1) f(T)dT = f 400 £(T)dT = f e f(r)dT = s() f(w) . So (relief!) F
really does act like multiplication. The multiplier, which we defined as f‘ (w), turns out to be

f (w)= f e 7 f(7)dT , which bears the same relationship to f(¢) as §(w) bears to s(¢), as in
eq. (1).

Even though frepresents a transformation and s represents a signal (a vector), this is not
an accident: there is a natural correspondence between transformations and signals: a
transformation corresponds to a signal that is its impulse response.

Since F acts separately in each subspace, » = F[s] means 7#(w) = j} (W)S(w) .

The quantity f (w) 1s known as the “transfer function.” It can be measured, directly and

practically, by the response of a system to a sinusoidal input Re(e™"). Note that this does not
require going to large transient signals in order to have a readily measurable response. Breaking

the transfer function down into magnitude and phase f (w)= ‘ f (w)‘ ¢/ is often more useful
than breaking it down into a real and imaginary part. Its magnitude ‘ f (w)‘ indicates the

amplification of the sinusoid, and its phase arg( f (w)) indicates whether the sinusoid is advanced
(positive phase) or delayed (negative phase) with respect to the input.

Note that measuring a transfer function in the frequency domain avoids some of the technical
difficulties associated with measuring the impulse response: specifically, one does not have to
use an input that approximates an infinitely large, infinitesimally narrow, impulse. On the other
hand, a naive measurement of the transfer function requires multiple experiments (in which, for
each experiment, one presents a single frequency, and Fourier-analyzes the output at that
frequency. But this potential disadvantage is mitigated by two factors. First, there are many
other ways to measure the transfer function, including noise inputs, multi-sinusoid inputs, and
designed pseudorandom inputs, each with their own advantages (and disadvantages). Second,
for many kinds of physical systems, the transfer function is a very smooth function of frequency,
so it can be accurately determined by measurement at a small number of frequencies,

It is often useful to think of the transfer function j} (w) as a function of a complex variable w,

and where it has zeros and poles — this gives insight into the possible components of a system,
and its stability. The synthesis (or Fourier inversion) integral

o]

1 ot 5 . . . . .
f(t)= o " f(w)dw can be considered a contour integral, by “closing the circle” in the
7T

upper half-plane or the lower half-plane. In order for this integral to be 0 for # <0 (as required
for causality), there can’t be any poles in the lower half-plane. The closer that complex poles get
to the lower half plane, the closer the system is to instability.
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See homework LSBB2223HWa for details, and for related considerations about the location of
the zeros of j} (w).

Transfer functions of composite systems

Transfer functions turn the composition of systems into algebra.

To compose two systems F' and G in series to make H ( F[s]=¢q, G[q]=r): Since
g(w) = j}(w)§(w) and 7(w) = g(w)q(w), it follows that 7(w) = f(w)é(w)@(w) . The transfer
function of the composite system H is therefore };(w) = f (w)g(w) . The frequency

representation has turned serial composition (convolution) into multiplication. This also makes
it obvious that F' followed by G is the same as G followed by F.

q(t)
P

G > r(t)

s(t)—>» F

H
To compose two systems /' and G in parallel to make H ( F[s]=gq,, G[s]=gq,, r=q,+ q,):
Since ¢,(w) = f(w)ﬁ(w) and ¢,(w) = g(w)s(w), it follows that

Aw) = §,(w) +d,(w) = f()§(w) + (w)s(w) = ( Fw)+ Q(w))§(w) . The transfer function of

the composite system H is therefore ﬁ(w) = f (w)+ g(w). The frequency representation has
turned parallel composition into addition.

q4(t)
F 3
+

4

S(t) — > r(t)

G

dx(t) H

Let’s try something more complicated: feedback.

s(t)—> + i(t)b F > r(t)

xk‘
G [&—

b(t) H
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We need to write 7(w) in terms of §(w), i.e., #(w) = ﬁ(w)§(w).

What F does: #(w) = f(w)d(w). What G does: b(w) = g(w)H(w).

At the summation point: a(w) = §(w)+ kl;(w) . Putting it all together:

W) = f(w)(§(w) n kB(w)) = /(W) (§(w)+ kg(w)A(w)) . Solving for A(w):

Fw) (1= (@)&(w)) = F@)3(w), so

N — R : f(w)
=h for W(w)=——F"—"-"".

r(w) (w)s(w) for h(w) (2@

We can always do this with any kind of discrete network, and we will always recover an
algebraic combination of the component transfer functions.

Electrical networks

A related, but not identical, situation is that of passive electrical networks. Specifically, apply
current, measure voltage, in a network of resistors and capacitors — the ratio is the “impedance,”
Z(w), which characterizes the network, and plays a similar role to that of the transfer function.

Since everything is time-invariant, and (for ideal resistors and capacitors) linear, we can still
analyze things one sinusoid at a time.

For resistors, by Ohms’ Law V' = IR, it follows that V(w) =] (w)R, so the impedance function
is just the constant R. To find the transfer function for capacitors: Q = CV , where Q is charge.

Current (/) is the time-derivative of Q. So 1 = 62—? =C 6;—1: Say I(¢)=¢" and

V(t)=Z(w)e".So e“ =C %Z (w)e™ =iwCZ(w)e™", from which it follows that Z(w) = %
iw

The distinction between composing electrical components, and composing input-output systems
(as above) is that here, the “transfer function” relates voltage and current, not input and output.
Current must be conserved in wires and at nodes, and voltages must be independent of path.

The net result is that impedances combine in a different way (familiar from resistor networks).
For components in series, the combined impedance is

Z(w) = Z,(w)+ Zy(w). ©)
For components in parallel, the combined impedance is given by
1/Z(w)=1/Z(w)+1/Z,(w), (10)
or,
Z(w)= 2 WL W) (11)

(W)t Zy(w)
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Combining resistors and capacitors in a discrete network will always yield sums and products of
these two kinds of impedances, R and 1/iwC . So we will always get a rational expression in w
for the composite system.

The cable (or 1-D membrane)

Here we show how this strategy can be used to analyze continuum systems, e.g., the passive (1-
D) cable. An analogous approach can be used to analyze a 2-D sheet.

o ousie We start by discretizing the cable in
elements of length Ax, (panel A) and
. will then take Ax — 0. We consider a
very general cable, in which the
= outside (“bath”) has an outside
Ax impedance per unit length of Z_, the

out >

inside

inside (“cytoplasm”) has an impedance
per unit length of Z, , and the cable

itself has an impedance-length product
of Z

cable *

These units are chosen so that, for a
finite element of length Ax, the
outside impedance and inside
impedance are F' =Z ,Ax and

H = Z,Ax (which should grow in

proportion to length), and the transmembrane impedance of the segmentis G=Z7_,, / Ax

(which should decrease in proportion to length). Note that here we allow the cable and the
media to have arbitrary resistive and capacitative properties — each of the Z ’s can have whatever
frequency dependence we want.

We will determine the how the cable responds to a transmembrane voltage applied across it (e.g.,
between p, and ¢, in panel A). Current can take three paths: directly across the cable, which

has an impedance G, or via either the left or the right semi-infinite “ladders” (panel B). The
impedances of these ladders are necessarily equal (by symmetry), and we denote them each by
Y. Since these three paths are in parallel, an extension of (10) yields:

1 1 1

76"y (12)

1
v
Now to find Y, we note that the semi-infinite ladder can be viewed as a single rung, followed by
the same semi-infinite ladder. That is, the impedance Y must be equal to the serial combination
of the impedances F', [ G in parallel with Y ], and H (panel C). So, using the rule (9) for serial
combination, and then the rule (11) for parallel combination of G and Y,

GY

Y=F+——+H. (13)
G+Y
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Eq. (13) yields a corresponds to a quadratic equation for Y. With S=F+ H ,

Y(G+Y)=S(G+Y)+GY =Y —SY—-SG=0. (14)
This yields

:%(Si S2+4SG). (15)

Only the positive root makes sense. Additionally, as Ax — 0, S decreases to zero (it is
proportional to Ax ), while G increases (it is proportional to 1/ Ax ), with SG stable at

Zw.Z,+Z,,). Soin this limit,

cable

Y—> ( 4SG) \/anble Zn +Zout) N (16)
And from (12) (noting that 1/G — 0 as Ax —0),
1
= E\/anble Zm +Zout> s (17)

which gives us the current response to a voltage, as [(w) =V (w)/ Z(w).

We can also determine the length constant q,,,, which is defined as the distance over which the

voltage declines by a factor of 1/e. Focusing on one of the semi-infinite ladders: the current

across one rung, vs., the current across the rest of the ladder, is in the ratio ,1.e., thereisa

loss of _ for each length element Ax . This ratio is
1+Y/G

11 = ! [I—Ax

Ax
1+EY 1+7\/anble (Zm_l_Z

Z, +Z

“in_~ "“out

(18)

Lable
out

cable
alAx

ZutZ , which, as Ax — 0,

1 _ Ax in out

cable

So over a macroscopic length a, the falloff is

Z, +7Z

in out

. So the length constant is the value of @ when the exponent is

approaches exp [—a

cable

—1,1.e.,

a — cable . 19
/e Z + Z ( )

in out

Random walks and diffusion

We can also use the frequency-domain approach to analyze random walks. Here, the “signal” is
a probability density, p(x), the probability of finding a particle at x . The transformation is how

this probability distribution evolves in time step. More precisely, if the probability distribution at
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time ¢ is a delta-function 6(x), then let’s say that the random walk process results in the particle
having a distribution F,,(x) attime AT .

p(x), being a probability density, must have f p(x)dx =1 and must be non-negative

anywhere. But that is not essential to the algebraic setup, since (if linearity holds), then F,, can
be formally extended to signals that are not probability densities.

The reason that we are justified in using exactly the same formalism is that the analogs of time-
translation-invariance and linearity hold, but now in the spatial domain. That is, translation
invariance says that the particle’s movements do not depend on its position x; that is, F,,(x)

gives the probability of a relative displacement x. Linearity says that a mixture of distributions
behaves the same way as one would expect from the components: the particles don’t interact.

That is, F,,[c,p, +¢,p,| = Far[e,p |+ Farlc,p,]. Of course ¢, +c¢, =1 in order for ¢,p, +¢,p,

to be a properly normalized probability density, but that is not an essential issue here.

We can immediately write down how the probability distribution evolves from one time to the
next (and then see what happens in continuous time):

Proar(® = [ plx—w)Fy (w)du.

Effectively, F,, is an impulse response. So, in the (spatial) frequency domain,

brw)= [ prx)edx

and then, working in one eigenspace at a time,
Prar(w)=Fy(w)p(w).

So now it is easy to iterate the time steps:

A n A A
Bronar @)= (Far(@)) p(@). 01, proy(@)=(Fyr (@) p,(w). This tells how the probability

distribution evolves over time.

Perhaps the simplest random walk is to allow the particle to move a step of size b to the right
(increasing x) or left (decreasing x) with equal probability: F,,(x) = %(5()6 —b)+6(x+Db)).
This yields

Fo(w)= f Fy (x)e ™ dx = % f (6(x—b)+6(x+b))e“dx = %(e’“b + ei”b) = cos(wbh) .

—00
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To take this to a continuous-time limit: we want A7 — 0. Intuitively, the step size b should
depend on AT, and also go to 0 as AT does—but how? We want

A T/AT T/IAT ..
(F AT(w)) = (cos(bw)) " to have a stable limit. For small b,
cos(bw)~1— %bzwz ~e % and (cos(bw))T/M ~ e "TIPAT Qo if the limit of AT — 0 is

approached with »* /AT = A4, then p,,,(w) = e’“’zﬂ/zﬁt(w) .
For p,(x)=4(x), (note that ) (w)=1) we can find the distribution at any later time:

pr(w)=F,(w)=e T Finally, we can carry out Fourier synthesis:

1 1 A iwx 1 T —w?AT /2 iwx 1 —x2/2A4T
xX)=— wye'do=— 1| e™” edw=——e .
Pr() ZW»/O;pT( ) 27?«/0; 2mAT

(The final equality has some steps missing; the origin of the v27 is not obvious. This is a
standard definite integral, and there is a nice tricks — see 2024-2025 Homework 1, Question 3 —
to evaluate it.)

An important comment is that this continuum limit did not depend on the specific discrete-time
model, only on the variance per unit time step. Any F "y (w) which is approximated by

1— %bzwz (for small b) would lead to the same result. (We’ve almost proved the central limit

theorem here.)

Note also that ﬁT (w)= g AT , which is the “transfer function” of a continuous system, is not a

rational expression in w -- in contrast to what happens with discrete compositions of elements.

That this strategy works for diffusion in multiple spatial dimensions, rotational diffusion,
tumbling (spherical diffusion), etc. Under these circumstances, there are larger groups that are
relevant: for example, for diffusion of a particle in two spatial dimensions, the relevant group is
the group of translations in two dimensions. That is, we analyze the evolution of the probability
distribution p,(x,y) via its 2-D Fourier transform,

f)r (wx’ wy) = f f Py (X,y)e_i”"‘x_i”’yydxdy ’

—00 —00

which again breaks the problem into 1-dimensional subspaces.

If isotropy is also assumed, then the group is enlarged, to include rotations as well. This larger
group is non-commutative, so it has irreducible rotations whose dimension is greater than 1.
These larger representations each incorporate 1-D representations of the translation group. The
eigenvalues of these component representations, related by rotational symmetry, must be qual
(since they are part of a single irreducible representation of the larger group that includes
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rotation). This is a fancy way of saying that p,(w,,w,) and F ar(w,,w,) only depend on
|u7| =Jw’ +w?.

One can also analyze diffusion of a “particle” that has an orientation, in 2 or more dimensions
(i.e., the particle is a molecule, not a point). Here, the domain is not the plane or 3-space, but
rather, the group of translations and rotations itself — since the molecule has both a position and
an orientation, and it can both move and tumble. The multidimensional irreducible
representations now play a more essential role to keep track of the tumbling, but the analysis
proceeds along the same lines.

Finally, one can analyze diffusion on a symmetric graph by this approach. More about this in the
graph-theoretic sections.

A more comprehensive approach to noise and variability

The goal is to extend the analysis to take into account intrinsic noise and variability — that is, the
real-world issue that repeating the stimulus does not lead to the same response.

We note at the outset that the response to repeated
presentations of the same stimulus may differ for two kinds
of reasons: one is intrinsic Variability, but the second is

- that the system may have “memory” (or learning).
Formally, it is not possible to make the distinction (intrinsic variability vs. memory/learning)
rigorously based on laboratory data— since when you present the stimulus a second time, you
don’t know if the difference in the response was because you had already presented it once, or, if
there is intrinsic variability. But conceptually, it is a very important distinction, “memory” vs.
“noise.”

The formal distinction is made by thinking about an ensemble of parallel experiments, with
identical preparations, and using the same stimulus in each — and asking whether the responses
are the same. Since we can’t do this in the lab, we simply just wait a long time; or, alternatively,
ascribe all changes in the responses to “intrinsic variability”, rather than noise.

“Noise” may also include measurement noise and noise that is actually generated by the system.

The tools will also deal with other (simpler) situations, such as characterizing the variability
without regard to the stimulus

[

or to characterize the relationship between two response variables
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Ensembles of time series

The basic new component of our setup is to consider “ensembles” of time series. Formally, an
ensemble () of time series is simply an assignment of probabilities p,(x) to every time series

x(t) . Our goal is to characterize p,(x) by sampling it.

./\)\'s. {,A.,zv’si‘-fé 5{ Tit./\d. SIS

: x ) =
& A&V’«:L.u‘f%’“)é, fLX) Dﬁ“ (X) =% ("Z ,;/r)

Since 2 represehts all the “parallél universe” observations but we can only observe one
laboratory at multiple times, we need to formalize the idea that sampling in this fashion (i.e.,
waiting and sampling again) is equivalent sampling from another parallel universe.

This has two parts. First, the ensemble is translationally invariant (its probabilities do not change
with time, i.e., stationarity)

Po(D.[x]) = py(x) for D [x](t) = x(t+7).
Second, we assume that we can replace any kind of average over the ensemble () by averages
over time:

<¢7(x,y,...)>Q = <.7(DT[x],DT[y],...)>T, for any quantity # .that we wish to average. This

condition is known as “ergodicity.” Basically, it means that if we wait long enough, the system
will exhibit all of its behaviors, with probability equal to the samplings over the parallel
universes.

By combining these two assumptions, we can deduce that averages are independent of absolute
time:

(Z(D,[x1.D,[y)...)), = (F Dy [x]. Dy [y),..)) =(F(D,[x].D.[y],..). = (F(x,p...)), -
where the middle equality follows because as 7 traverses all times, so does 7 + 7.

Since averages over the ensemble and averages over time are assumed to be identical, we will
generally suppress the €2 - or 7 -subscript.
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We need to be sure that when we define p(x) for a continuous time series x, that this makes
sense. In the discrete case, if we had some specific number N of time samples, then p(x) would
be the joint distribution of x(z,),...x(t,), specifically, p(x)(Ax)" is the probability that a
sample y drawn from 2 has x(#,) < y(¢,) < x(¢,) + Ax, etc. So the natural strategy is to interpret
p(x) in the same way for continuous time series, but we have to make sure that equations

involving the above expressions make sense when N is indefinitely large. (This is typically the
case, as there will be the same number of factors Ax on both sides of an equation.)

To make practical use of the ergodicity (i.e., that we can replace ensemble sampling by sampling
in time), we also assume that the signals have finite memory — i.e., if we wait long enough,
samples are statistically independent. This is really not adding anything new, since we would be
applying this to the outputs of systems that we assume have finite memory.

Characterizing an ensemble of time series

Since the ensemble is in effect a multivariate distribution, we can take a cue from simple
statistics. The obvious first step is to characterize the mean, <x(7)> . But (because of translation-

invariance), this must be independent of 7, i.e., a constant. We could simply have set our
measurement scale so that the mean value of the signal to be 0. The mean, therefore, is not that
useful. From now on, we will assume that we have set our scales so that the mean signal value is
Zero.

The next obvious thing to do is to look at the variances (and covariances) of samples,
cy(1,,7,) = <x(7'1)x(7'2)> . We can immediately simplify this to a function of a single variable,
because of translation-invariance:
ey (T, +t,7,+1) = <)C(T1 +1)x(1,+ t)> = <x(7’1)x(7'2)> =c,(1,,7,).
That is, ¢, (7,,7,) depends only on the difference of its arguments: c,(7,,7,) = ¢, (7, —T,),
where

¢y (1) = (x(t)x(T + 1)) (20)

Note also that ¢, (7,,7,) = ¢, (7,,7,), 80 ¢, (T) =c(—7).

¢, (0) is simply the signal variance; ¢, (7) is known as the autocovariance, and ¢, (7)/c,(0) is

known as the autocorrelation.

Why not use this straightforward approach to characterize X? The basic problem is that statistical
estimates of ¢, (7) are not independent, and this is progressively more of a problem as we

attempt to increase the time resolution (i.e,. decrease the step sizes for 7). For example: say
x(¢) and x(¢+ At) are correlated, then (by time translation invariance), so are x(¢+ A¢) and

x(t4+2At). So now we expect that x(z) and x(z+ 2A¢) are correlated — but how much? And
to what extent is a direct measurement (i.e., a plug-in from the formula for ¢, (7)) provide new

information for ¢, (2A7) that wasn’t available from ¢, (7)?
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It also is not obvious how the autocorrelation will change when a signal passes through a
transducer.

Working in the frequency domain

Both of these problems are solved by working in the frequency domain. However, there is an
important difference compared with analyzing deterministic signals. The main thing is that the

Fourier representation x(w) = f x(t)e“dt is not well-defined for infinite signals, which makes

—00

it a bit tricky to transform the autocovariance into the frequency domain.

f - aVANPN
i = —

{ , e ee—

ot L ; ' ‘ "'\/\/‘r/J |
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We see this when we break the mtegral up into perlods of length T (not necessarily a repeat
period of the frequency w ):

00 o  N(T+D

(W) = f O =Y f x(e “di= 3" F(x,w,T,NT). Q1)
— N=— NT N=—x

Thus, the integral for x(w) diverges: it is an infinite sum of quantities, each of which is non-

negligible.

Ty+T

Here, F(x,w,T,T,) = f x(t)e “dt is a “Fourier estimate” of the signal x at the frequency w,
T

over an interval 7, and beginning at a start time 70. (We give this quantity a new name, because

it is not quite the Fourier transform, being only over a finite interval.)

The distribution of Fourier estimates

We need to understand the distribution of Fourier estimates to make sense of the above infinite
integrals.

The distribution of Fourier estimates must be independent of the start time, 70— because any
average over the ensemble is independent of start time.

Its average, at any time, must be zero. To see this, first use translation-invariance:
<F(x,w,T,0)> = <F(x,w, T, TO)> But also, we can change variables:
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Ty+T T

F(.X,(.U,T,Tz)) == f X(t)eimtdt: fx(u_i_]:))e—iw(“‘*'To)dt

T, 0
T i ) (22)
=e f x(u+T))e “dt=e " f x(u)e™dt = e F (x,w,T,0)

0 0

Combining this with translation-invariance of the average <F (x,w, T ,0)> = <F (x,w,T, T0)>
yields <F(x,w,T,0)> = <F(x,w,T,TO)> = W <F(x,w, T, 0)> .

So this average must be zero, unless w =0. At w =0, it is just the signal average over the
interval from 7o to To+7, and is therefore zero as well.

Since we know that the Fourier estimates have mean zero, what about its second-order statistics?
Looking at eq. (21), we will have to think about two cases: the same interval, and non-
overlapping intervals. For non-overlapping intervals, the finite-memory condition guarantees that
for sufficiently long interval lengths 7, the distribution of Fourier estimates is independent, since
only a small fraction of the end of the last interval and the beginning of the next interval are
close. So we need to focus on the same-interval case, i.e., the behavior of the average of the
square of F(x,w,T,0).

A simple scaling argument tells us what we need to know: that <|F (x,w,T, 0)|2> grows in

proportion to 7. Write I(T) = <|F (x,w, T ,T0)|2> (which is independent of 7, ). We now consider

intervals that are K times longer, and break up this interval of length KT into K intervals of
length 7.

KT 2

f x(H)e i )=

0

K—1 (m+1)T

S f x(H)e “dt

m=0 mT

I(KT) = <|F(x,w, KT,0)|2> _

S f x(f)e “dt

m=0 7

D f (e “de )= f x(t)e “dt f x(f)e “dt

Ky (meDT
n=0 .7 mn=0 .7

k1 (n+DT Kk_1 (m+DT (n+DT >

(Note the complex conjugation in the final term).
Because of the finite-memory condition, each of the cross-terms (m = n ) drop out: They are
approximately independent, so that the average of the product is the product of the averages,

which we know is zero (from above).

The terms that do not drop out correspondto m =n:
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(m+D)T 2

f x(H)e ' dt

mT

K-1

I(KT)={)"

m=0

— <K25|F(x,w,T,mT)|2> =K-I(T).

m=0

Thus, the variance of a Fourier estimate is proportional to the duration of the estimate. Put
another way, as time increases, the Fourier estimate is expected to grow indefinitely, but to grow

in proportion to JT . We can think of the change from F(x,w,(K—1)T,0) to F(x,w,KT,0)
this as taking a new sample out of the distribution of F(x,w,7,0) as each amount 7 of time is
added.

Note that the above argument also shows that the distribution of F(x,w,T,0) (over the ensemble
) is independent of phase (i.e., this distribution is radially symmetric in the complex plane).
Eq. (22) shows that rotating this distribution by an amount e " is the same as translating time
by an amount 7o.

The growth rate of F'(x,w,T,0) will depend on w. If estimates tend to be uncorrelated, then
growth will be slower, but if they are correlated, then the random samples of F(x,w,T,0) will
tend to line up, and growth will be faster.

The power spectrum

The power spectrum is defined as this growth rate:

T 2

f x(H)e “dt

0

o1 2 .1 2 o1
P (@) = lim —|1,(w) :}E?OF<|F(x,w,T,O)| >:;1330? 23)

Note the units: P, has units of time*(units of X), or, (units of X)*(frequency)

The power spectrum thus completely describes the covariances of Fourier estimates at different
times.

It also completely describes the covariances of Fourier estimates at different frequencies — but
the reason is somewhat surprising. Consider the distribution of a quantity such as
F(x,w,T,T))F(x,w,,T,T,). The mean of this quantity is the covariance of two Fourier
estimates, but it turns out that this is zero unless w, +w, = 0. The reason for this follows along
the lines of eq. (22): if we work out the consequence of time-translation, it has to multiply the
mean value of this quantity by e “" ™" . And if w, + w, =0, i.e., w, = —w,, then

F(x,w,,T,T)) = F(x,w,,T,T,) and F(x,w,,T,T,)F(x,w,,T,T,) = |F(x,w,T,T,)[", which is
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captured by the power spectrum. So there is nothing to be learned by looking at covariances
across frequencies.

Put another way, in the frequency domain, the matrix of variances and covariances is diagonal,
and the diagonal elements are the power spectrum.

A key fact is that the autocorrelation is the Fourier transform of the power spectrum:

o

P (w)= ch('r)ef"”dT.

—00

To get an intuition as to why this is true, we observe that the definition of the autocorrelation, eq.
(20), is that the autocorrelation is convolution of the signal x(¢) and the signal x(—¢). We know

that convolutions in the time domain correspond to multiplication in the frequency domain. We

then observer that if the Fourier transform of x(¢) is x(w)= f x(t)e ™ dt , then the Fourier
transform of x(—¢) is f x(—t)e ™dt = f x(t)e" dt = f x(t)e ™ dt = ¥(w) . So the Fourier

—00 —00 —00

transform of the autocorrelation is the product x(w)x(w) = |)E(w) ? , which — other than issues

regarding limits —is eq. (23). For further details, see page 12 of 2003 notes on Power Spectra
(PSPCO01-PSPC14.pdf).

A “white” noise is a noise whose power spectrum is constant. Equivalently, it is a noise whose
autocorrelation is exceptat 7 =0, i.e., ¢(7) = Pi(7).

Higher moments and cross-moments

A bit of a digression: The power spectrum has natural extensions, based on considering higher
moments of the Fourier estimates. For a triple product such as
F(x,w,T,T)F(x,w,,T,T,)F(x,w,,T,T,), time-translation multiplies it by e ™" " 'which
means that the triple product may have a nonzero average for any triplet of frequencies for which
w, +w, +w, =0. This is known as the bispectrum:

3/2

By (w,wy) = lim —=(F(x,0, T,0F (x,0,, T,OF (¥, + @, T,0)),  (24)

T

which can also be written symmetrically as a function of three arguments for which

wl +w2 +w3 :O’ BX(wlawaS): Zlii'llL<F(x,wl,T,O)F(X,WZ,T,O)F(X,W3,T,O)>.

o T3/2
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Similarly trispectra, etc. can be defined. They inherit the nice properties of the spectrum,
concerning how transducers act; and, estimation methods for the spectrum also extend in a
straightforward manner.

Estimation of the spectrum is not trivial: the multitaper method

Very much not a digression -- thinking about the definition (23) shows that there is a
fundamental problem: given some finite data length L, how to divide it up so that we can
measure values of the Fourier estimate F'(x,w,T,T) that approach their long-7 value, yet
measure enough of them so that we can get stable estimates of their variance. That is, we could
divide the data of length L into M segments of length 7= L/ M , and obtain M samples of
Fourier estimates of length 7, each starting at successive times, 7, =m7T (m =0,...,M —1).

This is essentially a tradeoff between accuracy (freedom from bias), which is enhanced by longer
T, vs. precision (stability of the estimate) which is enhanced by shorter 7', enabling more
estimates from the same dataset. But how to choose M? And, is this the best thing to do?

There is now a standard, but somewhat counterintuitive, approach to this problem — “multitaper
spectral estimation” — see Noise and Variability notes NAV16-NAV25 from 2008-2009 for more
details; the primary paper is Thomson, D.J. (1982) Spectrum estimation and harmonic analysis.
Proc IEEE. 70: p. 1055-1096.

The bottom line is that it still doesn’t tell you how to “choose M,” since you have to decide
which you care about — accuracy or precision — but it does tell you the best way to make the
estimate — and, surprisingly, it is not simply chopping up the data.

The overview is to work out how the length of the time window biases the Fourier estimate.
F(x,w,T,T)) 1s essentially the Fourier transform (from —oo to co) of the signal x multiplied by

a function that is 1 on the interval [T;,7, +T'], and zero elsewhere. This can be regarded as a
general “window” function (a.k.a. “taper”), W(¢). We then ask for the “best” collection of M

window functions to use, rather than assume that these should just be pedestal functions on the M
intervals [mT,(m+1)T]. Of course “best” has to be given a specific meaning — and we mean

the following: that the estimated spectrum P, (w) is the one that corresponds to a Gaussian

ensemble, whose spectrum is constant over frequency intervals , that is most likely to have

yielded the observed signal x. That is, you are effectively estimating a piecewise-constant

. 27M
spectrum, and the pieces are of length 7TL .

Note that as M increases, you lower the resolution of the spectrum — but increase its precision
(i.e., you decrease the error bars of what you measure, but the piece-wise estimate is now on
progressively larger pieces.)
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These taper functions turn out to be (a) nonzero over the entire interval from 0 to L = MT , (b)
orthogonal, and (c) surprisingly, sometimes negative. They are alternatively known as “Slepian
functions”, “prolate spheriodal functions”, and “discrete prolate spheroidal sequences”, the latter
to emphasize that one is working on a discrete-time mesh. Matlab’s “dpss” produces these

functions.
Some examples are shown below. Note that the Slepian functions do not taper down to zero at

the end of the intervals. Note also that their Fourier transforms are tightly confined, but the
region of confinement is determined by M.

Slepian functions, M=3 Fourier Transform, M=3

0.05

There’s a nice geometric/algebraic interpretation of the Slepian functions. Pedestal-windowing in
the time domain (multiplying by 1 within the window, and 0 outside of the window) is a
projection. Pedestal-windowing within a band in the frequency domain is also a projection.
(They are self-adjoint and idempotent). But they do not commute — and that is the source of our
difficulties — projection (windowing) into the time domain does not merely window in the
frequency domain. The Slepian functions can be thought of as approximations to these
projections that commute.

The net result is that eq. (23) is replaced by a “multitaper” estimate:
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L

f W (t,L)x(t)e “dt| .
0
There’s still no theoretical guidance on how to choose M, as it needs to be based on the
accuracy-precision tradeoff that is appropriate for the application. Also, one should try a few
values of M to be sure that findings don’t depend on a particular choice of the accuracy-vs-

b 13

precision tradeoff. Matlab’s “pmtm” carries out the above estimate.

PX(W) :ﬁz

m=1

This procedure has two other advantages. First, error bars are readily obtained, since each of the
M estimates are approximately independent — even from the same data. This is because the M
taper functions are orthogonal. Second, spectral estimates at different frequencies are
approximately independent too. This ultimately is a result of the orthogonality of the sinusoids,
and the maximum-likelihood framework for the estimation. Here, the fine print in

2nM

“approximately” is that the actual spectra are constant in the estimation window

Typically, M is chosen to be a relatively low odd number, e.g., 3 to 15; an odd number is chosen

. . 2
so that the center of the frequency window is always a frequency of the form %k, and the edges

.2 M —1
are frequencies %(k + T) .

The real and imaginary part of each integral in the multitaper estimate is approximately
Gaussian-distributed (central limit theorem!), and, since the integrals are approximately
independent, the power spectrum, which is the sum of their magnitudes-squared (M integrals,
each with a real and imaginary part) is distributed like x> with 2M/ degrees of freedom. An

analogous procedure can (and should) be followed for other spectral quantities.

Below is a demo of spectral estimates via the multitaper method, for several choices of M, using
Matlab’s pmtm. Following Matlab’s conventions, M = 2(NW)—1. Here, NW ={2,3,5,10} .The
signal (top) consists of two sinusoidal components, at 98 Hz and 102 Hz, added to white noise. It
is sampled at a sampling rate of 1000 Hz for 2 sec. Note that smaller choices of NW separate the
two sinusoidal components but produce noisier spectra; the larger choices of NW do not
separate the two components but produce less-noisy spectra. The bottom panel shows the first
four Slepian functions; note that all but the first Slepian function have zero-crossings.
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A full-featured package is available at www.chronux.org; it calculates error bars and also
includes extensions to multiple signals, point processes, higher-order spectra, and related signal-
processing steps.

Discretization, finite data, and the FFT

Another kind of issue arises in measuring power spectra from real-world data: the data is
sampled at discrete intervals, rather than continuously. Such sampling may lead to aliasing:
21K

with sampling at an interval A¢, frequencies w + are all indistinguishable (for all integers

K'). So one should have a sampling rate that is high enough to adequately sample the highest
frequencies present in the data — ideally, at least 4 samples per cycle. Alternatively, at a bare
minimum, it is good practice to filter the data before sampling, to ensure that frequencies above

é (the “Nyquist frequency”) are removed -- which corresponds to two samples per cycle.

Digital calculation of the Fourier transform is of course approximated by a Riemann sum over a
N—1 .
o ) ~ 2mikm
finite interval, i.e., f, = E f(mAt)exp(— N
0

i.e., that the last-sampled time point and the first-sampled time point are adjacent. For this
reason, it is also good practice to “pad” the data with 0’s prior to transformation.

). This effectively treats the data as periodic,

The above Riemann sum, which naively requires O(N?) additions and multiplies, can be
performed much more efficiently by the “Fast Fourier Transform” algorithm (Cooley and
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Tukey), which provides an exact calculation with only O(N log N) additions and multiplies. The

main insight behind the algorithm is that Fourier components at frequencies k£ and £+ N /2
share many of the same calculations, and differ only in how the values at even- and odd-
numbered points combine:

_ if(mAt)exp(— 27rlkm) _ Z F(mAnexp(— 27rlkm)+ Z F(mAnexp(— 27rlkm)
Fren =" f(mA) exp(—M> exp(~ 222 ff(mm) exp(— 27”"’”)( 1y
= 3" f(mAnexp(— 2mikm, S f(mAf)exp(— 27”’“")

The allows a computation on N points at N frequencies to be simply computed from two
calculations on N /2 points at N /2 frequencies, followed by addition or subtraction.

Using the power spectrum

The power spectrum solves the problem of describing the way that the noise structure of signal is
changed by a linear transformation, as well as facilitating other ways of analyzing noise or using
it to understand a system.

Effect of a filter on noise

Since y = L[x], then a Fourier estimate of y, for sufficiently long times, is related to Fourier
estimate of x by F(y,w,T,0) = ﬁ(w)F (x,w,T,0). Since the power spectrum at the frequency w
is the growth rate of the amplitude-squared of the Fourier estimates (eq. (23)), it follows that

B @) =[F@)| P.().

Renewal processes: power spectra and moments

In the above scenario, the input x need not be a continuous signal, it also might be a point
process, i.e., a sequence of events. For example, x may represent the fusion of vesicles at spikes
at a synapse, and L might represent the postsynaptic response to each fusion event (a “miniature
end-plate potential”’). Or x might represent a sequence of action potentials, and L might
represent the overall synaptic response. So, calculating the power spectrum of a point process
can be a crucial ingredient for modeling the variability of a continuous process.
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So we take a detour to discuss point processes, and then their power spectrum. Intuitively, a
point process is simply an event sequence; more formally, it is an ensemble from which example
even sequences are drawn. We focus on a specific kind of point process — a “renewal process”,
because it is a nice compromise between simple and flexible (it includes Poisson processes and
also clock-line ones), and we can do many things analytically.

A renewal process, by definition, is a point process in which the probability of the next event
depends only on the probability since the previous event. This probability is the “renewal
density”, p(t). That is, given a spike at time 0, the probability that the next spike occurs

between 7 and ¢+ At is p(¢)At. p(¢)is a probability density and therefore is unit-normalized,

f p(t)dt =1. We are still assuming time-translation invariance, so p(t)At also can be

0
interpreted as the probability that, given a spike at any time 7, that the next spike is between
T+t+ At and T +1+ At.

The renewal density determines the characteristics of the process. For example, if p(¢) has a
-\t

well-defined peak, the process is clock-like; if p(¢#) = Ae™™, the process is Poisson. That may

not be obvious: the reason for that behavior is that in a Poisson process, by definition, there is a
fixed hazard of a spike per unit time, A -- so in a Poisson process, dp/dt = —Ap(t) -- which has

p(t)=Xe™ as the unique solution, given unit normalization.

If p,(¥) = p(¢) is the distribution of the time of the first spike time (after a spike at time 0), we
can calculate the probability distribution of the second spike (after a spike at time ): p,(¢):

p,(H) = f t p(T)p(t—T1)dt , where T is the time of the intervening spike.
0

So we’re essentially doing forward diffusion in discrete steps, in which each “step” corresponds
to the transformation from the distribution of spikes, to the distribution of next spikes — a random
walk that only moves forward. Iterating, we can find the probability distribution of the Nth spike:

t
pu®= [ Py (Pl
These are convolutions: p, = py_, * p, so we can write p,(w)= py_,(w)p(w). So, iterating,

Py(w)=( ﬁ(w))N, where p(w) is the Fourier transform of the renewal density,

p(w)= f e p(t)dt, and p, (w) is the Fourier transform of the probability distribution of the
0

Nth spike.

It’s now easy to determine the probability g(¢) that there is any spike at time #:
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For the special case of a Poisson process of rate A, p(#) = Ae™™ and

. o Ty o < 1 -
p(w) — fe lwtp(t)dt — f}\e zwte /\tdt — Le (iw +M)t _Soin thlS case,
0 0

—iw—A 0 :l-l—iw/)\

At>0

= A . This is the Fourier transform of g(¢) = .
0,t<0

- p(w)  iw

We can use the Fourier transform-formula for the probability distribution of the Nth spike,
py (1), to calculate the power spectrum of the point process. The strategy is to first calculate the

cross-correlation, and then use the fact that the power spectrum is the Fourier transform of the
cross-correlation. The cross-correlation will be a sum of terms that correspond to pairs of events
separated by 0, 1, 2, ... spikes, so the Fourier transform of p, (¢#) will be crucial, as above,

Py(w) = ( f)(w))N. (The full analysis, with appropriate care about limits) is on pages 15-19 of
PSPC15-PSPC27.pdf, 2003-2004 notes.)

To calculate the cross-correlation, we assume that there is an event at time 0 (since, if there is no
event, the time series at time 0 has a value of 0, so there is no contribution to the cross-
correlation). We break the cross-correlation into three pieces: the correlation of an event at time
0 with the future, the correlation of an event at time 0 with the past, and its correlation with itself.

The Fourier transform of the distribution of events in the future, given an event at time 0, is

p(w)
Zp( )Y e

For events in the past, it is the same expression but for the time-inverse of p(¢), i.e.,

— P
2P =150

0O

, since

H(w) = f p(t)e™ ™ dt = f p(—t)e “dt .

The contribution of the correlation of the event at time 0 with itselfis 1.

Since the probability that there is an event at time 0 is the overall event rate, we will have to
multiply these quantities (the probability that there is an event at a time 7, given an event at time
0) by the overall rate, A, to obtain the Fourier transform of cross-correlation — which is the

power spectrum.

Thus, the power spectrum is the sum of these contributions, multiplied by the rate A:
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Note that in general, as w — 00, p(w) — 0, s0 P,(w) — A. Le. at sufficiently high frequencies,
all temporal structure is lost.

Note also that for a Poisson process, for which p(¢) = Xe™ and p(w)= I—F;/)\ , Po(w)= A,
iw

exactly.

There’s a classic application in neuroscience (Stevens): The postsynaptic noise Py can be
understood, quantitatively, as the net effect of a synaptic impulse response F and the variability
of the presynaptic spike train, Px. By assuming that the presynaptic activity was Poisson, and
measuring the postsynaptic noise, Stevens was able to infer the shape of the synaptic impulse
response — which was then directly verified experimentally.

For renewal processes in general, the analytic form of the renewal density also provides a
convenient way to calculate the moments of the inter-event (e.g., inter-spike) interval. For

example, starting with p(w) = f e ™ p(t)dt , we can differentiate both sides with respect to w :
0

dw

w=0

2wy = f —ite™ p(¢)dt . From this, it follows that di pw)| = f —itp(t)dt , and that
0 w 0

< p(t)> = f tp(t)dt = i% ﬁ(w)L: ,» the mean of the inter-event interval. Similarly,
0

d2
dw’

for the variance of the inter-event interval:

ﬁ(w)L:O , leading to a formula

p(w)= —z e ™ p(t)dt , so <p2(t)> = :thp(t)dt - _ ddz

(O~ (pO)) ) =(P*©) ~(p0) ==5"© +(s'O)

One can also get a formula for the correlation of successive inter-event intervals in this way,
since an analogous strategy applied to p,(w) yields the variance of the sum of two successive

inter-event intervals.

Power spectrum of a channel noise

A simple extension of this approach allows us to calculate the power spectrum of simple channel
noise, i.e., random switching processes:
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= ﬁ

b

in which we assume that switching between states happens randomly at a rate A.
The basic idea is that this is the integral of a noise of alternating positive and negative events.

— [_H[JLT[/LL

Event times are governed by a renewal process, but they alternate in sign.
Since the channel noise n(#) is the integral of the alternating point process ¢(t), it follows that

each Fourier estimate of n(¢) is 1/iw times the corresponding Fourier estimate of g(¢), and that

the power spectra are related by P, (w) = izPQ (w).
w

We can calculate F,(w) as above, but with alternating signs for each contribution, e.g.,

—qg(w +Aw2—ﬂw3+Aw4...:ﬂ.
q(w)+q(w)” —q(w)” +q(w) T i)
This leads to
—4(w) | —q(w) 1 1 1—|g(w)|
PQ(C(}):)\ — + — +1 Z/\ — + = —1|= RN AL
1+g(w)  14+4(w) 1+g(w)  1+¢(w) 1+ g(w)|
and to
A 1=|aw)f
P(w)=— % -
w” | [1+ g(w)|
For the Poisson case for openings and closings,
1 ) Ww? 1
7(w) = ———, and this works outto P,(w)=A——— and P (W)= A\———.
9() 1+iw/\ o) AN 4o v(@) 4N+ o’

The analysis can be readily extended to more complex channel dynamics (e.g., different opening
and closing dynamics, hidden states, etc.); see NAV26-NAV33 of 2008-2009 notes on this.

Combination of independent noise sources

X(’U?; <@
7¢)

How does the power spectrum of Z relate to that of X and ¥?

Fourier estimates simply add up F(z,w,T,T;) = F(x,w,T,T))+ F(y,w,T,T,) .
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|F(z,w,7,0) =|F(z,w,7,0)F (z,w,T,0)

= (F(x,w,T,0)+ F(y,w,7,0))(F(x,w,T,0)+ F(y,w,T,0))

So we can calculate But the

=F(x,w,T,00)F(x,w,T,0)+ F(x,w,T,0)F(y,w,T,0)
+F(y,w,T,0)F(x,w,T,0)+ F(y,w,T,0)F(y,w,T,0)

averages of the cross-terms are zero, since x and y are independent, and individual Fourier
estimates have an average of zero.

(IF w70 ) = (F(x,0, 70 F (,0,T,0)) + (F (3,0, T,0F (7,,7,0)

= <| F(x,w,T,0)|2> + <|F(y,w,T ,0)|2>

So it follows that P,(w) = P, (w)+ P,(w), i.e., power spectra of independent noise sources add.

Notice that independence is crucial — if not — for example, if X =Y (and Z=X+Y =2X),
then F(z,w,T,T)) =2F (x,w,T,T}) and P,(w) =4P,(w).

Common source

Here, X and Y have their own sources, and also a source in common. This should lead to some
kind of a relationship between X and 7, that reflects the properties of the common noise. How is
it manifest?

a(h)’ <)

(b = g
O "
e (+)

e, by ¢ onde pondest

Since x =a+b and y = b+ c, we can write the power spectra for X and Y in terms of the
power spectra for 4, B, and C: P,(w) = P,(w)+ Py(w) and P, (w) = Py(w)+ P.(w). This gives
no hint that X and Y share a common input.

But if we go back to the Fourier estimates

F(x,w,T,T)) = F(a,w,T,T))+ F(b,w,T,T;) and F(y,w,T,T,)=F(b,w,T,T,)+ F(c,w,T,T,),
we see that we can isolate the b-term, since
F(,w,T,T)F(y,w,T,T,) = (F(a,w,T,zg)+F(b,w,T,J;)))(F(b,w,T,I;))+F(c,w,T,TO)).

Independence of a, b, and ¢ means that when we calculate the average, the terms involving either
a or ¢ don’t contribute, since they are unpaired:

<F(x,w, T, T)F(y,w,T, 71))> = <F(b,w, T,T)F(b,w,T, 7}))> -- but this term is not present in the
spectra of X or Y.
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The cross-spectrum

The above example motivates the definition of the cross-spectrum, which is a crucial quantity in
multichannel analysis:

Py y(w) = lim %<F(x,w, T,0)F(y,w,T,0)).

In the particular case above, P, , = P,(w) -- the cross-spectrum identifies and characterizes the

common source. So covariance between X and Y, as measured by the cross-spectrum or the
coherence, indicates the presence of a common source of variability.

But the cross-spectrum need not be a purely real quantity; the above was a special case in which
there is no delay between the influence of the common source on the two observables x and y. If
there is a delay (or in general, a difference in dynamics), P, , will have a phase shift that reflects

this.

As a simple example, say Y receives input from X (which is noisy, and characterized by P, (w))

via a linear filter L, and also has an independent noise input B that adds to the signal from X
where the noise input is characterized by P,(w).

x(t) —f L — y(t)

A 4

+
]
b(t)

In terms of Fourier estimates, F(y,w,T,T)) = i(w)F(x,w, T,T,)+ F(b,w,T,T)). By the same

techniques above (and, making crucial use of the independence of x and ),

P (w)= |lﬂ,(cu)|2 Py (w)+ F(w) and P, (w) = i(w)PX (w). Thus, the power spectrum of ¥

reflects both the variability in the input from X and its own private source, but the cross-spectrum
reflects how X and Y are linked, and does not see the noise source specific to Y.

Just as the Fourier transform of the spectrum is the autocorrelation, the Fourier transform of the
cross-spectrum is the cross-correlation:

o0

Pey(w)= f Cyy(T)eTdT where ¢, (T) = {x(t)y(t—T)).

—00

There’s an arbitrariness in the definition: whether to put the minus sign on the first or the second
term, or, equivalently, what phase indicates that y leads x, or vice-versa. To establish a

Linear Systems: Black Boxes and Beyond, 33 of 39



consistent convention: if y leads x by some amount u, then y(¢ —u) = x(¢), and ¢, ,(7) will be

proportional to 6(7 —u), and

L+T T+T Ty+T+u
F(y,w,T,T)) = f y(t)e “dt ~ f xX(t 4 w)e “dt = f x()e ™ dt' ~ & F(x,w,T,T})
Ty Ty Ty+u

so that Py ,(w) =e “"Py(w). Note that P, ,(w) =P, ,(w).

Reverse-correlation methods
This analysis provides a way to measure the transfer function with a noise input, rather than with
Pyy (w)
Py (w) .
If the input is white noise (equal power at all frequencies, then the transfer function is

sinusoids: i(w) =

proportional to the cross-spectrum: L(w) o Py y(w). So in the time domain, the impulse

response is then proportional to the cross-correlation: L(7) o <x(t) y(t— 7)> . This is the basis of

the “reverse correlation” method: an impulse response can be determined with a white noise
input simply by correlating the output with the inputs at prior times. For non-white inputs, a
similar strategy can be used, but the cross-spectrum needs to be divided by the spectrum of the
input — a kind of deconvolution — which can be problematic if the spectrum of the input is
narrowband.

This approach has some interesting advantages and disadvantages. It avoids the need to use
large, narrow impulses. But it also introduces “noise” in the sense that a finite sample of white
noise does not, actually, have a flat spectrum. This leads to other approaches based on “designer’
noise, i.e., crafted input signals that have a flatter spectrum than a typical sample of Gaussian
white noise.

b

The white noise/reverse correlation strategy also has important extensions to analysis of
nonlinear systems.

Related quantities: coherency and coherence

The coherency is the cross-spectrum normalized by the spectrum of the component signals:

CX,Y (w)= PX’Y w)

VP (WF (W)

independent of an overall change in the size of either X or Y.

. This normalization is useful because it makes the coherency

Coherency is a complex number whose absolute value must be <1. Its phase indicates the
effective delay of ¥ with respect to X, in that a pure delay A7 will lead to a phase factor of

eiwAT ]

The coherence is defined as the magnitude of the coherency,

Cyy (w)| .
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Unfortunately, sometimes the term “coherence” is used to refer to the coherency, and sometimes
it is used to refer to the square of the quantity defined above (similar to the confusion between
“R” and “R-squared” in goodness-of-fit and correlation measures).

Related quantities: global coherence
In a multichannel setting, with signals X,,..., X, the pairwise coherences can be organized into

a frequency-dependent matrix A4(w) (the “cross-spectral matrix”), where 4, , (w) =P, , (w).

Note that 4, ,(w) is self-adjoint (since PX,» x, (W)=Py X, (w)), so all of its eigenvalues are real.

If all of the signals merely tap into a single noise source with power spectrum P(w), perhaps by

filtered by individual filters L (w), then 4, (w)= P(w)L,(w)L, (w). Considering the set of

L,(w) as the column vector L(w), this may be written A(w)= L(w)P(w)L(w)" . This shows that

A(w) is of rank 1, and the eigenvector corresponding to the nonzero eigenvalue is i(w).

Alternatively, if all of the signals tap into independent noise sources, then the cross-spectra are
zero and A(w) is diagonal (and of full rank).

In general, the rank of A(w) is the minimum number of noise sources needed to account for the
cross-spectra. See homework.

This motivates the “global coherence” (Tracking brain states under general anesthesia by using
global coherence analysis. Cimenser et al., PNAS 2011): the ratio of the largest eigenvalue of
A(w) to the sum of the eigenvalues. It indicates what fraction of the correlations between the N
outputs can be accounted for by a single noise source. The corresponding eigenvector indicatres
how much of that noise source is “seen” by each signal.

One can also compute related quantities that indicate how much of the covariance is captured by
two noise sources, three noise sources, etc.

Note that the global coherence, (and the eigenvalues of A(w), and its eigenvectors) are
frequency-dependent. So a “single-source” explanation needs to hold at all frequencies, to be
considered mechanisitically meaningful. More generally, our interest is finding a dimensionally-
reduced account of the quantities 4, , (w) = Py x, (w) , which depends on three variables (the

indices of each of the two regions, and the frequency). This is a kind of three-way extension of
principal components analysis — and in general there’s no universal way of doing it. In this
particular case, the quantity is a complex number, and conjugate-symmetric in two of the indices
(the two regions) — but it still falls under the heading of “three-way principal component
analysis”.

Estimation and statistical issues

Multitaper spectral measures of cross-spectra, coherence, and coherency have the same nice
statistical properties as the spectrum: each taper provides an approximately independent measure
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(making it possible to get error bars), and estimates at different frequencies are approximately
independent.

The coherence is essentially a correlation coefficient, and its distribution (under the null
hypothesis that X and Y are independent) is identical to the distribution of the Pearson correlation
<xy, >

coefficient p =
\/< xP><y’>

of 2M pairs of normally-distributed quantities. This is the

Fisher distribution; tanh™'(p) is normally distributed.

Nonstationary processes

Can we dispense with the notion of translation-invariance? Strictly speaking, unless we have
access to the “parallel universes” (or, multiple instances of exactly the same experiment,
including its history), we cannot.

However, if we are willing to assume that the system changes gradually (i.e., on a slow
timescale, in comparison with fluctuations of the signal itself), then we can give meaning to the
various spectral quantities local in time. For example, we could attempt to make the best
estimate of the power spectrum P, (w) from the data in some window [7,7 + O], and assign this

value to P, (w, 7). This quantity is known as the “spectrogram.”
The multitaper method

The above idea puts a premium on using the data in [7,7+ Q] efficiently. The multitaper
estimate is

2

M |2
P (w,T)= ﬁz f W (t,Q)x(t+T)e “dt| ,where W, (t,0) is the nth Slepian function on the
m=1 0

interval [0,Q].

f P, (w,T)dT = P,(w) and f P (w,T)dw = <x(7’)>2 , so the spectrogram can be thought of as

parsing out variability into frequency-dependent components, time-dependent components, and
their interactions.

One can think of a spectrogram as being a descriptor of how the original signal projects onto
each of the basis functions shown below. For each non-overlapping window of length Q, there is
a separate subset of basis functions that are nonzero just in that window (Slepian functions).
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Similarly, cross-spectra can be generalized to cross-spectrograms, coherences to coherograms,
etc. All are readily calculable, with the correct normalizations, units, error bars, etc., in Chronux.

Generally, these quantities are calculated with the start time 7 stepping through the data, and a
fixed Q. Larger Q enables greater frequency resolution (27 /Q ) and/or higher precision (M at

the same frequency resolution), but lower time resolution (1/Q)— a tradeoff that cannot be
avoided. Results are typical_ly\@i_gpdlayed as a “spectrogram”,

fs, T p ey

i T j /

| P
] 5 i | & ')‘~ - 5

v,

A nice aspect of this is that non-overlapping estimates (frequencies separated by (27M /Q , or

start times separated by Q ) are approximately statistically independent, since tapers that start at
separate times are orthogonal, and tapers at the same time are also orthogonal.

Wavelets

“Wavelets” are another approach to time-frequency analysis. Briefly, one first chooses a
“mother wavelet” M (¢)

al b
—_ ,
and then convolves it with the signal at all start positions, and with all scales:

o o

My (s,m) = [x(t+mM(e/s)de= [ xOME=Dyds |
S

—00 —00
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Then, <|M + (s, 7')|2> (or, in the absence of parallel universes, (M , (s, 7')|2 ), can be considered

analogous to P, (1/s,7). Cross-“spectral” objects can also be defined when multiple time series
are available, such as <MX (s,7)M, (s, T)> .

Typically, one restricts to scales s that differ by powers of 2. This, essentially, is projecting the
signal onto functions that look like:

The “Morlet” wavelet is standard: M (1) =c, 7 e " (ei”’ —e ! 2), where o =5 is a typical

choice that yields a few oscillations per envelope.

But there are many others, which can be chosen based on considerations such as the basic aspect
ratio of the time-frequency tile, speed of computation, whether their envelopes are infinite in
both directions, one direction, or neither, etc.

Note that in contrast to the basis functions used in multitaper time-frequency analysis, the
functions associated with longer periods have greater durations. Thus, for any given wavelet
analysis, time resolution and frequency resolution are inversely proportional within the analysis;
in the multitaper case, they are uniform.

Thus, wavelet analysis is likely to provide a more efficient description if events that have short
timespans are composed of higher frequencies, while the multitaper approach is likely to provide

a more efficient description if the frequency composition and duration of events are independent.

This can be summarized in terms of how the two approaches parcellate the time-frequency plane:
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Wavelet functions are typically not orthogonal (but, with the proper choices, can be made to
form a basis) — so it is harder to do statistics on them.
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