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Abstract. The experimental identification of a non-
linear biologic transducer is often approached via
consideration of its response to a stochastic test
ensemble, such as Gaussian white noise (Marmarelis
and Marmarelis 1978). In this approach, the input-
output relationship a deterministic transducer is de-
scribed by an orthogonal series of functionals. Labora-
tory implementation of such procedures requires the
use of a particular test signal drawn from the idealized
stochastic ensemble; the statistics of the particular test
signal necessarily deviate from the statistics of the
ensemble. The notion of a fractal dimension (specifi-
cally the capacity dimension)is a means to characterize
a complex time series. [t characterizes one aspect of the
difference between a specific example of a test signal
and the test ensemble from which it is drawn: the
fractal dimension of ideal Gaussian white noise is
infinite, while the fractal dimension of a particular test
signal is finite. This paper shows that the fractal
dimension of a test signal is a key descriptor of its
departure from ideality: the fractal dimension of the
test signal bounds the number of terms that can
reliably be identified in the orthogonal functional
series of an unknown transducer.

Introduction

Much theoretical effort in neurobiology has been
devoted to the development of an approach to the
analysis of nonlinear transducers which is both satis-
factory from a theoretical point of view, and amenable
to laboratory implementation. Wiener’s (1958) observ-
ation that a deterministic transducer can (in principle)
be completely characterized by its response to a
Gaussian white noise test ensemble led to one ap-
proach to this problem (for a review, see Marmarelis
and Marmarelis 1978).

In reducing the Wiener approach to laboratory
practice, one must generate a concrete approximation
to a Gaussian white noise test ensemble. Unavoidable
limitations of physical apparatus dictate that this test
signal will not be of infinite bandwidth, and will not
have a truly Gaussian amplitude distribution. Never-
theless, given the bandwidth limitations and satu-
rations inherent in any biological transduction under
study, it is possible to minimize the effects of this kind
of nonideality (Marmarelis and Marmarelis 1978).

In the Wiener procedure, a transduction is repre-
sented by an orthogonal series of functionals. The n-th
Wiener functional is specified by a symmetric function
of n time-lags. In practice, one determines the value of
this symmetric function at a mesh of points separated
by a small time increment, rather at a continuum of
times. Nevertheless, the number of degrees of freedom
inherent in the n-th order Wiener kernel grows ex-
ponentially with n. Thus, a basic problem in the
reduction of the Wiener procedure to laboratory
practice stems from the need to determine a function of
n variables (the n-th Wiener kernel) from a function of a
single variable (the system’s temporal response to the
test signal). Intuitively, the ability to determine these
kernels must rely on the “richness” of the test signal —
ie., its ability to explore a wide variety of possible
inputs.

The concept of fractal dimension has recently been
exploited in quantifying the complexity of physical
systems (Mandelbrot 1977, 1982; Grassberger and
Procaccia 1983; Mayer-Kress 1986). This concept may
be applied to test signals as readily as it has been
applied to the output, or spontaneous behavior, of
physical systems. The point of this communication is
that the capacity dimension [the prototypical fractal
dimension (Farmer et al. 1983)] of a test signal specifies
the “richness” of the signal in the sense discussed
above: the n-th order Wiener kernel of an unknown
transducer may be determined from its response to a
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particular “example” of Gaussian white noise at a
given temporal discretization only if, at that level of
discretization, the fractal dimension of the test signal is
no less than n.

In the typical laboratory implementation of the
Wiener procedure (Marmarelis and Marmarelis 1978),
crude knowledge about a system’s bandwidth and
nonlinearity help specify an appropriate approxima-
tion to Gaussian white noise. Here we take the inverse
approach: we ask how a particular approximation to
Gaussian white noise limits the ability to identify
nonlinear transducers.

Results
The Orthogonal Functional Approach

We begin by summarizing some aspects of the Wiener
theory of nonlinear systems analysis. The reader is
referred to Wiener (1958) or Marmarelis and Mar-
marelis (1978) for greater background and detail.

The objects of interest are causal, deterministic
transducers u. The response of a transducer y to a test
signal s(¢) at a time ¢ will be denoted u[s] (f). Although
the transducers are not necessarily linear, they still may
be regarded as members of a linear vector space, with
addition of two transducers defined by parallel
combination

(uA9) [s1 () =uls](0)+vIs1{0) ®
and scalar multiplication defined by
(ap) [s] (1) = aluls] (). 2

We only consider transducers that are stationary in
time and of finite memory. Time-stationarity is speci-
fied by

plsJO=uls](t+71), 3)
where
s(t)=s(t+1).

A transducer has finite memory of there exists a time
interval T, . .(u) (the memory of the transducer y) such

that the response at any given time t depends only on
values of the input at times more recent than

= Tmem(:u):
pls]1@=pls1@) if

s(1)=5'(1) for

T é I— Tmem(#) ‘ (4)

The Wiener formalism represents the input-output
relationship of a transducer u as an infinite sum of
orthogonal functionals:

u= 3 K, )
n=0

Distinct functionals «,, and «, of the Wiener series (5)
are orthogonal in the sense that

{Knl31(0) 16,[5](0)D5c0=0, (6)

where { ), o indicates an average over all signals s of
the ensemble @ of Gaussian white noise test signals.

The n-th term in the orthogonal expansion (5) may
be expressed as a functional Taylor series (Volterra
1932) of order n:

M =

K,=
j

Kn,j . (7)

0

Each term x, ; of (7) is a homogeneous transducer of
order j. Its transduction is defined by a symmetric
function {x, ;} of time-lags:

Ky [5]1(t)= §§-d {560, 1} (01,25 s 7))
XS(t—14)s(t—15) ... s(t—7;)dr, dry...d7; . (8)

Note that the Wiener orthogonal transducers k,
contain a term x,, , which is homogeneous of order n, as
well as terms x,, ; (j <n) of lower order. The lower-order
terms are necessary to ensure that the components of
the Wiener series (5) are orthogonal. Because of the
even-symmetric properties of Gaussian white noise,
the terms x, ; of (7) are identically zero if n and j are of
different parity.

The Wiener series (5) may be truncated after a finite
number (say n) of terms, The truncated series is the best
approximating transduction within the space spanned
by homogeneous transducers up to order n. The
approximating transduction is optimal in a mean-
squared sense, when averaged over a test ensemble
consisting of Gaussian white noise whose power per
unit bandwidth is equal to that of the test signal.
Because the approximation is optimal in a mean-
squared sense, a truncated Wiener series may be
regarded as the orthogonal projection of the trans-
ducer u into the subspace of all transducers whose
Volterra series terminates at order n.

The Wiener series (5) may be characterized by the
Wiener functionals x, introduced at each order n of
approximation. This functional is in turn described by
the kernel of its highest-order homogeneous compo-
nent {x, ,};lower-order terms {x, ;} of (7) are integrals
over the kernels {x, ,}, in a manner which is deter-
mined by orthogonality constraints.

The most straightforward method for calculation
of the kernel {x, ,} from experimental data is the cross-
correlation approach of Lee and Schetzen (1965). For
“off-diagonal” terms (i.e., all 7, distinct), the kernel
{x, .} is given by

{Kn,n} (7’-1: 7:2: vy 1:n)

= ci S(=t)s(=72) ... sS(=1Juls]1 (s> )



where ¢, is a normalization factor which depends on
the power per unit bandwidth of the test signal. When
two or more of the arguments t; of the n-th kernel
{K,..j coincide, its value is given by an expression
whose leading term is (9), but which contains ad-
ditional terms as a consequence of the orthogonality
constraints.

The key point for the present discussion is that, for
any particular test signal s(t), the values of the kernels
K, in the Wiener series (5) are related in a linear fashion
to the response u[s](t). This is a corollary of the
statement that the transducers k,, define the projections
of the transducer p into a sequence of orthogonal
subspaces: orthogonal projection is a linear
transformation.

A Geometric Interpretation
of the System-Identification Procedure

Exact evaluation of the Wiener kernels of an unknown
transducer from input-output data requires an
ensemble-average (9). In practice, one replaces this
ensemble-average by a time-average over a particular
sample input signal s, € Q:

{Kpn) (T1,T25 -0 Ty)

= L o= selt— ) solt— Lo 0
: (10

The transformation from an ensemble-average (9) to a
time-average requires not only the stationarity as-
sumption (3), but also the assumption that the parti-
cular signal s, typifies the ensemble Q. The second
assumption is a kind of ergodicity, and is in principle
well-justified. Difficulties occur in practice because the
average in (10) is over a finite length of time. Fur-
thermore, because of bandwidth limitations of both
the stimulus and the transducer under study, only a
finite number of values of sy(t) and u[s,](t) are
independent.

We may view this situation in a geometric fashion.
The test signal s4(f) traces a trajectory in the state space
of possible inputs. The transducer y defines a function
on this trajectory, u[so](t). Equation (10) shows how
the n-th-order Wiener kernel may be extracted from
the values of this function.

Conversely, for any given n-th-order Wiener ker-
nel, one may construct a canonical transducer whose
n-th order kernel is that specified symmetric function,
by setting all other terms of (5) to zero. In order that the
laboratory calculation of n-th-order kernels reflect the
spirit of the Wiener formalism, it is necessary that the
procedure (10) map the responses of each of these
distinct canonical n-th order Wiener systems to
linearly-independent kernel functions. Were a linear
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dependence of these kernels to exist, then it would be
possible to construct distinguishable n-th-order sy-
stems with identical n-th-order kernels.

The calculation of the n-th-order kernel is funda-
mentally a map from functions defined on the trajec-
tory of the test signal to symmetric functions {x, ,},
defined on n positive times 7. We will now show that
the ability to extract a function of n variables (the
kernel) from a function of a single variable (the
transducer’s response) places a lower bound of n on the
capacity dimension of the test signal.

Procedures for kernel extraction that recognize the
bandwidth- and amplitude-limited nature of any ac-
tual test signal so(t) and that are more efficient
computationally than the original Lee-Schetzen proce-
dure are now available (Korenberg 1987). However,
increases in computational efficiency do not change
the fundamental geometric character of the mapping
from transducer responses to Wiener kernels.

Connection with Fractal Dimension

To make the correspondence between limitations of
practical implementations of the Wiener theory and
the dimension of the test signal, two preliminaries are
necessary (Mayer-Kress 1987). (1) One must recognize
the difference between a formal definition of “dimen-
sion” as applied to a mathematical object, and as
applied to laboratory data (i.e., the test signal). (2 ) The
time-series of interest must be embedded in a high-
dimension Euclidean space. We next consider these
issues in more detail.

Dimension, as an attribute of an ideal mathemat-
ical object, describes a scaling property which holds as

-a parameter of fine-graining approaches zero. But, as

applied to laboratory data, dimension describes scal-
ing properties which hold only over a range in which
the fine-graining parameter is bounded away from
zero. In particular, the parameter of fine-graining must
not be small in comparison to the scale of measure-
ments, if the notion of dimension is to be meaningful.

Our parameter of fine-graining will be the time-
interval at which the input and output signals are
sampled. We will want to consider scaling properties as
the sampling interval becomes small, but no smaller
than some finite value AT, This finite value is
determined by the bandwidth 1/4T,,, of the labora-
tory approximation to Gaussian white noise, sy(t). Let
us now fix a particular sampling interval AT We
consider those transducers whose kernels {x, ,} are
well-represented by discrete sampling at times
7;=m;AT. Such transducers will have a bandwidth no
larger than (approximately) 1/4T. Since the test signal
so(t) has a higher bandwidth (1/4T,,,), it appears
“white” to the transducers under study. However,
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fluctuations of sy(f) on a timescale briefer than AT are
irrelevant to these transducers. Thus, for analysis at a
given temporal scale AT, we replace s,(¢) by a filtered
version whose bandwidth is of order 1/4T, and discre-
tize the filtered signal in intervals AT

For the chosen time-discretization A T, there is a set
K (AT) of canonical transducers of order n. Each of
these transducers has an n-th order kernel which is zero
except at one particular set of (off-diagonal) time-lags
t;=m; AT, where it has the value of unity. Because of the
symmetry of the Wiener kernel, we may assume that
t <t,<...<t, For convenience, we write
f=(ty,...,t,). Thus, a typical element y; of K (4T) has
an n-th-order Wiener kernel {x;}, , given by

{Kf}n,n(rl’rzz e Tn}
b
=1o.
We place a uniform limit 7,,.,, on the time-lags .
In order for a laboratory procedure based on the
signal s, to provide for identification of n-th-order
kernels of systems of bandwidth 1/4T, it is necessary
for the kernels (11) of the canonical transducers to be
linearly independent. If a linear relationship between
the n-th-order kernels of transducers in K, (4T) did
exist, then there would be a (nonzero) n-th-order
transducer whose n-th-order kernel was zero. There-
fore, we use this criterion of linear independence as a
test for the validity of a kernel extraction procedure
based on s,. We will see that this criterion ultimately
places a limit on the dimension of the test signal s,,.
The second necessary step before invoking the
dimension formalism is the embedding of the time-
series of interest [in this case sy(t)] into an M-
dimensional Euclidean space E™. A well-established
method for this embedding is to map the test signal
So(t) into an M-dimensional vector ¢(t) given by time-
delay coordinates. The time-delay AT, is typically
chosen to be the first minimum of the mutual infor-
mation content between so(t) and syt — AT,,,) (Fraser
and Swinney 1986). In the present context, the appro-
priate time-lag 4T, is precisely the sampling interval:

AT, =AT. 12)

lag

T,=t,; for some permutation o;

otherwise .

(11)

Thus, we consider the embedding procedure
(&)= (s0(t), so(t —AT), ..., so(t —(M —1)4T)). (13)

The embedding procedure (13) provides a smooth
map from sy() into the embedding space E. The time-
scale AT now becomes a distance-scale in the embed-
ding space EM: since the test signal so(f) is both
amplitude- and band-limited, the velocity ¢(t) is
bounded. We choose units in E™ so that the typical
velocity |¢(2)| is unity.

Via the embedding map, each canonical transducer
y; defines a function on ¢(t), namely p[s,](f). Along
the curve ¢(t), this function is a smooth function of
time. This is a consequence of the smoothness of s,(t)
(for time intervals smaller than A7) and the defining
properties (11) of 1. Furthermore, this smoothness is
uniform across the set of canonical transducers
K, (AT), since sq(f) is amplitude-limited.

In general, it is necessary to ensure that the
dimension M of the embedding space is sufficiently
high: with an embedding dimension which is too low,
the procedure (13) destroys information which is
present in the original time-series, and the resulting
estimate of dimension is too low (Mayer-Kress 1987).
In the present context, preservation of relevant infor-
mation by the embedding procedure requires that
the embedding procedure respects the dynamics of the
transducers under study. That s, if two points ¢(¢,) and
¢(t,) are close in the embedding space EM, then a
transducer’s responses u;[so](t;) and g[s4] (t,) must
also be close. Preservation of transducer dynamics by
the embedding procedure (13) is guaranteed if the
embedding dimension M is sufficiently high so that the
embedding includes all time-lags up to the maximum
time-lag T, of the canonical transductions K, (4T):

(M_l)AT;Tmem' (14)

In summary, we have embedded a band-limited,
amplitude-limited test signal sq(f) smoothly into a
curve @(t) in EM. The time-scale AT defines a sampling
interval for s,(f) and for the Wiener kernels {x;},, ,, as
well as a distance scale on E™. For any canonical
transducer u in K,(AT), the smooth dependence of
ulso] (f) on time translates into a smooth dependence
on points in. E¥, In the context of the discretization,
ulsol(ty) and plsq] (t;) may be chosen independently
only if

p(£1) — p(t,)| > AT (15)

With this machinery in place, we may calculate
the capacity dimension of the signal s,(t). The capacity
dimension (Farmer et al. 1983) describes how the
number of spheres N(g) of a given size ¢ required to
cover a set scales with the size of the sphere. For a set of
capacity dimension d..,,,

N(g)oce %2r as ¢—0. (16)

Consider a covering of the embedded trajectory
¢(t) with a minimum number N(AT) spheres of size AT.
We now use the hypothesis that the transducers y; have
linearly independent kernels to deduce a lower bound
for N(AT). Each transducer ; assigns a value p[sq] ()
to the sphere centered at t. The kernels are linear
functions of these assigned values, since (at the scale
AT of discretization), the value assigned by a given



transducer is constant within spheres of radius AT,
Therefore, in order for the kernels to be linearly
independent, there must be at least as many spheres as
there are transducers in the canonical set K (AT).
The number of transducers in K, (4T) is equal to
the number of ordered n-tuples of time-lags
f=(ty, ..., t,), where each t;is a multiple of AT and is no

1
larger than T,.,.. Thus, there are ﬁ(Tmem/A Ty (plus

terms of lower order in (7,,.,,/4T)) distinct transducers
in K,(AT). The number of spheres N(AT) in a covering
of ¢(t) must be at least as large as the number of
transducers in K, (AT), since we have hypothesized
that these canonical transducers have linearly-
independent kernels. That is,

1 (Toem "
> i mem
NUATYz p (TT) . (17)
Thus, if the canonical n-th-order Wiener transductions
K, (AT) are linearly independent, the apparent capac-
ity dimension of a test signal s,(t) is no less than n.

Discussion

The main point of this communication is the connec-
tion between the dimension formalism and the Wiener
orthogonal functional method of nonlinear systems
analysis. The dimension formalism, as applied to
laboratory data, requires numerical approximations to
what is in principle a limiting process; these approxi-
mations correspond in a natural way to the approxi-
mations made in a laboratory implementation of the
Wiener theory. With these correspondences, we
showed that the capacity dimension of a test signal
limits the number of terms of the Wiener series that
may be extracted.

We have not presented a formal proof of this
relationship; such a proof would require a variety of
technical assumptions concerning the manner in which
a sequence of laboratory transductions approached
Gaussian white noise, as well as a formal definition of
dimension as applied to a real (laboratory) signal.
Instead, we have focussed on the correspondences
between Wiener analysis and dimension calculations,
when both techniques are applied to real data.

It is well-recognized that the bandwidth limitations
inherent in any realization of Gaussian white noise
must be taken into account when applying the Wiener
technique to a real transducer (Marmarelis and Mar-
marelis 1978). Fractal dimension, however, provides a
measure of the complexity of a time series, which is
independent of its spectral characteristics (Mayer-
Kress and Layne 1986). Ideal Gaussian white noise has
infinite fractal dimension. However, it is possible to
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generate signals with white spectra but which have low
fractal dimension. Indeed, the sequence produced by a
congruential random-number generator has a fractal
dimension of 1. Conversely, bandpass-filtered trans-
formations of ideal Gaussian white noise still have
infinite fractal dimension.

Thus, fractal dimension in some sense characterizes
the richness of a time series: i.e., the dimension of the
phase space that it samples. This is why the dimension
of the test signal, and not its bandwidth, limits the
number of terms in a Wiener series that may be
properly calculated. In view of this fact, a test signal’s

‘dimension, as well as its spectrum and amplitude

distribution, should be used as an a priori criterion for
the validity of a Wiener procedure.

Several extensions of the Wiener approach have
been proposed (Yasui 1979; Victor and Knight 1979;
Sutter 1987). These extensions share the notion of
orthogonal expansion with respect to a stimulus
ensemble, but differ as to choice of the ensemble. The
association between kernel calculation and dimension
of the test signal relies fundamentally on the linear
relationship between the transducer’s response and the
kernel values. This relates the number of linearly-
independent canonical kernels, and the number of
independent points in phase space sampled by the test
signal. This main feature of the original Wiener
approach is shared by any orthogonal-functional
technique. Thus, the significance of the fractal
dimension of the test signal extends to other
orthogonal-functional techniques as well.

Some of these extensions are based on complex but
deterministic signals. In the M-sequence technique of
Sutter (1987), the test signal is a sequence of binary
levels drawn from a maximum-length shift register
sequence of order n. The natural embedding for an M-
sequence is a space of time delay coordinates, with the
number of lags equal to the order of the shift register
sequence. The properties of the M-sequence guarentee
that each of the 2" lattice points is sampled exactly
once, except for the origin, which is unsampled. In the
sum-of-sinusoids technique (Victor and Knight 1979),
the test signal is a sum of n sinusoids whose frequencies
are chosen to be large integer multiples of a common
fundamental. The natural embedding space for this test
signal is an n-torus, with each coordinate assigned to
the phase of one component sinusoid. The trajectory of
such a signal is a closed curve that samples the n-torus
uniformly. (In the limit that the frequencies of the
sinusoids are incommensurate, the trajectory would be
dense in this space.)

While stochastic techniques in principle provide for
measurement of kernels of all orders, in practice
measurement is limited by the effective dimension of
the test signal to a finite order. In general, the sampling,
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of phase space provided by a stochastic signal is
irregular and nonuniform. In the deterministic techni-
ques, phase space of a predetermined dimension is
sampled in a homogeneous fashion. This distinction
should be borne in mind when choosing an experi-
mental approach to a system-identification problem.
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