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ABSTRACT Instability in the intracellular Ca21 handling system leading to Ca21 alternans is hypothesized to be an underlying
cause of electrical alternans. The highly coupled nature of membrane voltage and Ca21 regulation suggests that there should
be reciprocal effects of membrane voltage on the stability of the Ca21 handling system. We investigated such effects using a
mathematical model of the cardiac intracellular Ca21 handling system. We found that the morphology of the action potential has
a significant effect on the stability of the Ca21 handling system at any given pacing rate, with small changes in action potential
morphology resulting in a transition from stable nonalternating Ca21 transients to stable alternating Ca21 transients. This bi-
furcation occurs as the alternans eigenvalue of the system changes from absolute value,1 to absolute value.1. These results
suggest that the stability of the intracellular Ca21 handling system and the occurrence of Ca21 alternans are not dictated solely
by the Ca21 handling system itself, but are also modulated to a significant degree by membrane voltage (through its influence
on sarcolemmal Ca21 currents) and, therefore, by all ionic currents that affect membrane voltage.

INTRODUCTION

Cardiac electrical alternans appears to be a diagnostic indi-

cator for vulnerability to arrhythmias (1–4). Recent evidence

also demonstrates that electrical alternans can provide a suit-

able substrate for the initiation of reentry, suggesting a

potential mechanistic link to the onset of arrhythmias (5–8).

Recent research has focused on understanding the physio-

logical mechanisms underlying alternans (9–19), and on de-

veloping new ways of eliminating alternans (15,20–25).

Particular interest has been paid to the role of the intra-

cellular Ca21 handling system in electrical alternans (26).

This focus is due in part to experiments conducted in isolated

rabbit ventricular myocytes, where it was demonstrated that

the intracellular Ca21 transient could alternate on a beat-to-

beat basis during voltage clamping even though the applied

voltage waveform was a train of identical action potentials

(27). This demonstration, that Ca21 alternans may occur in-

dependently of electrical alternans, appears to support the hy-

pothesis that electrical alternans is caused by Ca21 alternans

(26). Based on this hypothesis, mathematical modeling has

suggested that the intracellular Ca21 handling system in-

stability that leads to Ca21 alternans during voltage clamping

(i.e., in the absence of electrical alternans) can be explained

by a steep and nonlinear dependence of Ca21 release from

the sarcoplasmic reticulum (SR) on SR Ca21 load and dias-

tolic Ca21 concentration (19,28,29). Recent experimental re-

sults also point to the importance of the steep dependence

of Ca21 release on SR Ca21 load and diastolic Ca21

concentration (13,30).

Although the properties of the SR are important in un-

derstanding the regulation of intracellular Ca21 concentra-

tion, other processes such as the passage of Ca21 through

voltage- and Ca21-sensitive L-type Ca21 channels (ICa) and

Na1-Ca21 exchangers (INaCa) also play a role in Ca21 reg-

ulation. The voltage-sensitive gating of these sarcolemmal

currents suggests that the morphology of the action potential

should influence their activity and, therefore, the occurrence

of Ca21 alternans. Action potential clamp experiments con-

ducted using rat and rabbit ventricular myocytes have shown

that the morphology of the voltage waveform does have a

marked influence on the shape of the intracellular Ca21

transient (31). However, these experiments were conducted

at excitation rates that were too slow for Ca21 alternans to

develop. In a mathematical model of intracellular Ca21 han-

dling that reproduces the rabbit ventricular myocyte action

potential clamp experiments discussed above (29), and in

recent experiments investigating Ca21 alternans in rat myo-

cytes during voltage clamping (13), it was demonstrated that

the Ca21-selective sarcolemmal currents alternate during Ca21

alternans. These currents alternated despite being clamped

by voltage waveforms that were identical on a beat-to-beat

basis. However, the influence of different voltage waveforms

on the behavior of the intracellular Ca21 handling system

and the incidence of Ca21 alternans was not investigated in

these studies. Recent experiments with epicardial and endo-

cardial myocytes isolated from guinea pig hearts investigated

the onset of Ca21 alternans in response to two different ac-

tion potential morphologies during action potential clamping

(30). This study found that the excitation rate at which Ca21

alternans was initiated during clamping did not depend upon

which of the two action potentials were used to perform

clamping (Figs. 2 and 4 in Wan et al. (30)). However, the

influence of action potential morphology on Ca21 handling
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system stability was not systematically investigated in these

experiments.

The influence of action potential morphology at any given

excitation rate on the stability of the Ca21 handling system

and the development of Ca21 alternans therefore remains

poorly understood. Using the mathematical model that re-

produces the action potential clamp experiments discussed

above (29), we explored the stability of the Ca21-handling

system in response to different action potential morpholo-

gies. We demonstrate that the morphology of the action

potential during voltage clamping is a significant factor in

determining the stability of the Ca21-handling system, and

therefore plays an important role in determining whether

Ca21 alternans occurs. Given that the morphology of the

action potential waveform during voltage clamping reflects

the contribution of every membrane current, this suggests

that every membrane current, and not just those of the Ca21

handling system, influences the conditions under which

alternans occurs.

MATERIALS AND METHODS

Mathematical model

Simulations were performed using a model of the intracellular Ca21 han-

dling system of a ventricular myocyte subjected to action potential voltage

clamping (29). The model incorporates cytosolic, submembrane, junctional

SR, and network SR Ca21 concentrations, L-type Ca21 (ICa), Na1-Ca21 ex-

change (INaCa), and SR uptake (Iup) currents, Ca21-induced Ca21 release

from the SR, and Ca21 buffering. The membrane voltage was clamped

according to

VðtÞ ¼

Vmin 1 ðVmax � VminÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 � t�mT

xT

� �bq
mT# t#ðm1 xÞT

Vmin ðm1 xÞT, t, ðm1 1ÞT;

(

(1)

where Vmin ¼ �80 mV; Vmax ¼ 30 mV; T is the pacing period (in seconds),

m denotes beat number, and b and x are parameters that characterize the

morphology of the action potential. The parameter b allows the shape of the

action potential in the plateau and repolarization phases to be varied while

changing the action potential duration at 90% repolarization only slightly

(if at all). b was varied between 0.8 and 2.0 in our simulations (b¼ 2.0 was

the value used in the original modeling study (29)). The parameter x, which

is the ratio of action potential duration to pacing period, varies with T
according to

xðTÞ ¼ 0:67

0:671 T
: (2)

Stability analysis

The stability of the intracellular Ca21 handling system was characterized

using the ‘‘eigenmode’’ method (10), which was adapted to analyze the

intracellular Ca21-handling model used in this study. Briefly, the method

involves: i), locating the period-1 (i.e., no alternans) solution for a given

pacing period T (which may be inherently stable, as in situations where no

Ca21 alternans naturally occurs at that value of T, or inherently unstable, as

in situations where Ca21 alternans naturally occurs at that value of T); ii),

systematically applying small perturbations to each state variable (i.e., Ca21

concentrations, ion channel gating variables, etc.); and iii), calculating the

eigenvalues of the system from the response of the state variables to the

perturbations. As there are nine state variables in the model (V, [Ca21]s,

[Ca21]i, [Ca21]j, [Ca21]j9, Irel, f, q, [CaT]i, and [CaT]s; see Shiferaw et al.

(29) for details), nine eigenvalues are calculated for each set of conditions.

The alternans eigenvalue (la), defined as the largest negative eigenvalue

(10), characterizes the stability of the corresponding alternans eigenmode,

and hence characterizes the stability of the period-1, nonalternating rhythm.

If jlaj,1; a stable, period-1, nonalternating rhythm will be present, whereas

if jlaj.1; the period-1 rhythm is unstable. Systems characterized by larger

values of jlaj are less stable than systems characterized by smaller values

of jlaj:

RESULTS

Fig. 1 illustrates the effect of changing the value of b in Eq. 1

on the morphology of the action potential waveform applied

during voltage clamping at a pacing period T ¼ 300 ms. As

Fig. 1 A illustrates, varying b markedly changes the slope of

the plateau phase of the action potential (as indicated by the

different action potential duration (APD) restitution curves

calculated at 50% repolarization). Over this range of

b-values the APD at 90% repolarization is practically iden-

tical (as indicated by the overlapping APD restitution curves

at 90% repolarization).

FIGURE 1 (A) Action potential morphology as a function of the

parameter b (see Eq. 1) at a pacing period of T ¼ 300 ms. (B) Action

potential duration (APD) restitution curves for the three values of b in panel

A, measured at both 50% (APD50) and 90% (APD90) repolarization. As panel

B indicates, APD and diastolic interval (DI) measured at 90% repolarization

are practically identical for the values of b shown.
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Action potential morphology and Ca21 alternans

Fig. 2 shows how changing the morphology of the action

potential waveform at a given excitation rate influences the

occurrence of Ca21 alternans. As Fig. 2 A indicates, b ¼ 2.0

at a pacing period T ¼ 300 ms results in stable, period-2

Ca21 alternans, whereas b ¼ 0.9 at the same pacing period

results in stable, period-1, nonalternating behavior. Fig. 2

also illustrates the activity of the Ca21 currents INaCa (Fig. 2

B) and ICa (Fig. 2 C), with both currents alternating for b ¼
2.0 but neither current alternating for b¼ 0.9. Given that the

intrinsic properties of the system (e.g., ionic current con-

ductances, pump, and exchanger strengths) and the pacing

period are identical for both values of b, Fig. 2 suggests that,

at any given pacing period, the voltage waveform sensed by

the sarcolemmal Ca21 channels and exchangers (and not just

the APD, diastolic interval (DI), or pacing period) is intimately

involved in determining whether the intracellular Ca21 han-

dling system generates nonalternating or alternating Ca21

transients.

Ca21 handling system stability

The results in Fig. 2 demonstrate the effect of changing the

morphology of the action potential waveform during voltage

clamping at a single pacing period. Fig. 3 explores the effect

of changing the morphology of the action potential on the

stability of the Ca21 handling system over a range of values

of T. Simulations using three values of b (0.9, 1.5, and 2.0)

are shown, with the bifurcation diagrams in Fig. 3 A de-

picting the peak value of [Ca21]i from two consecutive beats

at steady state plotted as a function of T. The variety of b

values reflects different combinations of ionic conductances

that generate a range of action potential morphologies.

FIGURE 3 (A) Bifurcation diagrams illustrating peak [Ca21]i from two

consecutive beats as a function of pacing period for the three values of b

shown in Fig. 1. Ca21 alternans occurs over a range of pacing periods for

b¼ 2.0 and b¼ 1.5, but alternans is absent at all pacing periods for b¼ 0.9.

(B) Alternans eigenvalue (la) as a function of pacing period for the same

values of b and T as in panel A. As panel B shows, la for each value of b and

T in panel A indicates the presence or absence of alternans, with the presence

of alternans characterized by jlaj.1 and the absence of alternans

characterized by jlaj,1:

FIGURE 2 (A) Intracellular Ca21 concentration, (B) Na1-Ca21 exchange

current, and (C) L-type Ca21 channel current for two different values of b at

a pacing period of T ¼ 300 ms. When b ¼ 2.0, all three components exhibit

a stable period-2 alternans rhythm. For b ¼ 0.9 alternans does not occur in

any component, indicating that the period-1, nonalternating rhythm is stable.
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however, all components of the model alternate simulta-
neously, andl a becomes a measure of the stability of the
complete interconnected system. In Fig. 8, the stability of the
entire system, including the contribution of membrane cur-
rents, is shown.

The simulations in Fig. 8 are very similar to those in Fig.
3, where the morphology of the action potential during
voltage clamping was changed directly and the effect on the
stability of the system was determined. In Fig. 8, however,
the morphology of the action potential is changed indirectly
by varying the conductances of �ve sodium and potassium
currents (to mimic, for example, the effects of pharmaco-
logical agents, or the effects of altered channel protein ex-
pression (15)). At baseline (i.e., at 0%),l a � � 1; indicating

that the system is sitting on the stability boundary. As pre-
dicted, changing the contribution of any membrane current at
a given pacing period changes the stability characteristics of
the system, and thereby changes the conditions under which
Ca21 alternans (and, therefore, electrical alternans) occurs.
This suggests that every membrane current contributes to the
stability of the Ca21 handling system in the neighborhood of
the transition from a stable to unstable period-1 solution and,
hence, every membrane current contributes to establishing
the conditions under which electrical alternans occurs.

Limitations

The results in this study were obtained using a mathematical
model of the rabbit ventricular myocyte intracellular Ca21

handling system. Although it is likely that there are quan-
titative differences between the model system and the human
ventricular myocyte Ca21 handling system, we expect the
basic �nding of this work—that the stability of the Ca21

handling system is modulated by the morphology of the
action potential and, therefore, by all membrane currents—to
be valid. Although our results were obtained from simulated
cardiac myocytes, this �nding can, in principle, be tested
experimentally.

This research was supported by a Whitaker Foundation Biomedical
Engineering Research Grant (No. RG-02-0369). Peter Jordan was also
supported by a Predoctoral Fellowship from the Howard Hughes Medical
Institute.
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