
Linear Transformations and Group Representations 
 
Homework #1 (2018-2019), Answers 
 
Q1: Eigenvectors and eigenvalues of time-translation 
 
A. Consider two vectors cw  and sw  defined by ( ) cos( )c t tw w=  and  ( ) sin( )s t tw w= , and the vector 

space Vw  that they span.  As before, define ( )( ) ( )TD v t v t T= + .  Show that TD cw  and TD sw  are in Vw  

by displaying TD cw  and TD sw   as linear combinations of cw  and sw . 

 
( ) ( ) ( ) ( )( ) ( ) cos ( ) cos cos sin sin cos ( ) sin ( )TD c t c t T t T T t T t T c t T s tw w w ww w w w w w w= + = + = - = -  

so 
( ) ( )cos sinTD c T c T sw w ww w= - . 

 
Similarly, 
( ) ( ) ( ) ( )( ) ( ) sin ( ) sin cos cos sin sin ( ) cos s ( )TD s t s t T t T T t T t T c t T tw w w ww w w w w w w= + = + = + = + , 

so 
( ) ( )sin cosTD s T c T sw w ww w= + . 

 
B. Express TD  as a 2 2´  matrix, using cw  and sw as a basis. 
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C. Write the characteristic equation for the 2 2´  matrix in part B. 
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, so the characteristic 

equation is 2 2cos 1 0z Tw- + = . 
 
D. Solve the characteristic equation in Part C to determine the eigenvalues of  TD  in Vw . 

Using the quadratic formula, 2 2cos 1 0z Tw- + =  solves for 
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= =  - =  - , where the last step is 

justified because  2cos 1 0Tw - £ . So 
2cos 1 cos cos sin i Tz T i T T i T e ww w w w =  - =  = . 

 
E. Show that c isw w  are eigenvectors of TD . 

 
Using Part A, 

( ) ( ) ( ) ( ) ( )(cos ) (sin ) (sin ) (cos )T T TD c is D c iD s T c T s i T c T sw w w w w w w ww w w w+ = + = - + + . 

Collecting terms, 
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So ( ) ( )i T
TD c is e c isw

w w w w+ = + , as required. 

Similarly, ( ) ( )i T
TD c is e c isw

w w w w
-- = - .  We didn’t have to check this, since the assignment of i  vs. 

i-  is arbitrary (i.e., complex-conjugation  is an automorphism), and this switch leaves TD  invariant. 

 
Q2: Eigenvectors and eigenvalues of the derivative 
 
A. Setup is the same as Q1, but with the transformation Bv  defined by ( )( ) ( )Bv t v t¢= , i.e., the 

derivative, rather than TD .  Display Bcw  and Bsw   as linear combinations of cw  and sw .  

( )( ) (cos ) sin ( )
d

Bc t t t s t
dtw ww w w w= =- =- . 

( )( ) (sin ) cos ( )
d

Bs t t t c t
dtw ww w w= = = . 

B. Express B  as a 2 2´  matrix, using cw  and sw as a basis. 

From Part A,  
0

0

c c
B

s s
w w

w w

w
w

æ ö æ öæ ö-÷ ÷÷ç çç÷ ÷= ÷ç çç÷ ÷÷ç çç ÷÷ ÷çç çè øè ø è ø
. 

 
C. Write the characteristic equation for the 2 2´  matrix in part B. 
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D. Solve the characteristic equation in Part C to determine the eigenvalues of  B  in Vw . 
2 2 0z w+ =  solves for z iw= . 



E. Show that c isw w  are eigenvectors of B . 

Using Part A, ( ) ( ) ( ) ( ) ( ) ( )B c is B c iB s s i c i c isw w w w w w w ww w w+ = + = - + = + . 

So ( ) ( )B c is i c isw w w ww+ = + , as required.  Similarly, ( ) ( )B c is i c isw w w ww- =- - . 

 


