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Geometry of spiking patterns in early visual cortex:

a Topological Data Analytic approach

Andrea Guidolin∗ Mathieu Desroches† Jonathan D. Victor‡ Keith P. Purpura§

Serafim Rodrigues¶

October 20, 2022

Abstract

In the brain, spiking patterns live in a high-dimensional space of neurons and time. Thus, de-
termining the intrinsic structure of this space presents a theoretical and experimental challenge.
To address this challenge, we introduce a new framework for applying topological data analysis
(TDA) to spike train data and use it to determine the geometry of spiking patterns in the visual
cortex. Key to our approach is a parameterized family of distances based on the timing of
spikes that quantifies the dissimilarity between neuronal responses. We applied TDA to visually
driven single-unit and multiple single-unit spiking activity in macaque V1 and V2. TDA across
timescales reveals a common geometry for spiking patterns in V1 and V2 which, among simple
models, is most similar to that of a low-dimensional space endowed with Euclidean or hyperbolic
geometry with modest curvature. Remarkably, the inferred geometry depends on timescale, and
is clearest for the timescales that are important for encoding contrast, orientation, and spatial
correlations.

Introduction

The broad goal of understanding the nature and function of neural activity entails the intermediate
step of characterizing the space in which this activity lives. This is a challenging problem, even
for small populations of neurons, because of the dimensional explosion and data limitations: it
is simply not feasible to obtain sufficient experimental data to exhaustively sample the space of
all possible spiking patterns [46]. For this reason, indirect methods are required. A promising
strategy, applicable in a wide variety of contexts, is the persistent homology approach to topological
data analysis (TDA) [22, 36, 37, 50, 10]. With TDA, an abstract notion of distance is used to
compare observations, such as samples of neural activity. Based on these pairwise distances, a
sequence of network graphs can be constructed, with successive graphs built by connecting the
nodes at increasingly greater distances. These graphs are then associated with higher-dimensional
topological objects called simplicial complexes, which are characterized via their Betti numbers,
describing (intuitively speaking) the number of disconnected components, the number of holes, the
number of “bubbles”, etc. The way that the Betti numbers change as a function of the distance
criterion between the samples then provides a topological characterization of the space.

Here, we use this approach to analyze the activity of clusters of cortical neurons, with a specific
focus on patterns of spiking activity in time. This requires confronting another issue, but one that
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the persistent homology approach is also well-suited to handle: even for a single neuron, activity is
not a scalar quantity, but rather, a sample of a point process. Thus, it is possible to use the TDA
machinery in a novel way, by applying it to a measure of distances between neural responses that is
sensitive to temporal patterns within and across neurons: the family of spike distances introduced
by Victor and Purpura [44]. While these distances do not correspond to Euclidean distances [4],
they do satisfy the triangle inequality, which suffices for the TDA machinery.

While our approach shares the overall goal of a geometric characterization of neural activity
with many other studies, there are some important differences in the questions we ask. Below we
highlight the two main distinctions.

One central question is, what is the dimensionality of the response space? In previous studies
[12, 11] dimensionality is defined as the dimension of the space that contains response trajectories,
where a response trajectory is the evolution of average firing rates over time. Thus, these previous
approaches would not distinguish between spiking activity that was well-described by a Poisson
process, and spiking activity whose patterning required additional dimensions to describe. Our
construction of the response space is quite different: it is sensitive to the patterns of spikes on
individual trials. We find that there are substantial differences between the geometry of the recorded
neural activity and their Poisson-like equivalents. Moreover, we find that the influence of spike
patterning on geometry is maximal at the timescales that are important for neural coding of visual
attributes such as contrast, orientation and spatial patterns [43].

Many recent studies have shown that the geometry of the responses “untangles” the key param-
eters of the stimulus, an important and novel finding for complex, naturalistic domains [31, 23, 26].
This is not a focus of the current study, as an untangling is to be anticipated for the stimulus set
studied here: a family of artificial visual textures parameterized by local image statistics [42]. V1
and V2 neurons are selectively tuned to these statistics (see below), so decoding of the popula-
tion will necessarily identify distinct directions (i.e., distinct population vectors) that capture the
stimulus parameters.

Rather, our focus is on whether the intrinsic geometry of neural activity patterns depends on
the stimulus parameters being encoded. To this end, our visual stimuli contained a range of types
of statistical structures, including textures that varied in first-, second-, third-, and fourth-order
local spatial correlations (see Materials and Methods) known to be present in natural images [27]
and to be salient for human observers [45]. First- and second-order statistics control luminance
and orientation content, respectively, and thus drive neurons in both V1 and V2, while third- and
fourth-order statistics control aspects of local form that are primarily detected by V2 neurons [49].
Here, we separately analyze responses to many examples of textures that explore each of these
statistics. Thus, we can determine whether the geometry of neural activity patterns depends
on the kind of visual structure that is encoded, or perhaps on the cortical area (V1 vs. V2),
or alternatively, has a more universal behavior – the latter suggesting that the spike patterning
dynamics are endogenously-driven.

Applying TDA to spike distances carries with it a theoretical departure from most previous
applications of the persistent homology approach to neural data. Provided that mean responses
depend continuously on stimulus parameters, Euclidean distances between mean firing rates or
distances derived from correlations [22, 13, 14], which are effectively dot products in a vector
space, will always lead to a manifold (though not necessarily one of low dimension). The reason is
that these distance will map neural activity to a smooth and connected subset of a vector space.
Spike metrics have a discrete component and consequently are fundamentally not Riemannian, so
response geometry will typically not constitute a manifold – but, as we show, manifold structure
is not needed to interpret the results of TDA.

Finally, we find that a novel way of passing from distance measures to graphs – linking nodes
according to greatest dissimilarity rather than greatest similarity (using a “decreasing filtration”
rather than the standard “increasing filtration”) sharpens the distinction between the experimental
data and candidate geometrical models.
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Results

The starting point of our analysis is 28 datasets of single-unit spiking activity recorded from areas
V1 and V2 of the visual cortex of anesthetized macaques during stimulation with visual patterns
drawn from a high-dimensional space of visual textures [42]. Each dataset is a recording at a
separate recording site or in a different macaque, and at each site, the stimulus space is sampled
along its 10 axes, corresponding to 10 independent and visually salient kinds of spatial correlation
(Fig. 1). We sample each axis at four points: two levels of positive correlation and two levels of
negative correlation (see Materials and Methods for details). 64 perceptually similar examples of
each of these 40 texture types (10 axes, 4 sample points per axis) were presented in random order,
with each stimulus lasting 320 ms. This sequence was repeated four times at each recording site.
We refer to the neuronal responses to the 64 perceptually similar stimuli obtained in this way in
one repeat as a “collection”; thus, there were 160 collections (40 texture types, 4 repeats) in each
dataset. For our analysis, we selected the 80 collections with the smallest number of empty responses
from each dataset. Depending on the dataset, the responses consisted of the spike trains of one or
more isolated neurons. If more than four neurons were simultaneously recorded, we considered only
the four neurons with the highest firing rates. We then applied TDA to characterize the topology
of the firing patterns in each of the collections, and summarize the resulting characterizations to
identify their consistent features.

The TDA method we used follows very closely the framework proposed by [22], but we started
from a different way of endowing a set of neuronal responses with a notion of distance. Specifically,
we used the multineuron Victor-Purpura distance [43, 3] to define the distances between all pairs
of neuronal responses. This choice to employ a distance between spike trains rather than the
correlations (based for example on firing rate) between neuronal responses to quantify (dis)similarity
is motivated by several considerations. The main consideration is that we wanted to focus on
spiking patterns in neuronal data that is relatively sparse (typically only a few spikes in the 320
ms response period). Information about spiking patterns would be lost in averages over multiple
stimulus presentations, or after a smoothing procedure to estimate time-varying firing rates from
single trials. Secondarily, use of the Victor-Purpura distance allows us to build on previous studies
of the visual cortex that employ other data analytical techniques. We note that the generality of
the TDA approach extends seamlessly to metrics such as the Victor-Purpura distance, as it does
not assume a vector space embedding.

The Victor-Purpura distance between spike trains (see Materials and Methods) is defined as
the minimum cost of transforming one spike train into the other via addition or deletion of spikes,
shift of spike times, or change in the neuron of origin of the spikes. Each editing move is associated
with a cost, which depends on a parameter q, controlling the relevant timescale for shifts of spike
times, or on a parameter k, controlling the sensitivity to the neuron of origin of each spike. The
family of distances defined in this way ranges from measures of dissimilarity that ignore spike timing
altogether (q = 0), measuring distance based only on spike count, to measures that consider spike
timing meaningful at an arbitrarily high level of precision (q → ∞). Similarly, k = 0 corresponds
to ignoring the neuron of origin, while k = 1 corresponds to considering a change in the neuron of
origin equivalent to the insertion of a spike. We carried out TDA for a grid of values of these two
parameters: q = 1,2,5,10,20,50,100,200 (sec−1) and k = 0,1. The resulting grid covered the range
found relevant to neural coding in previous studies [43, 3].

For each choice of parameters of the Victor-Purpura distance we computed topological sum-
maries via Betti curves [22] (Fig. 2) and characterized relevant features of the topological space by
computing mean Betti curves averaged over the 80 collections drawn from of each dataset. The
procedure for construction of the Betti curves is detailed in Materials and Methods and summa-
rized here. We first create a sequence of graphs from each collection; in each graph, the nodes
are the individual responses in the collection, and the edges are determined by the dissimilarities
(Fig. 2A). As in the standard implementation of TDA, each graph is built by connecting nodes
whose dissimilarities are less than a given ceiling. Thus, the graph sequence begins with a ceiling
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of 0 (all nodes disconnected) and terminates at a ceiling equal to the maximum distance (all nodes
connected), a graph sequence known as the increasing filtration, and used in the clique topology
method of [22]. Here, we also create a graph sequence by adding in the edges in decreasing order
(the decreasing filtration), like in [32]. In each filtration, as the edges of the graph fill in, its topol-
ogy can be characterized by the number of enclosed “holes” of different dimensions: the number of
1-dimensional tunnels, 2-dimensional voids and 3-dimensional “cavities”, known as Betti numbers
and denoted by β1, β2 and β3 respectively. These are computed at each step of the filtration, and
thus, the Betti numbers are functions of the edge density ρ, the fraction of potential edges that
have been filled in: β1(ρ), β2(ρ) and β3(ρ). These quantities, which we computed over the range
from ρ = 0 to 0.6 and then averaged over the 80 collections in a dataset, are shown in Fig. 2B.

Note that while the Betti curves are sensitive to the geometry and topology of the metric space
of data points [22, 37, 50] they are invariant under monotonic transformations of the distance [22].
This means that they are sensitive only to the relative ordering of all distances.

Below, we will focus on the mean Betti curves from the 80 collections with the highest firing
rates at each recording site, but first we investigated whether the Betti curves had a substantial
dependence on the two critical experimental variables that distinguished the collections: whether
the recordings were in V1 vs. V2, and whether the spatial structure of the stimulus was low-
order (first- and second-order) vs. high-order (third-or fourth-order) (see Fig. 1, Materials and
Methods, and [45] for details and definitions). Low-order correlation structure is extracted by
linear receptive fields and is already present in V1; third- and fourth-order correlation structure is
primarily extracted in V2 [49].

To compare the topological characterizations of the collections of responses, we summarized
the information in the Betti curves by two main features: the integral of the curves [22], referred
to as integrated Betti values, and the position of their dominant peak on the ρ-axis, quantified by
their center of mass (see Materials and Methods for details). Fig. 3 shows that the integrated Betti
values of the collections recorded in areas V1 and V2 of the visual cortex have similar distributions.
A remarkable consistency can be observed across all values of the parameters of the Victor-Purpura
distance, and for both the increasing and decreasing filtration. The distributions of the center of
mass of the Betti curves (Fig. S2) also show no dependence on recording area.

Furthermore, the distributions of integrated Betti values (Fig. 4) and center of mass (Fig. S3)
do not depend on whether the visually-salient structure of the textures is driven by first- and
second-order spatial correlations, which lead to differences in luminance and spatial frequency that
is already manifest in the cortical input, or by third- and fourth-order spatial correlations, which
require intracortical calculations to extract [49].

Note that this analysis does not seek to determine whether the responses to one kind of texture
differ from responses to another (whether they lie in different parts of a combined response space,
e.g., by virtue of different firing rate profiles), but rather, to analyze the intrinsic geometry of each
collection, via methods that focus on firing pattern. Our results up to this point suggest that
this geometry is largely independent of the recording area, or the stimuli that drive the responses.
Given the similarity of the results of TDA across recording areas and texture types, we pool these
results in the further analysis below and now focus on the mean Betti curves over the 80 collections
within each of the datasets.

To assess which aspects of the spike train data might be responsible for the shape of these mean
Betti curves (e.g., Fig. 2B), we synthesized surrogate spike train data of four different types by
perturbing specific aspects of the original experimental data. The description of the surrogate data
is detailed in Materials and Methods and summarized here.

1. Uniform resampling of spike times (U): the spike times of each response are resampled uni-
formly in the response interval (0 − 320ms).

2. Exchange resampling of spike times between collections (EB): the spike times of each response
are resampled uniformly, without replacement, in the set of spike times of the 80 collections
of the dataset.
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3. Exchange resampling of spike times within collections (EW): as in 2, but with the resampling
restricted to the set of spike times of the collection to which the response belongs.

4. Poisson generated spike trains (P): each response is replaced with a sample of a Poisson
process with the same firing rate.

In all cases, the spike times are resampled independently for each neuron that participates in a
response. For each experimental dataset, we generated 20 surrogate spike datasets for each of the
above four types, and computed Betti curves for these surrogates just as the curves were computed
for the experimental data.

An example of this analysis is shown in Fig. 5. As is typical across the datasets, the Betti curves
associated with the experimental data were often quite distinct from those of the surrogate sets.
These differences were most prominent in the mid-range values of q (5 to 50 sec−1), and also more
prominent for the decreasing filtration than for the increasing filtration. In addition, the Poisson
surrogates usually show a greater divergence from the real data than the other surrogates. One
possible reason for this is that, unlike the other surrogates, the Poisson surrogates do not preserve
the number of spikes in each response.

To determine the consistency of these features across the 28 datasets, we used the integrated
Betti values and the centers of mass of the Betti curves. Thus, for every fixed Betti number
(β1, β2 or β3), we considered the difference between the integrated Betti value of each surrogate
(mean value over the 20 computations) and the integrated Betti value of the experimental data,
and averaged them over the 80 collections from each dataset (see Fig. 6 for β1 and Figs. S4-S5 for
β2-β3). Consistent with Fig. 6, Figs. S4-S5, and with the single dataset of Fig. 5, the behavior of
the experimental data departs from the behavior of the surrogates, especially for the mid-range
values of q (5 to 50 sec−1). This holds both when the neuron of origin is ignored (k = 0) and when
it is considered relevant (k = 1), and it is seen for both increasing and decreasing filtrations. All
surrogates behave in a way that is distinct from the experimental data. As in Fig. 6, three of the
surrogates (U, EB, EW) behave similarly to each other, while the Poisson surrogate (P) deviates
from the data more extensively. We confirmed these observations using the centers of mass of the
Betti curves in place of the integrated Betti values (see statistical tests below).

Fig. 7 and Figs. S6-S7 assess the statistical significance of these observations for β1-β3 via the
two-sample Kolmogorov-Smirnov (KS) test applied to the distributions of integrated Betti values.
Even for the EW surrogate, which perturbs the recorded spike trains the least, the KS test statistic
takes on large values, especially for mid-range values of q, rejecting (at the 0.05 significance level)
the null hypothesis that the EW surrogate and the experimental data samples come from the same
distribution. More generally, the analysis shows that the surrogates for U, EB, and EW diverge
in a similar, timescale-dependent manner from the experimental data, while the Poisson generated
data is always significantly different from both the experimental data and the other surrogates.
These observations are confirmed by the KS test applied in the same way to the distributions of
centers of mass of the Betti curves (Figs. S8-S10).

In sum, Figs. 3-7 and S2-S10 demonstrate that the neural activity elicited by images with a
range of statistical properties, and recorded in either V1 or V2, have a common topological structure
that is distinct from that of surrogates with matching spike counts and spike timing distributions.
These differences are present over a broad range of temporal scales, and are most prominent at a
temporal scale of 5 − 50 sec−1, i.e., 20 to 200 ms.

The analysis so far shows that the observed firing patterns depart from that of surrogates
that randomize spike times but maintain mean firing rates in various ways. This departure is
manifest in the Betti curves, but the Betti curves are only an indirect reflection of the structure
of the response space. To gain insight into this topological structure, we compared the measured
Betti curves with those obtained from randomly-assigned distances or by sampling points in simple
geometric spaces [22, 36, 50]. Specifically, we computed the Betti curves associated with: (i) a
random symmetric 64×64 matrix with zeros on the diagonal [22], (ii) a sample of 64 random points
in a unit (hyper)cube within a d-dimensional Euclidean space [22], and (iii) a sample of 64 random
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points in the hyperbolic ball model of the d-dimensional hyperbolic space [50]. For Euclidean and
hyperbolic spaces, we considered dimensions d from 1 to 15. For the hyperbolic models, we also
varied the effective curvature. As in [50], we implemented this by keeping intrinsic (Gaussian)
curvature fixed at −1 but changing typical distances between the points (i.e., varying from 1 to 5
the maximum radius Rmax of the hyperbolic ball model, see Materials and Methods). We therefore
refer to models with low Rmax as hyperbolic spaces with moderate curvature. For each random or
geometric model, we computed the Betti curves of 300 sets of samples. We then compared these
distributions with the Betti curves selected from our data via integrated Betti values and centers
of mass. We restricted the analysis to collections with at most one empty response, in order to
have 64 data points (and to exactly match the geometric models), and we randomly chose one such
collection for every dataset that had collections meeting this criterion. This yielded Betti curves
from 18 different datasets.

To determine compatibility with the geometric models, we first tallied how many of the exper-
imental integrated Betti values were within 3 standard deviations of the mean of the 300 values
of the model for all Betti numbers β1-β3 and for both increasing and decreasing filtrations. This
procedure was followed for the grid of values of the k and q parameters of the Victor-Purpura
distance (Fig. 8). We then compared the centers of mass using the same notion of compatibility
(Fig. S11).

While none of these models were a good fit to the data, the Euclidean and low-curvature
hyperbolic models (Rmax = 1) came the closest (Fig. 8). Fig. S11 shows however that compatibility
is reduced when considering centers of mass instead of integrated Betti values, in particular for k = 1.
Compatibility is maximal for low dimensions (d = 3 to 5) in the range we considered, consistently
across the geometric models. In all cases, Betti curves associated with the experimental data
were found to be incompatible with the random symmetric matrix model. Interestingly, across the
geometric models, compatibility of integrated Betti values between the experimental data and the
models (Fig. 8) is maximized in a consistent region of the parameter space of the Victor-Purpura
distance. These regions correspond approximately to q = 5 to 20 sec−1 for k = 0, and q = 1 to 10
sec−1 for k = 1, while for large values of q the compatibility is very low in all cases.

Discussion

Geometry of spiking patterns

Understanding the properties of biological neural networks requires examining the structure of
spike trains – the sequences and patterns of action potentials generated by groups of neurons in
the cortex during the processing of information. We show here that characterizing the response
space in which these patterns live through TDA provides insight into the intrinsic structure of the
activity patterns generated in V1 and V2 in the macaque monkey during robust visual stimulation.
The influence of timescale on this structure suggests that local networks in V1 and V2, and perhaps
the interactions between these two cortical areas, play a major role in shaping the geometry of the
spike response space, and in fact dominate the influence of the stimuli. While no simple model
such as a circle, torus, or sphere [36] recapitulates the space, across a range of timescales the spaces
extracted by TDA are most similar to low-dimensional models of Euclidean geometry or hyperbolic
geometry with a modest amount of negative curvature (Figs. 8 and S11). Moreover, these spaces
appear to be largely independent of the visual stimuli used in this study (Figs. 4 and S3) or the
cortical region of the recordings (Figs. 3 and S2).

Note that while the spike pattern structures we identify are most consistent with Euclidean
geometry or hyperbolic geometry with modest curvature, this geometry arises in a way that is
fundamentally different from the manifolds and subspaces described above in the Introduction.
The latter are derived from a vector state space of instantaneous spike rates [48], or calcium
activity across a population [47], and the time evolution of these signals can be interpreted as
trajectories across these subspaces. Here we begin with a family of metric state spaces, each
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defined by a timescale for comparing individual spike trains, and through TDA identify a family
of spaces that each capture a unique spike pattern structure. These spike pattern structures exist
in time as entities. Furthermore, vector space approaches assume that the actual timing of the
spikes underlying the firing rates in the state space are largely irrelevant and can be effectively
modeled as a Poisson point process, either homogeneous or inhomogeneous [36], with no temporal
structure [25]. In our approach, we are specifically interested in the spike timing in individual and
joint responses across groups of neurons.

Implicit in our results is the demonstration that TDA provides a way to characterize neuronal
response spaces avoiding the limitations of vector space methods. TDA begins with the pairwise
distances between instances of population activity. While several previous applications of TDA
to neural spiking data have assumed a vector space structure or used a vector space embedding
to compute these distances [22, 13, 14, 36], there is no fundamental reason to do so. Rather, the
primary requirement is that the distance between two samples of neural activity corresponds to
their dissimilarity. In [5], TDA methods combined with non-parametric (dis)similarity measures
between spike trains were applied to synthetic spike train data for regimes classification in artificial
neural networks. Here, we apply TDA in conjunction with a parametrized family of distances
that have been shown to capture the meaningful dissimilarities between spike trains in several
contexts [43, 1, 15, 19], and that are not Euclidean [4].

Spiking responses driven by visual textures

Recognizing that neural activity is the result of an interaction of the inputs to the population
and its intrinsic network properties, we sought to identify characteristics of the spiking response
space that might apply to a wide range of visual stimuli. To this end, we used stimuli consisting of
mathematically-defined visual textures [45, 49] of known relevance to natural vision [39]. Critically,
this stimulus set included some textures whose visually-salient structure (first- and second-order
spatial correlations) could be extracted by simple center-surround operations in the retina, and
other textures whose structure (third- and fourth-order spatial correlations) can only be extracted
by cortical computations, primarily in V2 [49]. As we show (Figs. 3-4 and S2-S3), the characteristics
we identify are independent of this distinction; that is, these characteristics are shared by V1, where
only first- and second-order spatial correlations are robust drivers of activity, and V2, where many
neurons are sensitive to higher-order correlations [49]. During the data collection phase, we matched
the orientation and spatial scale of the texture stimuli to the receptive field properties of the well-
isolated single-units in the tetrode recordings. This allowed us to collect robust spiking activity
even under propofol anesthesia/sufentanil analgesia [49]. These responses included strongly driven
modulations of firing rate driven by many of the texture types, as well as trial-to-trial variability,
thus facilitating wide exploration of the response space. We further promoted the exploration of
the response space through the use of 64 distinct exemplars of each texture type. Finally, to ensure
sensitivity to the details of spiking patterns, we based the analysis on individual spike trains rather
than their averages, and used a distance that was sensitive to the timing of individual spikes rather
than just overall spike count [36] or firing rate envelope [41].

The importance of spiking pattern analysis in neuroscience

There is a considerable body of work spanning more than 3 decades, both experimental and theo-
retical, dedicated to elucidating the nature and function of spiking patterns in single neurons and
across populations of neurons [18, 30, 9]. Several themes have emerged from this work. One is that
the spiking patterns of individual neurons and groups of neurons can encode sensory information
in the timing of their spikes [40, 43]. Second, the degree of synchrony of spiking patterns and the
generation of discrete sequences of spikes across neurons, may play a role in transferring signals
through synaptic pathways [33, 24]. Third, spiking patterns can arise through phase-locking of
spikes to slower oscillatory signals in neural networks, a mechanism that is thought to mediate
communication across cortical areas [28]. Fourth, spiking patterns in individual neurons may arise

7

Page 9 of 27

http://mc.manuscriptcentral.com/jrsi

Under review for J. R. Soc. Interface

1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60



For Review Only

from joint activity in neural assemblies [35]. Finally, plasticity and learning in neural networks
is dependent on the precise timing of pre- and post-synaptic spikes across the synapses in the
network [8, 17]. Together, these themes emphasize the critical role spiking patterns play in brain
function. However, the studies within this body of work use a wide range of approaches that of
necessity often each provide only a partial picture of the spiking patterns of interest. Our study
here is the first to apply TDA to the analysis of spiking patterns in the visual cortex. This study
identifies a number of low-dimensional subspaces in the spiking response space, each at a different
timescale. These subspaces reveal the presence of spiking patterns in the visual cortex generated
during robust visual stimulation that do not encode the visual stimuli, but like the low-dimensional
spaces that organize during spontaneous spiking activity [38], may reflect intrinsic states in visual
cortical processing.

Timescales and neurons of origin in spike patterns

Our approach recognizes that the timing of individual spikes is potentially important but it is
agnostic as to what the relevant timescales are. This viewpoint is implemented by applying TDA
to a family of distances controlled by a parameter q (in units of sec−1) that sets the resolution with
which spike timing influences the measure of dissimilarity. Applying TDA to the resulting family
of distances for q = 1 to q = 200 sec−1 allows us to focus on a range of timescales from 1sec down to
5ms.

The family of distances has a second parameter, k, which controls the importance of the neuron
of origin in determining dissimilarity. For k = 0, the neuron of origin is irrelevant; for k = 1, chang-
ing the neuron of origin has unit cost. These extremes proved useful in analyzing multineuronal
coding of spatial phase [3], demonstrating maximal information near k = 1; here, the dependence
of response space geometry on k was relatively small.

Importantly, the distinction between experimental data and the random surrogates (U, EB, EW,
P) depends systematically on the temporal resolution q of the distance between spike trains (Figs. 6-
7 and S4-S10). The distinction is greatest for intermediate values of q = 5−50 sec−1, corresponding to
resolutions of 200 to 20 ms). For low values of q (< 5), the distinction is generally lost, as the Victor-
Purpura distance progressively disregards spike timing; for higher values (> 100), it is also generally
weaker, indicating that at these timescales (with interspike intervals < 10ms) the systematic effect
on geometry is less pronounced. Although the behavior of Poisson surrogates statistically diverge
from the experimental data for the decreasing filtration method and high values of q (Figs. 5, 7 and
S6-S10), we observe (Figs. 6-7 and S4-S10) that the distinction is clearly visible across the whole
range of parameters and for both filtration methods. One can interpret the dependence between
the timescale parameter q of the Victor-Purpura distance and the difference between experimental
data and the random surrogates as the temporal scale of distinctive geometries that structure the
spiking response space. It is notable that the timescales which most clearly reveal the geometry
of the response space correspond to the timescales that are most informative for carrying visual
information about contrast, spatial frequency, orientation, and texture – both as identified by
analysis methods based on the Victor-Purpura distance [43], and by unrelated approaches [21].
Because the timescales at which the ongoing activity has the most distinctive geometric structure
is similar to the timescales that are most informative about visual features, it is reasonable to
hypothesize that this match facilitates transmitting visual information.

One way to interpret the results with the random surrogate data is to consider the degrees of
freedom of the spiking activity. The Betti curves of the surrogates typically have higher values
than the experimental data for intermediate values of q (Figs. 6 and S4-S5). This may indicate
that the response space for the real spiking activity is more constrained than the synthetic spiking
activity. In this range (q = 5 − 50 sec−1), the random manipulation of the spike data in different
ways consistently opens up holes in the response space, leading to higher Betti values (Figs. 5-6
and S4-S5). This result suggests that the neural response space produced during visual stimulation
has fewer discontinuities (is more structured) than the response spaces produced by the surrogates.
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Comparison with simple geometric models

The comparison with random and geometric models highlights complementary aspects of the ge-
ometry of the space of sampled spike trains endowed with Victor-Purpura distances. Upon defining
a notion of compatibility that accounts for the Betti curves of β1-β3 and both increasing and de-
creasing filtration, we observed that even if none of the considered models consistently fits the
data, Euclidean geometry and hyperbolic geometry with moderate curvature (Rmax = 1) are more
compatible with the geometry of the spike train responses (Figs. 8 and S11). Compatibility is
concentrated in low dimensions of the geometric models (d = 3-5). This observation is consistent
with other geometrical descriptions of neural population activity [20]. In these descriptions, the
instantaneous firing rates of a large number of neurons are found to occupy a low-dimensional
manifold within a high-dimensional spiking response space. While in the study described here we
analyze recordings from at most four neurons, the distances we consider between spike trains are
intrinsic and do not depend on the choice of an embedding, and as a consequence, potentially cap-
ture aspects of the neural activity manifold. However, recordings of larger numbers of neurons are
needed to demonstrate that this is the case. Fig. 8 also shows that the compatibility between the
data and the geometric models assessed via integrated Betti values systematically depends on the
timescale q of the Victor-Purpura distance between spike trains, and is maximized for mid-range
values q = 5 − 20 sec−1 when the neuron of origin of each spike is disregarded (k = 0), and for low-
range values q = 1 − 5 sec−1 when the origin of each spike is accounted for (k = 1). When assessed
via centers of mass, however, compatibility is reduced for k = 0 and very low for k = 1 (Fig. S11),
even if a systematic dependence on q is still observable.

Considerations regarding the experimental procedure

The data analyzed here were collected from monkeys under propofol anesthesia/sufentanil anal-
gesia and neuromuscular blockade. As a consequence, fixational eye movements could not have
contributed to the fluctuations in spiking activity we observed in V1 and V2, but conversely, the
natural dynamics of the visual input due to such eye movements is only partially approximated by
the transient mode of stimulus presentation that we used. Another caveat is that the anesthesia
and opiate analgesia may have produced noise correlations in the neural activity that contributed to
the topological structure we extracted through TDA. While it is impossible to rule out any impact
of anesthesia and analgesia on our results, there are two reasons that it is probably minor. First,
as mentioned above, the timescales associated with the most consistent and distinctive state-space
structure observed here corresponded to the timescales that are most important for carrying visual
information in neurons in the visual cortex of the awake macaque [43]. Second, available evidence
suggests that the effect of drug-induced changes in network state would be more likely to dilute any
underlying structure, than to create it. Specifically, Ecker and co-workers [16] compared the vari-
ability of the spiking activity in V1 in awake monkeys with that seen in monkeys under sufentanil,
inferring the presence of a sufentanil-related state variable. This state variable fluctuated with a
timecourse that varied from 50 to 1650ms. If similar sufentanil-related fluctuations were present
during our recording sessions, the impact would have been distributed randomly across the many
320ms spiking response samples.

Methodological innovations

In summary, we introduce a new framework for applying TDA to spike train data, and use it to
analyze patterns of spiking response in macaque visual cortex. There are two main methodological
innovations. First, in contrast to most previous applications of TDA to neural data, we do not
assume that the spike trains have a vector space embedding that induces distances and correlation
measures between them; rather, the topological analysis is directly applied to dissimilarity measures
(e.g. distances) that result from considering spike trains to be sequences of events – in this case, the
Victor-Purpura spike train distances, which are non-Euclidean. A second innovation of the approach
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is the filtration – the sequence of simplicial complexes derived from the dissimilarities that are used
to compute the Betti curves. Typically, an increasing filtration is used for TDA [37, 10]: graphs
are progressively filled in for pairs of points at greater and greater dissimilarities; here we show
that the decreasing filtration can reveal a clearer picture of the datas geometry and topology. Betti
curves, especially when averaged over several computations, capture the statistical distribution
of the persistent topological features (tunnels, voids, etc.) across a filtration, which serves as a
topological descriptor of the underlying metric spaces. In contrast to the usual filtration of graphs
by increasing weights and their associated clique complexes, the decreasing filtration is obtained
by considering, in reverse order, the independence complex of each graph (i.e., the clique complex
of the complement of the graph). Betti curves of low dimension (β1–β3) of the decreasing filtration
therefore carry information on the arrangements of high-order cliques of the original graphs, which
is not related to the homology of the increasing filtration. Because the analysis is carried out for
a sequence of distances parameterized by timescale, we are able to identify the range in which
the geometric structure of the spiking response space is most distinctive: the range 5 − 50 sec−1,
i.e., 20 to 200ms. As noted above, this timescale corresponds to the temporal precision that is
most informative for decoding visual information from spike trains. This matching of the timescale
of response space geometry and the timescale of neural coding may be a general feature of brain
networks, and we speculate that networks in other domains (e.g., motor planning, learning, decision-
making, etc.) will behave similarly.

Materials and Methods

Experiments

All procedures followed the guidelines provided by the US National Institutes of Health and Weill
Cornell Medical College Animal Care and Use Committee. Full details concerning the physiological
preparation and multi-tetrode single-unit recordings can be found in [34] and [49]. Detailed descrip-
tions of the visual stimuli, their generation, and their display during the experimental sessions are
given in [49], which also details how single-unit activity was characterized, and how the time-series
of neural firing events, including the procedures utilized for spike sorting, were extracted from the
multi-tetrode recordings. These methods are summarized in SI Materials and Methods.

Visual stimuli and stimulation protocols

The visual stimuli used in this study are 16× 16 black and white checkerboard-like patterns drawn
from a mathematically-defined stimulus space. The stimulus space has 10 coordinate axes specifying
the type of the multipoint correlations in each 2 × 2 grid of “checks” in the patterns, and the
coordinates along these axes define the strength of the correlation (the fidelity with which the
multipoint correlation is rendered across each pattern), and the correlation’s polarity [45, 49]. The
10 coordinate axes can be partitioned into four classes according to the order of the multipoints
correlations [45]: first-, second-, third- and fourth-order correlations (see Fig. 1). In this study,
the patterns were drawn from four coordinate values (2 magnitudes × 2 polarities) along each of
the 10 axes in the stimulus space. The size of the 16 × 16 patterns, their position on the visual
display screen, the orientation of the patterns, and the check-sizes in the patterns were chosen to
optimize stimulation of isolated clusters of neurons based on the neurons’ receptive field properties
as determined by the responses to sinusoidal gratings. Further details on this point are given in [49].

The topological data analysis presented here was performed on a subset of the neural responses
obtained during the experimental runs. The experimental runs used (at least) 64 samples from
the 4 coordinate values along each of the 10 axes in the stimulus space. In addition, 64 examples
of fully random patterns were included in the experimental runs. The topological data analysis
excluded the responses to the random patterns. For the experimental runs, a total of 2624 unique
stimuli (64 × 41) each repeated 4 times (for a grand total of 10496 stimuli) was shown. In 20 of
the 28 analyzed datasets, the 64 analyzed responses to visual stimuli of the same type are part
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of a larger sequence of 128 responses to 128 unique stimuli; in these cases, we selected for our
analysis the responses to the first 64 unique stimuli shown during the experiment. The patterns
were presented in extended pseudorandom sequences at 100% contrast, surrounded by a mid-level
gray background. Each pattern appeared for 0.32 seconds and was immediately followed by the
next pattern in the sequence. A different pseudorandom sequence was used for each of the four
times a sequence was run during a recording block. There was a pause of about 1 minute between
these repeats, during which time the gray background was displayed.

Analyzed data

For each of the 28 datasets, the responses to all non-random stimulus types (each determined by
a choice of an axis and a strength level for the correlations) for all repeats were then assembled
to yield a total of 40×4 =160 collections. To study the topology of the space that neural activity
occupies, we selected the 80 collections in each dataset with the smallest number of empty responses
(i.e., responses with 0 spikes). The vast majority of these collections had at least 60 non-empty
responses; see Fig. S1 (D). This choice for selecting collections is motivated by the fact that our
analysis maps spike trains with at least one spike to distinct points in the topological space, while
all empty spike trains are mapped to the same point. Thus, this selection criterion maximized the
sampling of the space occupied by a collection.

Data analysis and TDA

Victor-Purpura distance The (multineuron) Victor-Purpura distance [43] is a cost-based dis-
tance between spike trains that has two parameters: a parameter q that controls the timescale
used to quantify dissimilarity in spike timing, and a parameter k that determines the relevance of
the neuron of origin of each spike. The distance between two neuronal responses is defined as the
minimum cost of transforming one spike train into the other via a sequence of basic moves: addition
or deletion of a single spike, with a cost of 1, shift of a single spike by a time interval ∆t, with a
cost q∣∆t∣, or change in the neuron of origin, with cost k. Thus, q = 0 corresponds to ignoring spike
time but retaining spike count, q > 0 corresponds to considering temporal structure at a scale of
1/q. If a spike time in one train is within 1/q of a spike time in a second train, they are considered
to correspond, as they contribute less than 1 unit to the dissimilarity. Conversely, if spikes are
more than 2/q apart, they are considered to be unrelated, since shifting them into correspondence
would incur a higher cost than deleting the spike from one train and inserting it into the other.
Similarly, while for k = 0 changing the neuron of origin of a spike comes with no cost, for k = 1
the corresponding cost is equivalent to the insertion of a spike. Further background on the Victor-
Purpura distance, as well as efficient dynamic-programming algorithms for calculating it, can be
found in [44, 2]. In our analysis, for each collection of neuronal responses we determined the dis-
tance matrix D = (Dij), where Dij is the Victor-Purpura distance with parameters (q, k) between
the ith and the jth response in the collection. The parameters q and k ranged over a grid of val-
ues: q = 1,2,5,10,20,50,100,200 (sec−1), and k = 0,1. The Victor-Purpura distance between spike
trains is computed using the “labdist faster qkpara opt” Matlab function implemented by Thomas
Kreuz, available at: http://www-users.med.cornell.edu/~ jdvicto/labdist faster qkpara opt.html

TDA methods We applied and extended the clique topology method introduced in [22], which
corresponds to computing the Betti curves associated with our increasing filtration. Given a sym-
metric matrix M with zeros on its main diagonal, the first step of the method consists in considering
the above-diagonal part of the matrix, transforming it by rank ordering its entries (thus replacing
the original entry values by natural numbers 0,1, . . .), and completing the below-diagonal part of
the rank-ordered matrix by symmetry. The method then computes the persistent homology (see
TDA software) of the rank-ordered matrix and finally determines the associated Betti curves. Since
the input matrix is transformed by considering only the rank ordering of its entries, the output is
invariant to monotonic transformation applied entry-wise to M . Given a dissimilarity or distance
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matrix, the clique topology method orders the entries increasingly. We observe that in [22] the
method is also applied to a matrix C = (Cij) of correlations by transforming it into a dissimilarity
matrix D = (Dij) via the application of any function that inverts the ordering between the absolute
values ∣Cij ∣ of the correlations and the entries Dij , e.g., Dij = −∣Cij ∣. In this work, we apply the
clique topology method by ordering the entries of our distance matrices both increasingly (increas-
ing filtration) and decreasingly (decreasing filtration), the latter case corresponding to the weight
rank clique filtration method introduced in [32].

A sequence of nested simple graphs G0 ⊂ G1 ⊂ ⋯ ⊂ Gs, called a filtration, can be determined
from a rank-ordered n × n symmetric matrix (typically representing pairwise distances) as follows.
Each graph has the same set of n nodes, and the edges of a graph Gk are determined by thresholding
the rank-ordered matrix (setting to one all entries smaller than k, and setting to zero the remaining
entries) and regarding it as an adjacency matrix. An edge is therefore present between nodes i
and j of the graph Gk if and only if the (i, j) entry of the rank-ordered matrix is less than k.
If the above-diagonal entries of the symmetric rank-ordered matrix are all different, the graph
G0 has no edges, the graph G1 has one edge, corresponding to the smallest off-diagonal entry of
the rank-ordered matrix, and so on. As the edges fill in, graphs can be enriched with higher-
order connectivity information encoded by basic “pieces” of different dimensions, called simplices.
Specifically, a p-clique (subgraph of p all-to-all connected nodes) in a graph is regarded as a (p−1)-
dimensional simplex: 2-cliques are the edges of the graph and are viewed as line segments (1-
dimensional simplices), 3-cliques are viewed as triangles (2-dimensional simplices), 4-cliques are
viewed as tetrahedra (3-dimensional simplices), etc. In this way, each graph becomes a simplicial
complex, called the clique complex of the graph, in which arrangements of cliques can enclose
“holes” of different dimensions. The number of 1-dimensional tunnels, 2-dimensional voids and
3-dimensional “cavities”, known as Betti numbers and denoted by β1, β2 and β3 respectively, are
computed at each step of the filtration. The Betti numbers are viewed as functions of the edge
density ρ, the number of filled-in edges divided by the number N = n(n − 1)/2 of potential edges.
These functions (β1(ρ), β2(ρ) and β3(ρ)) are the Betti curves, which we computed over the range
from ρ = 0 to 0.6 in our analysis.

TDA software To compute clique topology and persistent homology, we use a faster and equiva-
lent alternative to the original CliqueTop scripts (https://github.com/nebneuron/clique-top; see [22]),
namely Ripser [6] (https://github.com/Ripser/ripser) on a rank-ordered distance matrix. Starting
from a distance matrix D = (Dij), we added small (symmetric) Gaussian noise and transformed the
resulting symmetric matrix by rank-ordering its entries in increasing (resp., decreasing) order for
the increasing (resp., decreasing) filtration method. Note that the purpose of the Gaussian noise
is to uniquely specify an ordering of the entries in presence of equal values, and its magnitude was
chosen small enough to preserve the ordering between entries with different values. Ripser computes
the persistent homology of the clique filtration associated with the ordered matrix and outputs the
so-called barcode, a collection of pairs of real numbers B = {(bi, di)}i=1,...,m for the chosen dimension
of homology, which are j = 1,2,3 in our setting. The pairs (bi, di) are the ranges in edge density
for which a particular void of dimension j is present. If the size of the input matrix is n × n, the
Betti curve is obtained from the barcode B by setting βj(r/N) to the number of (bi, di) in B such
that bi ≤ r < di, where N = n(n − 1)/2 and r is any integer between 0 and the maximum value s
such that s/N does not exceed a maximum edge density ρmax. The parameter ρmax was set to 0.6
in our analysis for computational efficiency, following [22]. The function βj(ρ) for ρ ∈ [0, ρmax] is
therefore piecewise-constant, as it is constant on every interval [r/N, (r + 1)/N).

Integrated Betti values and centers of mass In the analysis we use integrated Betti val-
ues [22] (see Figs. 3-4, 6-8 and S4-S7) and centers of mass (see Figs. S2-S3 and S8-S11) to summa-
rize the shape of Betti curves. Let β ∶ [0, ρmax] → R be a Betti curve. Its integrated Betti value is
defined as

I(β) ∶= ∫
ρmax

0
β(ρ) dρ.
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The center of mass of the Betti curve is defined as

1

I(β) ∫
ρmax

0
ρβ(ρ) dρ

when I(β) > 0, and it is defined to be zero when I(β) = 0.

Boxplots and KS statistical test Boxplots are generated with the Matlab function “boxplot”.
The two-sample Kolmogorov-Smirnov (KS) test was performed using the Matlab function “kstest2”.
In Fig. 7 and Figs. S6-S10 the significance level of the KS test has been corrected for multiple
comparisons via the false discovery rate correction [7].

Surrogate spike train data

In our analysis, we compared the Betti curves computed from the experimental data to the Betti
curves of four types of surrogate spike train data (Figs. 5-7 and S4-S10). For each experimental
dataset, we generated 20 surrogate spike datasets for each of the four types. The four types of
surrogate spike train data were generated by perturbing specific aspects of the spiking patterns in
the original experimental data.

1. Uniform resampling of spike times (U). Each sequence of spikes from each neuron from each
response is replaced by a sequence of the same number of spikes randomly distributed over the
length of the response interval (0 − 320ms). The sequence of labels indicating which neuron
fired the spikes is preserved, as is the number of spikes of each neuron in the response.

2. Exchange resampling of spike times between collections (EB). Spikes are randomly swapped
between the 80 selected collections of a dataset, preserving their time of occurrence in the
320ms response and their neuron of origin. Thus, each response in the surrogate dataset has
the same number of spikes as the original, and the overall distribution of spike times across
the dataset are maintained.

3. Exchange resampling of spike times within collections (EW). As in 2, but with the swapping
restricted to responses within each collection. Thus, spike counts are unchanged within each
response, as is the distribution of spike times within each collection.

4. Poisson generated spike trains (P). For each neuron contributing to a dataset, we determined
its overall firing rate across the dataset. We then replaced each neurons spike train in all
non-empty responses in the dataset with a sample of a Poisson process with that rate. We
set the bin width in the Poisson generator to 0.0001ms. Note that this surrogate dataset does
not preserve the number of spikes of each neuron in each response, only the average.

Geometric models

Models of random and geometric spaces were considered for Fig. 8 and Fig. S11. The random
symmetric matrices and the distance matrices of random points in a Euclidean space were generated
following [22], while the distance matrices of random points in a hyperbolic space were generated
following [50].

1. Random symmetric matrix model. The nonzero (off-diagonal) elements of the distance matrix
D = (Dij) are randomly-chosen positive numbers uniformly distributed in the interval (0,1), with
Dij =Dji, unconstrained by the triangle inequality.

2. Euclidean geometry model. To generate a random Euclidean distance matrix D = (Dij), 64
random points are uniformly sampled in a unit (hyper)cube within the d-dimensional Euclidean
space, for a fixed dimension d between 1 and 15. Each entry Dij is set equal to the Euclidean
distance between the randomly-chosen ith and jth points.
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3. Hyperbolic geometry model. Similarly to [50], we generated a random hyperbolic distance
matrix D = (Dij) by uniformly sampling 64 points in the d-dimensional hyperbolic space (for a
fixed dimension d between 1 and 15), using the hyperbolic ball model [29] with curvature ζ = 1.
We sampled a standard d-variate Gaussian (using the Matlab function “randn”) and rescaled the
radii of the sampled points by selecting radii r within [0,Rmax] following the distribution ρ(r) ∼
sinh((d − 1)r). We examined Rmax values in the range from 1 to 10, and results for Rmax = 1,2,5
are shown in Fig. 8 and Fig. S11. The distance Dij between two points of radii ri and rj with an
angle ∆θ between them is determined from the hyperbolic law of cosines

cosh ζDij = cosh(ζri) cosh(ζrj) − sinh(ζri) sinh(ζrj) cos(∆θ)

with curvature ζ = 1 in our setting.
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<latexit sha1_base64="9ALXU4PijbKmQj0rs/7GZMuJxP8=">AAAB7nicbVDLSsNAFJ3UV62vqks3g1VwVZLWknZXcOOygn1AG8pketsOnUzizEQooR/hxoUibv0ed/6N0zSIrwMXDufcy733+BFnStv2h5VbW9/Y3MpvF3Z29/YPiodHHRXGkkKbhjyUPZ8o4ExAWzPNoRdJIIHPoevPrpZ+9x6kYqG41fMIvIBMBBszSrSRugN1FxMJw2LJLtsp8F/iZKSEMrSGxffBKKRxAEJTTpTqO3akvYRIzSiHRWEQK4gInZEJ9A0VJADlJem5C3xulBEeh9KU0DhVv08kJFBqHvimMyB6qn57S/E/rx/rcd1LmIhiDYKuFo1jjnWIl7/jEZNANZ8bQqhk5lZMp0QSqk1ChTQEp+K6Ncf83mg03Fp1Rexq/SuETqXs1Mr2zWWpeZbFkUcn6BRdIAe5qImuUQu1EUUz9ICe0LMVWY/Wi/W6as1Z2cwx+gHr7ROoq4/3</latexit> ⇤<latexit sha1_base64="9ALXU4PijbKmQj0rs/7GZMuJxP8=">AAAB7nicbVDLSsNAFJ3UV62vqks3g1VwVZLWknZXcOOygn1AG8pketsOnUzizEQooR/hxoUibv0ed/6N0zSIrwMXDufcy733+BFnStv2h5VbW9/Y3MpvF3Z29/YPiodHHRXGkkKbhjyUPZ8o4ExAWzPNoRdJIIHPoevPrpZ+9x6kYqG41fMIvIBMBBszSrSRugN1FxMJw2LJLtsp8F/iZKSEMrSGxffBKKRxAEJTTpTqO3akvYRIzSiHRWEQK4gInZEJ9A0VJADlJem5C3xulBEeh9KU0DhVv08kJFBqHvimMyB6qn57S/E/rx/rcd1LmIhiDYKuFo1jjnWIl7/jEZNANZ8bQqhk5lZMp0QSqk1ChTQEp+K6Ncf83mg03Fp1Rexq/SuETqXs1Mr2zWWpeZbFkUcn6BRdIAe5qImuUQu1EUUz9ICe0LMVWY/Wi/W6as1Z2cwx+gHr7ROoq4/3</latexit> ⇤

<latexit sha1_base64="9ALXU4PijbKmQj0rs/7GZMuJxP8=">AAAB7nicbVDLSsNAFJ3UV62vqks3g1VwVZLWknZXcOOygn1AG8pketsOnUzizEQooR/hxoUibv0ed/6N0zSIrwMXDufcy733+BFnStv2h5VbW9/Y3MpvF3Z29/YPiodHHRXGkkKbhjyUPZ8o4ExAWzPNoRdJIIHPoevPrpZ+9x6kYqG41fMIvIBMBBszSrSRugN1FxMJw2LJLtsp8F/iZKSEMrSGxffBKKRxAEJTTpTqO3akvYRIzSiHRWEQK4gInZEJ9A0VJADlJem5C3xulBEeh9KU0DhVv08kJFBqHvimMyB6qn57S/E/rx/rcd1LmIhiDYKuFo1jjnWIl7/jEZNANZ8bQqhk5lZMp0QSqk1ChTQEp+K6Ncf83mg03Fp1Rexq/SuETqXs1Mr2zWWpeZbFkUcn6BRdIAe5qImuUQu1EUUz9ICe0LMVWY/Wi/W6as1Z2cwx+gHr7ROoq4/3</latexit>

⇤
<latexit sha1_base64="9ALXU4PijbKmQj0rs/7GZMuJxP8=">AAAB7nicbVDLSsNAFJ3UV62vqks3g1VwVZLWknZXcOOygn1AG8pketsOnUzizEQooR/hxoUibv0ed/6N0zSIrwMXDufcy733+BFnStv2h5VbW9/Y3MpvF3Z29/YPiodHHRXGkkKbhjyUPZ8o4ExAWzPNoRdJIIHPoevPrpZ+9x6kYqG41fMIvIBMBBszSrSRugN1FxMJw2LJLtsp8F/iZKSEMrSGxffBKKRxAEJTTpTqO3akvYRIzSiHRWEQK4gInZEJ9A0VJADlJem5C3xulBEeh9KU0DhVv08kJFBqHvimMyB6qn57S/E/rx/rcd1LmIhiDYKuFo1jjnWIl7/jEZNANZ8bQqhk5lZMp0QSqk1ChTQEp+K6Ncf83mg03Fp1Rexq/SuETqXs1Mr2zWWpeZbFkUcn6BRdIAe5qImuUQu1EUUz9ICe0LMVWY/Wi/W6as1Z2cwx+gHr7ROoq4/3</latexit>

⇤
<latexit sha1_base64="9ALXU4PijbKmQj0rs/7GZMuJxP8=">AAAB7nicbVDLSsNAFJ3UV62vqks3g1VwVZLWknZXcOOygn1AG8pketsOnUzizEQooR/hxoUibv0ed/6N0zSIrwMXDufcy733+BFnStv2h5VbW9/Y3MpvF3Z29/YPiodHHRXGkkKbhjyUPZ8o4ExAWzPNoRdJIIHPoevPrpZ+9x6kYqG41fMIvIBMBBszSrSRugN1FxMJw2LJLtsp8F/iZKSEMrSGxffBKKRxAEJTTpTqO3akvYRIzSiHRWEQK4gInZEJ9A0VJADlJem5C3xulBEeh9KU0DhVv08kJFBqHvimMyB6qn57S/E/rx/rcd1LmIhiDYKuFo1jjnWIl7/jEZNANZ8bQqhk5lZMp0QSqk1ChTQEp+K6Ncf83mg03Fp1Rexq/SuETqXs1Mr2zWWpeZbFkUcn6BRdIAe5qImuUQu1EUUz9ICe0LMVWY/Wi/W6as1Z2cwx+gHr7ROoq4/3</latexit>

⇤

<latexit sha1_base64="9ALXU4PijbKmQj0rs/7GZMuJxP8=">AAAB7nicbVDLSsNAFJ3UV62vqks3g1VwVZLWknZXcOOygn1AG8pketsOnUzizEQooR/hxoUibv0ed/6N0zSIrwMXDufcy733+BFnStv2h5VbW9/Y3MpvF3Z29/YPiodHHRXGkkKbhjyUPZ8o4ExAWzPNoRdJIIHPoevPrpZ+9x6kYqG41fMIvIBMBBszSrSRugN1FxMJw2LJLtsp8F/iZKSEMrSGxffBKKRxAEJTTpTqO3akvYRIzSiHRWEQK4gInZEJ9A0VJADlJem5C3xulBEeh9KU0DhVv08kJFBqHvimMyB6qn57S/E/rx/rcd1LmIhiDYKuFo1jjnWIl7/jEZNANZ8bQqhk5lZMp0QSqk1ChTQEp+K6Ncf83mg03Fp1Rexq/SuETqXs1Mr2zWWpeZbFkUcn6BRdIAe5qImuUQu1EUUz9ICe0LMVWY/Wi/W6as1Z2cwx+gHr7ROoq4/3</latexit>

⇤
<latexit sha1_base64="9ALXU4PijbKmQj0rs/7GZMuJxP8=">AAAB7nicbVDLSsNAFJ3UV62vqks3g1VwVZLWknZXcOOygn1AG8pketsOnUzizEQooR/hxoUibv0ed/6N0zSIrwMXDufcy733+BFnStv2h5VbW9/Y3MpvF3Z29/YPiodHHRXGkkKbhjyUPZ8o4ExAWzPNoRdJIIHPoevPrpZ+9x6kYqG41fMIvIBMBBszSrSRugN1FxMJw2LJLtsp8F/iZKSEMrSGxffBKKRxAEJTTpTqO3akvYRIzSiHRWEQK4gInZEJ9A0VJADlJem5C3xulBEeh9KU0DhVv08kJFBqHvimMyB6qn57S/E/rx/rcd1LmIhiDYKuFo1jjnWIl7/jEZNANZ8bQqhk5lZMp0QSqk1ChTQEp+K6Ncf83mg03Fp1Rexq/SuETqXs1Mr2zWWpeZbFkUcn6BRdIAe5qImuUQu1EUUz9ICe0LMVWY/Wi/W6as1Z2cwx+gHr7ROoq4/3</latexit>

⇤
<latexit sha1_base64="9ALXU4PijbKmQj0rs/7GZMuJxP8=">AAAB7nicbVDLSsNAFJ3UV62vqks3g1VwVZLWknZXcOOygn1AG8pketsOnUzizEQooR/hxoUibv0ed/6N0zSIrwMXDufcy733+BFnStv2h5VbW9/Y3MpvF3Z29/YPiodHHRXGkkKbhjyUPZ8o4ExAWzPNoRdJIIHPoevPrpZ+9x6kYqG41fMIvIBMBBszSrSRugN1FxMJw2LJLtsp8F/iZKSEMrSGxffBKKRxAEJTTpTqO3akvYRIzSiHRWEQK4gInZEJ9A0VJADlJem5C3xulBEeh9KU0DhVv08kJFBqHvimMyB6qn57S/E/rx/rcd1LmIhiDYKuFo1jjnWIl7/jEZNANZ8bQqhk5lZMp0QSqk1ChTQEp+K6Ncf83mg03Fp1Rexq/SuETqXs1Mr2zWWpeZbFkUcn6BRdIAe5qImuUQu1EUUz9ICe0LMVWY/Wi/W6as1Z2cwx+gHr7ROoq4/3</latexit>

⇤

second order third order fourth
order

<latexit sha1_base64="2DRlqAy0IcykV20kysh249j5WXM=">AAAB8HicbVDLSsNAFJ34rPVVdelmsApuLElrSbsruHFZwT6kDWUynbRDJ5MwcyOU0K9w40IRt36OO//GaVrE14ELh3Pu5d57/FhwDbb9Ya2srq1vbOa28ts7u3v7hYPDto4SRVmLRiJSXZ9oJrhkLeAgWDdWjIS+YB1/cjX3O/dMaR7JW5jGzAvJSPKAUwJGuuv7DMggvZgNCkW7ZGfAf4mzJEW0RHNQeO8PI5qETAIVROueY8fgpUQBp4LN8v1Es5jQCRmxnqGShEx7aXbwDJ8ZZYiDSJmSgDP1+0RKQq2noW86QwJj/dubi/95vQSCmpdyGSfAJF0sChKBIcLz7/GQK0ZBTA0hVHFzK6ZjoggFk1E+C8Epu27VMb/X63W3WlkQu1L7CqFdLjnVkn1zWWycLuPIoWN0gs6Rg1zUQNeoiVqIohA9oCf0bCnr0XqxXhetK9Zy5gj9gPX2CdCOkJo=</latexit>

��
<latexit sha1_base64="f5TO2/m9tp7NDjB8z6cxKImzp3w=">AAAB8HicbVDLSsNAFJ34rPVVdelmsAquStJa0u4KblxWsA9pQ5lMb9uhM0mYmQgl9ivcuFDErZ/jzr9xmgbxdeDC4Zx7ufceP+JMadv+sFZW19Y3NnNb+e2d3b39wsFhW4WxpNCiIQ9l1ycKOAugpZnm0I0kEOFz6PjTy4XfuQOpWBjc6FkEniDjgI0YJdpIt30fNBkk9/NBoWiX7BT4L3EyUkQZmoPCe38Y0lhAoCknSvUcO9JeQqRmlMM8348VRIROyRh6hgZEgPKS9OA5PjPKEI9CaSrQOFW/TyREKDUTvukURE/Ub28h/uf1Yj2qeQkLolhDQJeLRjHHOsSL7/GQSaCazwwhVDJzK6YTIgnVJqN8GoJTdt2qY36v1+tutbIkdqX2FUK7XHKqJfv6otg4zeLIoWN0gs6Rg1zUQFeoiVqIIoEe0BN6tqT1aL1Yr8vWFSubOUI/YL19AkiokOk=</latexit>

�|
<latexit sha1_base64="qJzFeCmWEbtVZZmT251ESb2blSY=">AAAB+3icbVBJS8NAGJ241rrFevQyWAVPJWktaW8FLx4r2AWaECbTSTt0MgkzE7GE/hUvHhTx6h/x5r9xmgZxezDweO/b5gUJo1JZ1oextr6xubVd2inv7u0fHJpHlb6MU4FJD8csFsMAScIoJz1FFSPDRBAUBYwMgtnV0h/cESFpzG/VPCFehCachhQjpSXfrLgBUcjP3ADhmWRIThe+WbVqVg74l9gFqYICXd98d8cxTiPCFdYT5Mi2EuVlSCiKGVmU3VSSRI9HEzLSlKOISC/Lb1/Ac62MYRgL/biCufq9I0ORlPMo0JURUlP521uK/3mjVIUtL6M8SRXheLUoTBlUMVwGAcdUEKzYXBOEBdW3QjxFAmGl4yrnIdh1x2na+u/tdttpNlbEarS+QujXa3azZt1cVjtnRRwlcAJOwQWwgQM64Bp0QQ9gcA8ewBN4NhbGo/FivK5K14yi5xj8gPH2CZy+lQA=</latexit>

�\
<latexit sha1_base64="l1xMnlhZqb+8xWtAxcrw6sLAylg=">AAAB9XicbVDLSsNAFJ34rPVVdelmsAquStJa0u4KblxWsA9oYplMb9qhkwczE6WE/ocbF4q49V/c+TdO0yC+Dlw4nHPvzL3HizmTyjQ/jJXVtfWNzcJWcXtnd2+/dHDYlVEiKHRoxCPR94gEzkLoKKY49GMBJPA49Lzp5cLv3YGQLApv1CwGNyDjkPmMEqWlW8cDRYapIzmRk/mwVDYrZgb8l1g5KaMc7WHp3RlFNAkgVFS/IAeWGSs3JUIxymFedBIJMaFTMoaBpiEJQLpptvUcn2llhP1I6AoVztTvEykJpJwFnu4MiJrI395C/M8bJMpvuCkL40RBSJcf+QnHKsKLCPCICaCKzzQhVDC9K6YTIghVOqhiFoJVte26pW9vNpt2vbYkZq3xFUK3WrHqFfP6otw6zeMooGN0gs6RhWzUQleojTqIIoEe0BN6Nu6NR+PFeF22rhj5zBH6AePtExhOkxY=</latexit>

�/
<latexit sha1_base64="BLN4XnO3IAYA401SGru2QnMeI2o=">AAAB7XicbVDLSsNAFJ3UV62vqks3g1VwVZLWknZXcOOygn1AG8rNdNqOnUzCzEQoof/gxoUibv0fd/6N0zSIrwMXDufcy733+BFnStv2h5VbW9/Y3MpvF3Z29/YPiodHHRXGktA2CXkoez4oypmgbc00p71IUgh8Trv+7Grpd++pVCwUt3oeUS+AiWBjRkAbqTMAHk1hWCzZZTsF/kucjJRQhtaw+D4YhSQOqNCEg1J9x460l4DUjHC6KAxiRSMgM5jQvqECAqq8JL12gc+NMsLjUJoSGqfq94kEAqXmgW86A9BT9dtbiv95/ViP617CRBRrKshq0TjmWId4+ToeMUmJ5nNDgEhmbsVkChKINgEV0hCciuvWHPN7o9Fwa9UVsav1rxA6lbJTK9s3l6XmWRZHHp2gU3SBHOSiJrpGLdRGBN2hB/SEnq3QerRerNdVa87KZo7RD1hvn64gj2I=</latexit>↵

<latexit sha1_base64="YbKnYLDAT3fQcwASYvtWpLAYev4="></latexit>

✓� <latexit sha1_base64="DS8fLWm8ECG0siGppjMt3M2P77M=">AAACE3icbVBLSgNBFOyJ//gbFVduBqPgKsxEQ8xOcONGiGg+kITQ03mTNOnpGbrfCGHIMTyAWz2CO3HrATyB17DzQYxa8KCoeo9XlB8LrtF1P6zMwuLS8srqWnZ9Y3Nr297ZrekoUQyqLBKRavhUg+ASqshRQCNWQENfQN0fXI79+j0ozSN5h8MY2iHtSR5wRtFIHXu/hX1A2klbAgLsUxGwJB517Jybdydw/hJvRnJkhkrH/mx1I5aEIJEJqnXTc2Nsp1QhZwJG2VaiIaZsQHvQNFTSEHQ7ncQfOcdG6TpBpMxIdCbqz4uUhloPQ99shhT7+rc3Fv/zmgkG5+2UyzhBkGz6KEiEg5Ez7sLpcgUMxdAQyhQ3WR3Wp4oyNI3NfbmWtyZAJKbNeIVSqeiZQsrlcql4OiXu6fl3M7VC3ivm3Zuz3MXRrKNVckAOyQnxSIlckCtSIVXCSEoeyRN5th6sF+vVepuuZqzZzR6Zg/X+Bdg2n5Y=</latexit>

✓� <latexit sha1_base64="eP+wf7uL46nmjBo4+cGGUNVDs7Q=">AAACE3icbVDLSgNBEJyN73dUPHlZjIKnsKuGmJvgxYugaBIhCaF30psMzs4uM71CWPIZfoBX/QRv4tUP8Av8DScPxFdBQ1HVTRcVJFIY8rx3Jzc1PTM7N7+wuLS8srqWX9+omTjVHKs8lrG+CcCgFAqrJEjiTaIRokBiPbg9Hfr1O9RGxOqa+gm2IugqEQoOZKV2fqtJPSRoZ02JIfVAhhySQTtf8IreCO5f4k9IgU1w0c5/NDsxTyNUxCUY0/C9hFoZaBJc4mCxmRpMgN9CFxuWKojQtLJR/IG7Z5WOG8bajiJ3pH6/yCAyph8FdjMC6pnf3lD8z2ukFB63MqGSlFDx8aMwlS7F7rALtyM0cpJ9S4BrYbO6vAcaONnGfnw5V1c2QCzHzfgH5XLJt4VUKpVy6XBMvMPjr2ZqB0W/VPQujwonu5OO5tk222H7zGdldsLO2AWrMs4y9sAe2ZNz7zw7L87reDXnTG422Q84b5+4Gp+C</latexit>

✓� <latexit sha1_base64="Dx306PE6nqKoj554Ko+4gWs6Kxk="></latexit>

✓�

<latexit sha1_base64="9ALXU4PijbKmQj0rs/7GZMuJxP8=">AAAB7nicbVDLSsNAFJ3UV62vqks3g1VwVZLWknZXcOOygn1AG8pketsOnUzizEQooR/hxoUibv0ed/6N0zSIrwMXDufcy733+BFnStv2h5VbW9/Y3MpvF3Z29/YPiodHHRXGkkKbhjyUPZ8o4ExAWzPNoRdJIIHPoevPrpZ+9x6kYqG41fMIvIBMBBszSrSRugN1FxMJw2LJLtsp8F/iZKSEMrSGxffBKKRxAEJTTpTqO3akvYRIzSiHRWEQK4gInZEJ9A0VJADlJem5C3xulBEeh9KU0DhVv08kJFBqHvimMyB6qn57S/E/rx/rcd1LmIhiDYKuFo1jjnWIl7/jEZNANZ8bQqhk5lZMp0QSqk1ChTQEp+K6Ncf83mg03Fp1Rexq/SuETqXs1Mr2zWWpeZbFkUcn6BRdIAe5qImuUQu1EUUz9ICe0LMVWY/Wi/W6as1Z2cwx+gHr7ROoq4/3</latexit>

⇤<latexit sha1_base64="9ALXU4PijbKmQj0rs/7GZMuJxP8=">AAAB7nicbVDLSsNAFJ3UV62vqks3g1VwVZLWknZXcOOygn1AG8pketsOnUzizEQooR/hxoUibv0ed/6N0zSIrwMXDufcy733+BFnStv2h5VbW9/Y3MpvF3Z29/YPiodHHRXGkkKbhjyUPZ8o4ExAWzPNoRdJIIHPoevPrpZ+9x6kYqG41fMIvIBMBBszSrSRugN1FxMJw2LJLtsp8F/iZKSEMrSGxffBKKRxAEJTTpTqO3akvYRIzSiHRWEQK4gInZEJ9A0VJADlJem5C3xulBEeh9KU0DhVv08kJFBqHvimMyB6qn57S/E/rx/rcd1LmIhiDYKuFo1jjnWIl7/jEZNANZ8bQqhk5lZMp0QSqk1ChTQEp+K6Ncf83mg03Fp1Rexq/SuETqXs1Mr2zWWpeZbFkUcn6BRdIAe5qImuUQu1EUUz9ICe0LMVWY/Wi/W6as1Z2cwx+gHr7ROoq4/3</latexit>

⇤
<latexit sha1_base64="9ALXU4PijbKmQj0rs/7GZMuJxP8=">AAAB7nicbVDLSsNAFJ3UV62vqks3g1VwVZLWknZXcOOygn1AG8pketsOnUzizEQooR/hxoUibv0ed/6N0zSIrwMXDufcy733+BFnStv2h5VbW9/Y3MpvF3Z29/YPiodHHRXGkkKbhjyUPZ8o4ExAWzPNoRdJIIHPoevPrpZ+9x6kYqG41fMIvIBMBBszSrSRugN1FxMJw2LJLtsp8F/iZKSEMrSGxffBKKRxAEJTTpTqO3akvYRIzSiHRWEQK4gInZEJ9A0VJADlJem5C3xulBEeh9KU0DhVv08kJFBqHvimMyB6qn57S/E/rx/rcd1LmIhiDYKuFo1jjnWIl7/jEZNANZ8bQqhk5lZMp0QSqk1ChTQEp+K6Ncf83mg03Fp1Rexq/SuETqXs1Mr2zWWpeZbFkUcn6BRdIAe5qImuUQu1EUUz9ICe0LMVWY/Wi/W6as1Z2cwx+gHr7ROoq4/3</latexit>

⇤<latexit sha1_base64="9ALXU4PijbKmQj0rs/7GZMuJxP8=">AAAB7nicbVDLSsNAFJ3UV62vqks3g1VwVZLWknZXcOOygn1AG8pketsOnUzizEQooR/hxoUibv0ed/6N0zSIrwMXDufcy733+BFnStv2h5VbW9/Y3MpvF3Z29/YPiodHHRXGkkKbhjyUPZ8o4ExAWzPNoRdJIIHPoevPrpZ+9x6kYqG41fMIvIBMBBszSrSRugN1FxMJw2LJLtsp8F/iZKSEMrSGxffBKKRxAEJTTpTqO3akvYRIzSiHRWEQK4gInZEJ9A0VJADlJem5C3xulBEeh9KU0DhVv08kJFBqHvimMyB6qn57S/E/rx/rcd1LmIhiDYKuFo1jjnWIl7/jEZNANZ8bQqhk5lZMp0QSqk1ChTQEp+K6Ncf83mg03Fp1Rexq/SuETqXs1Mr2zWWpeZbFkUcn6BRdIAe5qImuUQu1EUUz9ICe0LMVWY/Wi/W6as1Z2cwx+gHr7ROoq4/3</latexit>

⇤
<latexit sha1_base64="9ALXU4PijbKmQj0rs/7GZMuJxP8=">AAAB7nicbVDLSsNAFJ3UV62vqks3g1VwVZLWknZXcOOygn1AG8pketsOnUzizEQooR/hxoUibv0ed/6N0zSIrwMXDufcy733+BFnStv2h5VbW9/Y3MpvF3Z29/YPiodHHRXGkkKbhjyUPZ8o4ExAWzPNoRdJIIHPoevPrpZ+9x6kYqG41fMIvIBMBBszSrSRugN1FxMJw2LJLtsp8F/iZKSEMrSGxffBKKRxAEJTTpTqO3akvYRIzSiHRWEQK4gInZEJ9A0VJADlJem5C3xulBEeh9KU0DhVv08kJFBqHvimMyB6qn57S/E/rx/rcd1LmIhiDYKuFo1jjnWIl7/jEZNANZ8bQqhk5lZMp0QSqk1ChTQEp+K6Ncf83mg03Fp1Rexq/SuETqXs1Mr2zWWpeZbFkUcn6BRdIAe5qImuUQu1EUUz9ICe0LMVWY/Wi/W6as1Z2cwx+gHr7ROoq4/3</latexit>
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Figure 1: The space of visual stimuli. The figure shows examples of stimuli, randomly drawn
from the 10 coordinate axes (γ, . . . , α) of a mathematically-defined stimulus space, with 4 corre-
lations strengths (m2, m1, p1, p2) along each axis. Each stimulus is a 16 × 16 black and white
checkerboard-like pattern. The coordinate axes of the stimulus space specify the type of the multi-
point correlation within 2 × 2 clusters of checks, and are divided into four classes according to the
order of correlation [45]: first-order (γ), second-order (β−, β∣, β/, β/), third-order (θ⌟, θ⌞, θ⌜, θ⌝),
and fourth-order (α). The correlation strengths, which are the coordinates along these axes, can
have positive or negative sign. They determine the frequency with which local configurations of 1,
2, 3, or 4 checks (diagrammed at the bottom of each column of textures) appear in the pattern with
even vs. odd parity. Specifically, a correlation strength of c means that instances of configurations
with an even number of black checks occur with probability (1 + c)/2, and configurations with an
odd number of black checks occur with probability (1− c)/2. To generate the visual stimuli used in
the experiment, each axis of the space is sampled at four correlation strengths: high negative (m2),
low negative (m1), low positive (p1) and high positive (p2). Correlation values were ±0.2 and ±0.4
for first-order correlations, and ±0.4 and ±0.8 for second-, third-, and fourth-order correlations.
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Filtrations of simplicial complexes
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Topological
<latexit sha1_base64="XUQjXPYc+x+KZcQyWiot6kaPqmc=">AAAB/HicbVBNT8JAEN3iF+JXlaOXjcTEE2lBUrgRvXjERJAECNkuC2zYbpvdKbEh+Fe8eNAYr/4Qb/4bF2iMXy+Z5OW9mczM8yPBNTjOh5VZW9/Y3Mpu53Z29/YP7MOjlg5jRVmThiJUbZ9oJrhkTeAgWDtSjAS+YLf+5HLh306Z0jyUN5BErBeQkeRDTgkYqW/nu8DuQNMZl1OiOJGg53274BSdJfBf4qakgFI0+vZ7dxDSOGASqCBad1wngt6MKOBUsHmuG2sWETohI9YxVJKA6d5sefwcnxplgIehMiUBL9XvEzMSaJ0EvukMCIz1b28h/ud1YhhWe+avKAYm6WrRMBYYQrxIAg+4YhREYgihiptbMR0TRSiYvHLLENyS51Vc83utVvMq5RVxytWvEFqlolspOtfnhfpFGkcWHaMTdIZc5KE6ukIN1EQUJegBPaFn6956tF6s11Vrxkpn8ugHrLdPHOKV/w==</latexit>

invariants
<latexit sha1_base64="XUQjXPYc+x+KZcQyWiot6kaPqmc=">AAAB/HicbVBNT8JAEN3iF+JXlaOXjcTEE2lBUrgRvXjERJAECNkuC2zYbpvdKbEh+Fe8eNAYr/4Qb/4bF2iMXy+Z5OW9mczM8yPBNTjOh5VZW9/Y3Mpu53Z29/YP7MOjlg5jRVmThiJUbZ9oJrhkTeAgWDtSjAS+YLf+5HLh306Z0jyUN5BErBeQkeRDTgkYqW/nu8DuQNMZl1OiOJGg53274BSdJfBf4qakgFI0+vZ7dxDSOGASqCBad1wngt6MKOBUsHmuG2sWETohI9YxVJKA6d5sefwcnxplgIehMiUBL9XvEzMSaJ0EvukMCIz1b28h/ud1YhhWe+avKAYm6WrRMBYYQrxIAg+4YhREYgihiptbMR0TRSiYvHLLENyS51Vc83utVvMq5RVxytWvEFqlolspOtfnhfpFGkcWHaMTdIZc5KE6ukIN1EQUJegBPaFn6956tF6s11Vrxkpn8ugHrLdPHOKV/w==</latexit>

invariants
<latexit sha1_base64="glfORpAXg3jxuocRvFlUQBYhQTc=">AAAB/XicbVDJSgNBFOxxjXGLy83LYBA8hZnEkOQWFMFjBLNAEkJP5yVp0rPQ/UYSh+CvePGgiFf/w5t/Y88kiFtBQ1H1ive6nEBwhZb1YSwtr6yurac20ptb2zu7mb39hvJDyaDOfOHLlkMVCO5BHTkKaAUSqOsIaDrji9hv3oJU3PducBpA16VDjw84o6ilXuawgzBBxaLLSQCSu+ChmvUyWStnJTD/EntBsmSBWi/z3un7LIzTTFCl2rYVYDeiEjkTMEt3QgUBZWM6hLamHnVBdaPk+pl5opW+OfClfh6aifo9EVFXqanr6EmX4kj99mLxP68d4qDcjbgXhAgemy8ahMJE34yrMPtcAkMx1YQyyfWtJhtRSRnqwtJJCXa+VCra+u+VSqVULMyJVSh/ldDI5+xizro+y1bPF3WkyBE5JqfEJiVSJVekRuqEkTvyQJ7Is3FvPBovxut8dMlYZA7IDxhvn8nLll4=</latexit>

Experiments
<latexit sha1_base64="glfORpAXg3jxuocRvFlUQBYhQTc=">AAAB/XicbVDJSgNBFOxxjXGLy83LYBA8hZnEkOQWFMFjBLNAEkJP5yVp0rPQ/UYSh+CvePGgiFf/w5t/Y88kiFtBQ1H1ive6nEBwhZb1YSwtr6yurac20ptb2zu7mb39hvJDyaDOfOHLlkMVCO5BHTkKaAUSqOsIaDrji9hv3oJU3PducBpA16VDjw84o6ilXuawgzBBxaLLSQCSu+ChmvUyWStnJTD/EntBsmSBWi/z3un7LIzTTFCl2rYVYDeiEjkTMEt3QgUBZWM6hLamHnVBdaPk+pl5opW+OfClfh6aifo9EVFXqanr6EmX4kj99mLxP68d4qDcjbgXhAgemy8ahMJE34yrMPtcAkMx1YQyyfWtJhtRSRnqwtJJCXa+VCra+u+VSqVULMyJVSh/ldDI5+xizro+y1bPF3WkyBE5JqfEJiVSJVekRuqEkTvyQJ7Is3FvPBovxut8dMlYZA7IDxhvn8nLll4=</latexit>

Experiments

<latexit sha1_base64="/UPc2gUG3tMVUkM7KSADJQ3ptxk=">AAACBnicbVDJSgNBFOyJW4xb1KMIg0HwFGYSQ5JbUA8eI5gFkhB6Oi9Jk56eofuNGIacvPgrXjwo4tVv8Obf2FkQt4KGouo9Xld5oeAaHefDSiwtr6yuJddTG5tb2zvp3b26DiLFoMYCEaimRzUILqGGHAU0QwXU9wQ0vNH51G/cgNI8kNc4DqHj04Hkfc4oGqmbPmwj3KLy4wtgZk9zObB75iyVDPSkm844WWcG+y9xFyRDFqh20+/tXsAiHyQyQbVuuU6InZgq5EzAJNWONISUjegAWoZK6oPuxLMYE/vYKD27HyjzJNoz9ftGTH2tx75nJn2KQ/3bm4r/ea0I+6VOzGUYIUg2P9SPhI2BPe3EBFbAUIwNoUxx81ebDamiDE1zqVkJbq5YLLgme7lcLhbyc+LkS18l1HNZt5B1rk4zlbNFHUlyQI7ICXFJkVTIJamSGmHkjjyQJ/Js3VuP1ov1Oh9NWIudffID1tsnZ52aAA==</latexit>

Decreasing distances
<latexit sha1_base64="Q2j6QVWcWorYZ6kMNI0ApxveITI="></latexit>

Decreasing distances

<latexit sha1_base64="VGBv0Fbq5HG3whIok9nbLlsVfbI=">AAACBnicbVDJSgNBFOyJW4xb1KMIg0HwFGYSQ5Jb0IveIpgFkhB6Oi9Jk56eofuNGIacvPgrXjwo4tVv8Obf2FkQt4KGouo9Xld5oeAaHefDSiwtr6yuJddTG5tb2zvp3b26DiLFoMYCEaimRzUILqGGHAU0QwXU9wQ0vNH51G/cgNI8kNc4DqHj04Hkfc4oGqmbPmwj3KLy40vJzJ7mcmD3zFkqGehJN51xss4M9l/iLkiGLFDtpt/bvYBFPkhkgmrdcp0QOzFVyJmASaodaQgpG9EBtAyV1AfdiWcxJvaxUXp2P1DmSbRn6veNmPpaj33PTPoUh/q3NxX/81oR9kudmMswQpBsfqgfCRsDe9qJCayAoRgbQpni5q82G1JFGZrmUrMS3FyxWHBN9nK5XCzk58TJl75KqOeybiHrXJ1mKmeLOpLkgByRE+KSIqmQC1IlNcLIHXkgT+TZurcerRfrdT6asBY7++QHrLdPfeSaDg==</latexit>

Increasing distances
<latexit sha1_base64="WLqwF9mTVLxAs4ccNqF6MYggY80="></latexit>

Increasing distances

<latexit sha1_base64="F9/9FFJDWShMpcML771kh4OjsEs=">AAAB/3icbVDJSgNBEO1xjXGLCl68DAYhXsJMYkhyC3rxGMEskITQ06kkTXp6hu4aMYw5+CtePCji1d/w5t/YWRC3BwWP96qoqueFgmt0nA9raXlldW09sZHc3Nre2U3t7dd1ECkGNRaIQDU9qkFwCTXkKKAZKqC+J6DhjS6mfuMGlOaBvMZxCB2fDiTvc0bRSN3UYRvhFpUfZ+pVu2f2UcngdNJNpZ2sM4P9l7gLkiYLVLup93YvYJEPEpmgWrdcJ8ROTBVyJmCSbEcaQspGdAAtQyX1QXfi2f0T+8QoPbsfKFMS7Zn6fSKmvtZj3zOdPsWh/u1Nxf+8VoT9UifmMowQJJsv6kfCxsCehmEeVsBQjA2hTHFzq82GVFGGJrLkLAQ3VywWXPN7uVwuFvJz4uRLXyHUc1m3kHWuztKV80UcCXJEjkmGuKRIKuSSVEmNMHJHHsgTebburUfrxXqdty5Zi5kD8gPW2yff2pZJ</latexit>

(VP distance)
<latexit sha1_base64="xoYvSzbIJMTojiENs2un3YaABh4="></latexit>

(VP distance)

<latexit sha1_base64="DvhvGgzBVUGC2lZW02GckjFKy60=">AAAB+nicbVDJSgNBEO1xjXFL9OhlMAiewkximOQW9OIxglkgGUJPTyVp0rPQXaOGMZ/ixYMiXv0Sb/6NnQVxe1DweK+KqnpeLLhCy/owVlbX1jc2M1vZ7Z3dvf1c/qClokQyaLJIRLLjUQWCh9BEjgI6sQQaeALa3vhi5rdvQCoehdc4icEN6DDkA84oaqmfy/cQ7lAGaRv4cITgT/u5glW05jD/EntJCmSJRj/33vMjlgQQIhNUqa5txeimVCJnAqbZXqIgpmxMh9DVNKQBKDednz41T7Tim4NI6grRnKvfJ1IaKDUJPN0ZUByp395M/M/rJjiouikP4wQhZItFg0SYGJmzHEyfS2AoJppQJrm+1WQjKilDnVZ2HoJdcpyKrX+v1WpOpbwgVrn6FUKrVLQrRevqrFA/X8aRIUfkmJwSmzikTi5JgzQJI7fkgTyRZ+PeeDRejNdF64qxnDkkP2C8fQI3SpTm</latexit>

Weighted
<latexit sha1_base64="aVlubqoK34zTu67ktmHX1djbsig="></latexit>

Weighted
<latexit sha1_base64="dEOrPMEMImgeT3efgJ8UV5BO9tI=">AAAB9XicbVDJSgNBEO2JW4xb1KOXxiB4CjOJYZJb0IvHCGaBZAw9nZ6kSc9Cd40ahvyHFw+KePVfvPk3diaDuD0oeLxXRVU9NxJcgWl+GLmV1bX1jfxmYWt7Z3evuH/QUWEsKWvTUISy5xLFBA9YGzgI1oskI74rWNedXiz87i2TiofBNcwi5vhkHHCPUwJauhkAuwfpJ2NJosl8WCyZZTMF/kusjJRQhtaw+D4YhTT2WQBUEKX6lhmBkxAJnAo2LwxixSJCp2TM+poGxGfKSdKr5/hEKyPshVJXADhVv08kxFdq5ru60ycwUb+9hfif14/BqzsJD6IYWECXi7xYYAjxIgI84pJREDNNCJVc34rphEhCQQdVSEOwKrZds/TvjUbDrlWXxKzWv0LoVMpWrWxenZWa51kceXSEjtEpspCNmugStVAbUSTRA3pCz8ad8Wi8GK/L1pyRzRyiHzDePgGK1ZN4</latexit>

graph
<latexit sha1_base64="hWge1uJ/wO7MCDsjhbwFqJpH0JY=">AAAB9XicbVDLSgNBEJz1bXxFPXoZDIKnMBONm9xELx4jmERI1jA7mU0GZx/M9KphyX948aCIV//Fm3/jbBLwgQUNRVU33V1+oqQBQj6dufmFxaXlldXC2vrG5lZxe6dl4lRz0eSxivW1z4xQMhJNkKDEdaIFC30l2v7tee6374Q2Mo6uYJQIL2SDSAaSM7DSTRfEA+gwG2iWDMe9YomUCSGUUpwT6p4QS+r1WoXWMM0tixKaodErfnT7MU9DEQFXzJgOJQl4GdMguRLjQjc1ImH8lg1Ex9KIhcJ42eTqMT6wSh8HsbYVAZ6oPycyFhozCn3bGTIYmr9eLv7ndVIIal4moyQFEfHpoiBVGGKcR4D7UgsOamQJ41raWzEfMs042KAKkxBoxXWrdPJ73a0eTQk5+g6hVSnTaplcHpdOz2ZxrKA9tI8OEUUuOkUXqIGaiCONHtEzenHunSfn1Xmbts45s5ld9AvO+xfXy5Ou</latexit>

graph

<latexit sha1_base64="OK2Nica0Bk9utmqBUehXgpLTw4U=">AAAB9XicbVDLTgJBEJzFF+IL9ehlIzHxRHZBsnAjePGIiSAJIJkdGpgw+8hMr0o2/IcXDxrj1X/x5t84LBvjq5JOKlXd6e5yQ8EVWtaHkVlZXVvfyG7mtrZ3dvfy+wdtFUSSQYsFIpAdlyoQ3IcWchTQCSVQzxVw7U7PF/71LUjFA/8KZyH0PTr2+Ygzilq66SHco/TiBiDy+SBfsIpWAvMvsVNSICmag/x7bxiwyAMfmaBKdW0rxH5MJXImYJ7rRQpCyqZ0DF1NfeqB6sfJ1XPzRCtDcxRIXT6aifp9IqaeUjPP1Z0exYn67S3E/7xuhKNqP+Z+GCH4bLloFAkTA3MRgTnkEhiKmSaUSa5vNdmESspQB5VLQrBLjlOx9e+1Ws2plJfEKle/QmiXinalaF2eFeqNNI4sOSLH5JTYxCF1ckGapEUYkeSBPJFn4854NF6M12VrxkhnDskPGG+fYsKTXg==</latexit>

Betti
<latexit sha1_base64="dhwZgvyQk0/ihB/HE72PvcJMTLQ=">AAAB9XicbVDLSgNBEJz1GeMr6tHLYBA8hZlo3OQmevEYwaiQRJmddHRw9sFMrxqW/IcXD4p49V+8+TfOJgEfWNBQVHXT3RUkWllk7NObmp6ZnZsvLBQXl5ZXVktr62c2To2Elox1bC4CYUGrCFqoUMNFYkCEgYbz4PYo98/vwFgVR6c4SKAbiutI9ZUU6KTLDsIDmjA7BEQ1vCqVWYUxxjmnOeH+PnOk0ahXeZ3y3HIokwmaV6WPTi+WaQgRSi2sbXOWYDcTBpXUMCx2UguJkLfiGtqORiIE281GVw/ptlN6tB8bVxHSkfpzIhOhtYMwcJ2hwBv718vF/7x2iv16N1NRkiJEcryon2qKMc0joD1lQKIeOCKkUe5WKm+EERJdUMVRCLzq+zU++r3h13bHhO1+h3BWrfBahZ3slQ8OJ3EUyCbZIjuEE58ckGPSJC0iiSGP5Jm8ePfek/fqvY1bp7zJzAb5Be/9C6+4k5Q=</latexit>

Betti <latexit sha1_base64="Xl3YOXyqFXEjybWfSE/pDEVitFg=">AAAB+HicbVDLTgJBEJzFF+ID1KOXjcTEE9kFycKN6MUjJoIksCGzQwMTZh+Z6SXihi/x4kFjvPop3vwbB9gYX5V0UqnqTneXFwmu0LI+jMza+sbmVnY7t7O7t58vHBy2VRhLBi0WilB2PKpA8ABayFFAJ5JAfU/ArTe5XPi3U5CKh8ENziJwfToK+JAzilrqF/I9hDuUfsJiOQU17xeKVslawvxL7JQUSYpmv/DeG4Qs9iFAJqhSXduK0E2oRM4EzHO9WEFE2YSOoKtpQH1QbrI8fG6eamVgDkOpK0BzqX6fSKiv1Mz3dKdPcax+ewvxP68b47DmJjyIYoSArRYNY2FiaC5SMAdcAkMx04QyyfWtJhtTSRnqrHLLEOyy41Rt/Xu9XneqlRWxKrWvENrlkl0tWdfnxcZFGkeWHJMTckZs4pAGuSJN0iKMxOSBPJFn4954NF6M11VrxkhnjsgPGG+f+PaUOQ==</latexit>curves<latexit sha1_base64="HcM3784iwFn4QKxQC4Ch9appRcc=">AAAB+HicbVDLSgNBEJz1GeMr6tHLYBA8hZlo3OQW9OJRwaiQhDA76ejg7IOZXjEu+RIvHhTx6qd482+cTQI+sKChqOqmuytItLLI2Kc3Mzs3v7BYWCour6yurZc2Ni9snBoJLRnr2FwFwoJWEbRQoYarxIAIAw2Xwe1x7l/egbEqjs5xmEA3FNeRGigp0Em90noH4R5NmMnU3IEd9UplVmGMcc5pTrh/yBxpNOpVXqc8txzKZIrTXumj049lGkKEUgtr25wl2M2EQSU1jIqd1EIi5K24hrajkQjBdrPx4SO665Q+HcTGVYR0rP6cyERo7TAMXGco8Mb+9XLxP6+d4qDezVSUpAiRnCwapJpiTPMUaF8ZkKiHjghplLuVyhthhESXVXEcAq/6fo2Pf2/4tf0JYfvfIVxUK7xWYWcH5ebRNI4C2SY7ZI9w4pMmOSGnpEUkSckjeSYv3oP35L16b5PWGW86s0V+wXv/AkX7lG8=</latexit>curves

<latexit sha1_base64="PL9EAqpbY+4JxVF24Q8Rw22ErNE=">AAACAHicbVC7SgNBFJ31GeMramFhsxgFqzCbEDYphICNZQTzgGQJs5PZZMjsw5m7Yli28VdsLBSx9TPs/BsnmyC+Dlzu4Zx7mbnHjQRXgPGHsbS8srq2ntvIb25t7+wW9vbbKowlZS0ailB2XaKY4AFrAQfBupFkxHcF67iTi5nfuWVS8TC4hmnEHJ+MAu5xSkBLg8JhH9gdKC/JuuslN+dljNN0UCjiEs5g/iXWghTRAs1B4b0/DGnsswCoIEr1LByBkxAJnAqW5vuxYhGhEzJiPU0D4jPlJNkBqXmqlaHphVJXAGamft9IiK/U1Hf1pE9grH57M/E/rxeDV3MSHkQxsIDOH/JiYUJoztIwh1wyCmKqCaGS67+adEwkoaAzy2chWGXbrlr69nq9blcrc4Irta8Q2uWSVS3hq3KxcbKII4eO0DE6QxayUQNdoiZqIYpS9ICe0LNxbzwaL8brfHTJWOwcoB8w3j4BI0CW7A==</latexit>

q=200
<latexit sha1_base64="Yx2RMYNXNvWfeFJB3XvdF7aCnr4=">AAACAHicbVC7SgNBFJ31GeMramFhsxgFqzCbEJIUQsDGMoJ5QLKE2clsMmT24cxdMSzb+Cs2ForY+hl2/o2TzSK+Dlzu4Zx7mbnHCQVXgPGHsbS8srq2ntvIb25t7+wW9vY7KogkZW0aiED2HKKY4D5rAwfBeqFkxHME6zrTi7nfvWVS8cC/hlnIbI+Mfe5ySkBLw8LhANgdKDdOu+PGN+cWxkkyLBRxCacw/xIrI0WUoTUsvA9GAY085gMVRKm+hUOwYyKBU8GS/CBSLCR0Ssasr6lPPKbsOD0gMU+1MjLdQOrywUzV7xsx8ZSaeY6e9AhM1G9vLv7n9SNw63bM/TAC5tPFQ24kTAjMeRrmiEtGQcw0IVRy/VeTTogkFHRm+TQEq1yrVS19e6PRqFUrC4Ir9a8QOuWSVS3hq3KxeZLFkUNH6BidIQvVUBNdohZqI4oS9ICe0LNxbzwaL8brYnTJyHYO0A8Yb58huJbr</latexit>

q=100
<latexit sha1_base64="p18j48P+vghQMitVCVghFf1Na5g=">AAAB/3icbVDLSsNAFJ3UV62vquDGTbAKrkrSEtouhIIblxXsA9pQJtNJO3TycOZGLDELf8WNC0Xc+hvu/BunaRBfBy73cM69zJ3jhJxJMIwPLbe0vLK6ll8vbGxube8Ud/c6MogEoW0S8ED0HCwpZz5tAwNOe6Gg2HM47TrT87nfvaFCssC/gllIbQ+PfeYygkFJw+LBAOgtSDdOu+PG12eWkSTDYskoGyn0v8TMSAllaA2L74NRQCKP+kA4lrJvGiHYMRbACKdJYRBJGmIyxWPaV9THHpV2nN6f6CdKGeluIFT5oKfq940Ye1LOPEdNehgm8rc3F//z+hG4dTtmfhgB9cniITfiOgT6PAx9xAQlwGeKYCKYulUnEywwARVZIQ3BrNRqlqn+3mg0alZ1QYxq/SuETqVsWmXjslJqHmdx5NEhOkKnyEQ11EQXqIXaiKA79ICe0LN2rz1qL9rrYjSnZTv76Ae0t0+xkJa1</latexit>

q=50
<latexit sha1_base64="l4Jq2f7mgxqQP9/b831C60UXMgU=">AAAB/3icbVDLSgMxFM3UV62vUcGNm2AVXJWZKaXtQii4cVnBPqAtJZNm2tDMw+SOWMYu/BU3LhRx62+4829Mp0V8Hbjcwzn3kpvjRoIrsKwPI7O0vLK6ll3PbWxube+Yu3tNFcaSsgYNRSjbLlFM8IA1gINg7Ugy4ruCtdzx+cxv3TCpeBhcwSRiPZ8MA+5xSkBLffOgC+wWlJek3fWS6zPHmk77Zt4qWCnwX2IvSB4tUO+b791BSGOfBUAFUapjWxH0EiKBU8GmuW6sWETomAxZR9OA+Ez1kvT+KT7RygB7odQVAE7V7xsJ8ZWa+K6e9AmM1G9vJv7ndWLwKr2EB1EMLKDzh7xYYAjxLAw84JJREBNNCJVc34rpiEhCQUeWS0OwnXK5ZOu/V6vVcqk4J1ax8hVC0ynYpYJ16eRrx4s4sugQHaFTZKMyqqELVEcNRNEdekBP6Nm4Nx6NF+N1PpoxFjv76AeMt0+s+5ay</latexit>

q=20
<latexit sha1_base64="dOLcw0DHZWrhEQoSs7ngcZyHEzU=">AAAB/3icbVDLSsNAFJ3UV62vqODGTbAKrkrSUtIuhIIblxXsA9pSJtNJO3TycOZGLDELf8WNC0Xc+hvu/BunaRBfBy73cM69zJ3jhJxJMM0PLbe0vLK6ll8vbGxube/ou3ttGUSC0BYJeCC6DpaUM5+2gAGn3VBQ7Dmcdpzp+dzv3FAhWeBfwSykAw+PfeYygkFJQ/2gD/QWpBun3XHj6zPLTJKhXjRLZgrjL7EyUkQZmkP9vT8KSORRHwjHUvYsM4RBjAUwwmlS6EeShphM8Zj2FPWxR+UgTu9PjBOljAw3EKp8MFL1+0aMPSlnnqMmPQwT+dubi/95vQjc2iBmfhgB9cniITfiBgTGPAxjxAQlwGeKYCKYutUgEywwARVZIQ3BKtt21VJ/r9frdrWyIGal9hVCu1yyqiXzslxsHGdx5NEhOkKnyEI2aqAL1EQtRNAdekBP6Fm71x61F+11MZrTsp199APa2yerdJax</latexit>

q=10
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�3

Figure 2: A. Pipeline for extracting topological summaries from the experimental data.
Left: For each data set, neuronal responses (single-unit or up to four simultaneously-recorded units)
are grouped into collections of 64 responses of duration 320 ms each. Each collection consists of re-
sponses to 64 different examples of textures defined by one of 10 texture parameters. The responses
in each collection become points (colored balls) in a state space, whose distances, summarized by
the weighted graph, are determined by the Victor-Purpura metric. Center: The weighted graph
is associated with a filtration of simplicial complexes, using the clique topology method, by suc-
cessively adding edges of the graph according to their weights, either increasingly or decreasingly.
Right: Betti curves are computed from each filtration. Betti curves are a topological descriptor
that captures how the number of topological voids of different dimensions (holes, “bubbles”, etc.)
depends on the proportion of added edges in the filtration process. B. Average Betti curves of
one dataset. The average Betti curves for β1-β3 over the 80 collections of one dataset (L7301TT6),
containing recordings of spiking activity of 4 neurons in layer 5 of area V2, are displayed for in-
creasing and decreasing filtrations, and for each value of the parameters q (timescale, sec−1) and k
(sensitivity to neuron of origin) of the Victor-Purpura distance. The two top (respectively, bottom)
rows correspond to the increasing (resp., decreasing) filtration method. The odd (resp., even) rows
correspond to k = 0 (resp., k = 1). In the increasing filtration plots, the Betti curves for β3 are close
to zero.
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<latexit sha1_base64="DqEGCgGO0igQO4lbcM6mTqtthrE=">AAAB7nicbVBNS8NAEN3Ur1q/qh69LFbBU0laS9pbwYvHCtYW2lA220m7dLMJuxuhhP4ILx4U8erv8ea/cZsG8evBwOO9GWbm+TFnStv2h1VYW9/Y3Cpul3Z29/YPyodHdypKJIUujXgk+z5RwJmArmaaQz+WQEKfQ8+fXS393j1IxSJxq+cxeCGZCBYwSrSRekMfNBk5o3LFrtoZ8F/i5KSCcnRG5ffhOKJJCEJTTpQaOHasvZRIzSiHRWmYKIgJnZEJDAwVJATlpdm5C3xulDEOImlKaJyp3ydSEio1D33TGRI9Vb+9pfifN0h00PRSJuJEg6CrRUHCsY7w8nc8ZhKo5nNDCJXM3IrplEhCtUmolIXg1Fy34ZjfW62W26iviF1vfoVwV6s6jap9c1lpn+VxFNEJOkUXyEEuaqNr1EFdRNEMPaAn9GzF1qP1Yr2uWgtWPnOMfsB6+wQO/I+S</latexit>

�1

<latexit sha1_base64="K9a8M1HRAyxZqsYQWxoxdT2YvD8=">AAAB7nicbVBNS8NAEN3Ur1q/qh69LFbBU0laS9pbwYvHCtYW2lA220m7dLMJuxuhhP4ILx4U8erv8ea/cZsG8evBwOO9GWbm+TFnStv2h1VYW9/Y3Cpul3Z29/YPyodHdypKJIUujXgk+z5RwJmArmaaQz+WQEKfQ8+fXS393j1IxSJxq+cxeCGZCBYwSrSRekMfNBnVRuWKXbUz4L/EyUkF5eiMyu/DcUSTEISmnCg1cOxYeymRmlEOi9IwURATOiMTGBgqSAjKS7NzF/jcKGMcRNKU0DhTv0+kJFRqHvqmMyR6qn57S/E/b5DooOmlTMSJBkFXi4KEYx3h5e94zCRQzeeGECqZuRXTKZGEapNQKQvBqbluwzG/t1ott1FfEbve/ArhrlZ1GlX75rLSPsvjKKITdIoukINc1EbXqIO6iKIZekBP6NmKrUfrxXpdtRasfOYY/YD19gkQgI+T</latexit>

�2

<latexit sha1_base64="abZHjrP16H5yUDLJOiHenLcF0dE=">AAAB7nicbVBNS8NAEN3Ur1q/qh69LFbBU0laS9pbwYvHCtYW2lA22027dLMJuxOhhP4ILx4U8erv8ea/cZsG8evBwOO9GWbm+bHgGmz7wyqsrW9sbhW3Szu7e/sH5cOjOx0lirIujUSk+j7RTHDJusBBsH6sGAl9wXr+7Grp9+6Z0jyStzCPmReSieQBpwSM1Bv6DMioPipX7KqdAf8lTk4qKEdnVH4fjiOahEwCFUTrgWPH4KVEAaeCLUrDRLOY0BmZsIGhkoRMe2l27gKfG2WMg0iZkoAz9ftESkKt56FvOkMCU/3bW4r/eYMEgqaXchknwCRdLQoSgSHCy9/xmCtGQcwNIVRxcyumU6IIBZNQKQvBqbluwzG/t1ott1FfEbve/ArhrlZ1GlX75rLSPsvjKKITdIoukINc1EbXqIO6iKIZekBP6NmKrUfrxXpdtRasfOYY/YD19gkSBI+U</latexit>

�3

<latexit sha1_base64="DqEGCgGO0igQO4lbcM6mTqtthrE=">AAAB7nicbVBNS8NAEN3Ur1q/qh69LFbBU0laS9pbwYvHCtYW2lA220m7dLMJuxuhhP4ILx4U8erv8ea/cZsG8evBwOO9GWbm+TFnStv2h1VYW9/Y3Cpul3Z29/YPyodHdypKJIUujXgk+z5RwJmArmaaQz+WQEKfQ8+fXS393j1IxSJxq+cxeCGZCBYwSrSRekMfNBk5o3LFrtoZ8F/i5KSCcnRG5ffhOKJJCEJTTpQaOHasvZRIzSiHRWmYKIgJnZEJDAwVJATlpdm5C3xulDEOImlKaJyp3ydSEio1D33TGRI9Vb+9pfifN0h00PRSJuJEg6CrRUHCsY7w8nc8ZhKo5nNDCJXM3IrplEhCtUmolIXg1Fy34ZjfW62W26iviF1vfoVwV6s6jap9c1lpn+VxFNEJOkUXyEEuaqNr1EFdRNEMPaAn9GzF1qP1Yr2uWgtWPnOMfsB6+wQO/I+S</latexit>

�1

<latexit sha1_base64="K9a8M1HRAyxZqsYQWxoxdT2YvD8=">AAAB7nicbVBNS8NAEN3Ur1q/qh69LFbBU0laS9pbwYvHCtYW2lA220m7dLMJuxuhhP4ILx4U8erv8ea/cZsG8evBwOO9GWbm+TFnStv2h1VYW9/Y3Cpul3Z29/YPyodHdypKJIUujXgk+z5RwJmArmaaQz+WQEKfQ8+fXS393j1IxSJxq+cxeCGZCBYwSrSRekMfNBnVRuWKXbUz4L/EyUkF5eiMyu/DcUSTEISmnCg1cOxYeymRmlEOi9IwURATOiMTGBgqSAjKS7NzF/jcKGMcRNKU0DhTv0+kJFRqHvqmMyR6qn57S/E/b5DooOmlTMSJBkFXi4KEYx3h5e94zCRQzeeGECqZuRXTKZGEapNQKQvBqbluwzG/t1ott1FfEbve/ArhrlZ1GlX75rLSPsvjKKITdIoukINc1EbXqIO6iKIZekBP6NmKrUfrxXpdtRasfOYY/YD19gkQgI+T</latexit>

�2

<latexit sha1_base64="abZHjrP16H5yUDLJOiHenLcF0dE=">AAAB7nicbVBNS8NAEN3Ur1q/qh69LFbBU0laS9pbwYvHCtYW2lA22027dLMJuxOhhP4ILx4U8erv8ea/cZsG8evBwOO9GWbm+bHgGmz7wyqsrW9sbhW3Szu7e/sH5cOjOx0lirIujUSk+j7RTHDJusBBsH6sGAl9wXr+7Grp9+6Z0jyStzCPmReSieQBpwSM1Bv6DMioPipX7KqdAf8lTk4qKEdnVH4fjiOahEwCFUTrgWPH4KVEAaeCLUrDRLOY0BmZsIGhkoRMe2l27gKfG2WMg0iZkoAz9ftESkKt56FvOkMCU/3bW4r/eYMEgqaXchknwCRdLQoSgSHCy9/xmCtGQcwNIVRxcyumU6IIBZNQKQvBqbluwzG/t1ott1FfEbve/ArhrlZ1GlX75rLSPsvjKKITdIoukINc1EbXqIO6iKIZekBP6NmKrUfrxXpdtRasfOYY/YD19gkSBI+U</latexit>

�3

<latexit sha1_base64="DqEGCgGO0igQO4lbcM6mTqtthrE=">AAAB7nicbVBNS8NAEN3Ur1q/qh69LFbBU0laS9pbwYvHCtYW2lA220m7dLMJuxuhhP4ILx4U8erv8ea/cZsG8evBwOO9GWbm+TFnStv2h1VYW9/Y3Cpul3Z29/YPyodHdypKJIUujXgk+z5RwJmArmaaQz+WQEKfQ8+fXS393j1IxSJxq+cxeCGZCBYwSrSRekMfNBk5o3LFrtoZ8F/i5KSCcnRG5ffhOKJJCEJTTpQaOHasvZRIzSiHRWmYKIgJnZEJDAwVJATlpdm5C3xulDEOImlKaJyp3ydSEio1D33TGRI9Vb+9pfifN0h00PRSJuJEg6CrRUHCsY7w8nc8ZhKo5nNDCJXM3IrplEhCtUmolIXg1Fy34ZjfW62W26iviF1vfoVwV6s6jap9c1lpn+VxFNEJOkUXyEEuaqNr1EFdRNEMPaAn9GzF1qP1Yr2uWgtWPnOMfsB6+wQO/I+S</latexit>

�1

<latexit sha1_base64="K9a8M1HRAyxZqsYQWxoxdT2YvD8=">AAAB7nicbVBNS8NAEN3Ur1q/qh69LFbBU0laS9pbwYvHCtYW2lA220m7dLMJuxuhhP4ILx4U8erv8ea/cZsG8evBwOO9GWbm+TFnStv2h1VYW9/Y3Cpul3Z29/YPyodHdypKJIUujXgk+z5RwJmArmaaQz+WQEKfQ8+fXS393j1IxSJxq+cxeCGZCBYwSrSRekMfNBnVRuWKXbUz4L/EyUkF5eiMyu/DcUSTEISmnCg1cOxYeymRmlEOi9IwURATOiMTGBgqSAjKS7NzF/jcKGMcRNKU0DhTv0+kJFRqHvqmMyR6qn57S/E/b5DooOmlTMSJBkFXi4KEYx3h5e94zCRQzeeGECqZuRXTKZGEapNQKQvBqbluwzG/t1ott1FfEbve/ArhrlZ1GlX75rLSPsvjKKITdIoukINc1EbXqIO6iKIZekBP6NmKrUfrxXpdtRasfOYY/YD19gkQgI+T</latexit>

�2

<latexit sha1_base64="abZHjrP16H5yUDLJOiHenLcF0dE=">AAAB7nicbVBNS8NAEN3Ur1q/qh69LFbBU0laS9pbwYvHCtYW2lA22027dLMJuxOhhP4ILx4U8erv8ea/cZsG8evBwOO9GWbm+bHgGmz7wyqsrW9sbhW3Szu7e/sH5cOjOx0lirIujUSk+j7RTHDJusBBsH6sGAl9wXr+7Grp9+6Z0jyStzCPmReSieQBpwSM1Bv6DMioPipX7KqdAf8lTk4qKEdnVH4fjiOahEwCFUTrgWPH4KVEAaeCLUrDRLOY0BmZsIGhkoRMe2l27gKfG2WMg0iZkoAz9ftESkKt56FvOkMCU/3bW4r/eYMEgqaXchknwCRdLQoSgSHCy9/xmCtGQcwNIVRxcyumU6IIBZNQKQvBqbluwzG/t1ott1FfEbve/ArhrlZ1GlX75rLSPsvjKKITdIoukINc1EbXqIO6iKIZekBP6NmKrUfrxXpdtRasfOYY/YD19gkSBI+U</latexit>

�3

<latexit sha1_base64="DqEGCgGO0igQO4lbcM6mTqtthrE=">AAAB7nicbVBNS8NAEN3Ur1q/qh69LFbBU0laS9pbwYvHCtYW2lA220m7dLMJuxuhhP4ILx4U8erv8ea/cZsG8evBwOO9GWbm+TFnStv2h1VYW9/Y3Cpul3Z29/YPyodHdypKJIUujXgk+z5RwJmArmaaQz+WQEKfQ8+fXS393j1IxSJxq+cxeCGZCBYwSrSRekMfNBk5o3LFrtoZ8F/i5KSCcnRG5ffhOKJJCEJTTpQaOHasvZRIzSiHRWmYKIgJnZEJDAwVJATlpdm5C3xulDEOImlKaJyp3ydSEio1D33TGRI9Vb+9pfifN0h00PRSJuJEg6CrRUHCsY7w8nc8ZhKo5nNDCJXM3IrplEhCtUmolIXg1Fy34ZjfW62W26iviF1vfoVwV6s6jap9c1lpn+VxFNEJOkUXyEEuaqNr1EFdRNEMPaAn9GzF1qP1Yr2uWgtWPnOMfsB6+wQO/I+S</latexit>

�1

<latexit sha1_base64="K9a8M1HRAyxZqsYQWxoxdT2YvD8=">AAAB7nicbVBNS8NAEN3Ur1q/qh69LFbBU0laS9pbwYvHCtYW2lA220m7dLMJuxuhhP4ILx4U8erv8ea/cZsG8evBwOO9GWbm+TFnStv2h1VYW9/Y3Cpul3Z29/YPyodHdypKJIUujXgk+z5RwJmArmaaQz+WQEKfQ8+fXS393j1IxSJxq+cxeCGZCBYwSrSRekMfNBnVRuWKXbUz4L/EyUkF5eiMyu/DcUSTEISmnCg1cOxYeymRmlEOi9IwURATOiMTGBgqSAjKS7NzF/jcKGMcRNKU0DhTv0+kJFRqHvqmMyR6qn57S/E/b5DooOmlTMSJBkFXi4KEYx3h5e94zCRQzeeGECqZuRXTKZGEapNQKQvBqbluwzG/t1ott1FfEbve/ArhrlZ1GlX75rLSPsvjKKITdIoukINc1EbXqIO6iKIZekBP6NmKrUfrxXpdtRasfOYY/YD19gkQgI+T</latexit>

�2

<latexit sha1_base64="abZHjrP16H5yUDLJOiHenLcF0dE=">AAAB7nicbVBNS8NAEN3Ur1q/qh69LFbBU0laS9pbwYvHCtYW2lA22027dLMJuxOhhP4ILx4U8erv8ea/cZsG8evBwOO9GWbm+bHgGmz7wyqsrW9sbhW3Szu7e/sH5cOjOx0lirIujUSk+j7RTHDJusBBsH6sGAl9wXr+7Grp9+6Z0jyStzCPmReSieQBpwSM1Bv6DMioPipX7KqdAf8lTk4qKEdnVH4fjiOahEwCFUTrgWPH4KVEAaeCLUrDRLOY0BmZsIGhkoRMe2l27gKfG2WMg0iZkoAz9ftESkKt56FvOkMCU/3bW4r/eYMEgqaXchknwCRdLQoSgSHCy9/xmCtGQcwNIVRxcyumU6IIBZNQKQvBqbluwzG/t1ott1FfEbve/ArhrlZ1GlX75rLSPsvjKKITdIoukINc1EbXqIO6iKIZekBP6NmKrUfrxXpdtRasfOYY/YD19gkSBI+U</latexit>

�3

<latexit sha1_base64="DqEGCgGO0igQO4lbcM6mTqtthrE=">AAAB7nicbVBNS8NAEN3Ur1q/qh69LFbBU0laS9pbwYvHCtYW2lA220m7dLMJuxuhhP4ILx4U8erv8ea/cZsG8evBwOO9GWbm+TFnStv2h1VYW9/Y3Cpul3Z29/YPyodHdypKJIUujXgk+z5RwJmArmaaQz+WQEKfQ8+fXS393j1IxSJxq+cxeCGZCBYwSrSRekMfNBk5o3LFrtoZ8F/i5KSCcnRG5ffhOKJJCEJTTpQaOHasvZRIzSiHRWmYKIgJnZEJDAwVJATlpdm5C3xulDEOImlKaJyp3ydSEio1D33TGRI9Vb+9pfifN0h00PRSJuJEg6CrRUHCsY7w8nc8ZhKo5nNDCJXM3IrplEhCtUmolIXg1Fy34ZjfW62W26iviF1vfoVwV6s6jap9c1lpn+VxFNEJOkUXyEEuaqNr1EFdRNEMPaAn9GzF1qP1Yr2uWgtWPnOMfsB6+wQO/I+S</latexit>

�1

<latexit sha1_base64="K9a8M1HRAyxZqsYQWxoxdT2YvD8=">AAAB7nicbVBNS8NAEN3Ur1q/qh69LFbBU0laS9pbwYvHCtYW2lA220m7dLMJuxuhhP4ILx4U8erv8ea/cZsG8evBwOO9GWbm+TFnStv2h1VYW9/Y3Cpul3Z29/YPyodHdypKJIUujXgk+z5RwJmArmaaQz+WQEKfQ8+fXS393j1IxSJxq+cxeCGZCBYwSrSRekMfNBnVRuWKXbUz4L/EyUkF5eiMyu/DcUSTEISmnCg1cOxYeymRmlEOi9IwURATOiMTGBgqSAjKS7NzF/jcKGMcRNKU0DhTv0+kJFRqHvqmMyR6qn57S/E/b5DooOmlTMSJBkFXi4KEYx3h5e94zCRQzeeGECqZuRXTKZGEapNQKQvBqbluwzG/t1ott1FfEbve/ArhrlZ1GlX75rLSPsvjKKITdIoukINc1EbXqIO6iKIZekBP6NmKrUfrxXpdtRasfOYY/YD19gkQgI+T</latexit>

�2

<latexit sha1_base64="abZHjrP16H5yUDLJOiHenLcF0dE=">AAAB7nicbVBNS8NAEN3Ur1q/qh69LFbBU0laS9pbwYvHCtYW2lA22027dLMJuxOhhP4ILx4U8erv8ea/cZsG8evBwOO9GWbm+bHgGmz7wyqsrW9sbhW3Szu7e/sH5cOjOx0lirIujUSk+j7RTHDJusBBsH6sGAl9wXr+7Grp9+6Z0jyStzCPmReSieQBpwSM1Bv6DMioPipX7KqdAf8lTk4qKEdnVH4fjiOahEwCFUTrgWPH4KVEAaeCLUrDRLOY0BmZsIGhkoRMe2l27gKfG2WMg0iZkoAz9ftESkKt56FvOkMCU/3bW4r/eYMEgqaXchknwCRdLQoSgSHCy9/xmCtGQcwNIVRxcyumU6IIBZNQKQvBqbluwzG/t1ott1FfEbve/ArhrlZ1GlX75rLSPsvjKKITdIoukINc1EbXqIO6iKIZekBP6NmKrUfrxXpdtRasfOYY/YD19gkSBI+U</latexit>

�3

<latexit sha1_base64="Xmi8yM/tlzNF1Uabi6iXnOUsJQo=">AAAB/HicbVDLSsNAFJ3UV62vaJdugkUQFyVpKWl3FTcuK9gHtKVMppN26OTBzI0YQvwVNy4UceuHuPNvnKZBfB243MM59zJ3jhNyJsE0P7TC2vrG5lZxu7Szu7d/oB8e9WQQCUK7JOCBGDhYUs582gUGnA5CQbHncNp3FpdLv39LhWSBfwNxSMcenvnMZQSDkiZ6eQT0Dhw3ybp0k4s0negVs2pmMP4SKycVlKMz0d9H04BEHvWBcCzl0DJDGCdYACOcpqVRJGmIyQLP6FBRH3tUjpPs+NQ4VcrUcAOhygcjU79vJNiTMvYcNelhmMvf3lL8zxtG4DbHCfPDCKhPVg+5ETcgMJZJGFMmKAEeK4KJYOpWg8yxwARUXqUsBKtm2w1L/b3VatmN+oqY9eZXCL1a1WpUzetapX2ex1FEx+gEnSEL2aiNrlAHdRFBMXpAT+hZu9cetRftdTVa0PKdMvoB7e0T7MSVyw==</latexit>

A
<latexit sha1_base64="VYMyteuIQbxuyjTslz8hzzPkk5I="></latexit>

Increasing, k = 0

<latexit sha1_base64="pIOh086l/Fu7uUlRbptn3+U6B/4=">AAAB/HicbVDLSsNAFJ3UV62vaJdugkUQFyVpKWl3RTcuK9gHtKVMppN26OTBzI0YQvwVNy4UceuHuPNvnKZBfB243MM59zJ3jhNyJsE0P7TC2vrG5lZxu7Szu7d/oB8e9WQQCUK7JOCBGDhYUs582gUGnA5CQbHncNp3FpdLv39LhWSBfwNxSMcenvnMZQSDkiZ6eQT0Dhw3ybp0k4s0negVs2pmMP4SKycVlKMz0d9H04BEHvWBcCzl0DJDGCdYACOcpqVRJGmIyQLP6FBRH3tUjpPs+NQ4VcrUcAOhygcjU79vJNiTMvYcNelhmMvf3lL8zxtG4DbHCfPDCKhPVg+5ETcgMJZJGFMmKAEeK4KJYOpWg8yxwARUXqUsBKtm2w1L/b3VatmN+oqY9eZXCL1a1WpUzetapX2ex1FEx+gEnSEL2aiNrlAHdRFBMXpAT+hZu9cetRftdTVa0PKdMvoB7e0T7kqVzA==</latexit>

B
<latexit sha1_base64="PZglJXCUlSyjxcEXW28WZxLK8tc="></latexit>

Increasing, k = 1

<latexit sha1_base64="eqgbPDzmi9rP5QZyueDv8QJB3tI=">AAAB/HicbVDLSsNAFJ3UV62vaJdugkUQFyVpKWl3hW5cVrAPaEuZTCft0MmDmRsxhPgrblwo4tYPceffOE2D+DpwuYdz7mXuHCfkTIJpfmiFjc2t7Z3ibmlv/+DwSD8+6csgEoT2SMADMXSwpJz5tAcMOB2GgmLP4XTgLDsrf3BLhWSBfwNxSCcenvvMZQSDkqZ6eQz0Dhw3ybp0k06aTvWKWTUzGH+JlZMKytGd6u/jWUAij/pAOJZyZJkhTBIsgBFO09I4kjTEZInndKSojz0qJ0l2fGqcK2VmuIFQ5YORqd83EuxJGXuOmvQwLORvbyX+540icJuThPlhBNQn64fciBsQGKskjBkTlACPFcFEMHWrQRZYYAIqr1IWglWz7Yal/t5qtexGfU3MevMrhH6tajWq5nWt0r7M4yiiU3SGLpCFbNRGV6iLeoigGD2gJ/Ss3WuP2ov2uh4taPlOGf2A9vYJ79CVzQ==</latexit>

C
<latexit sha1_base64="QTibZ0QquiV2RSDuDJYLUMe4+kw="></latexit>

Decreasing, k = 0

<latexit sha1_base64="SV+OPC8Dk5wnWoCU8qTQB5I9dz4=">AAAB/HicbVDLSsNAFJ3UV62vaJdugkUQFyVpKWl3BV24rGAf0JYymU7aoZMHMzdiCPFX3LhQxK0f4s6/cZoG8XXgcg/n3MvcOU7ImQTT/NAKa+sbm1vF7dLO7t7+gX541JNBJAjtkoAHYuBgSTnzaRcYcDoIBcWew2nfWVws/f4tFZIF/g3EIR17eOYzlxEMSpro5RHQO3DcJOvSTS7TdKJXzKqZwfhLrJxUUI7ORH8fTQMSedQHwrGUQ8sMYZxgAYxwmpZGkaQhJgs8o0NFfexROU6y41PjVClTww2EKh+MTP2+kWBPythz1KSHYS5/e0vxP28YgdscJ8wPI6A+WT3kRtyAwFgmYUyZoAR4rAgmgqlbDTLHAhNQeZWyEKyabTcs9fdWq2U36iti1ptfIfRqVatRNa9rlfZ5HkcRHaMTdIYsZKM2ukId1EUExegBPaFn7V571F6019VoQct3yugHtLdP8VaVzg==</latexit>

D
<latexit sha1_base64="9UbhMc0qpEesxGyw0ML2Xz4HIoI="></latexit>

Decreasing, k = 1
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b

<latexit sha1_base64="VXvqepNKPiUvj1oe7ph945kXa2g=">AAACEnicbVC7SgNBFJ2NrxhfUUubwSCoRciGgJZBG+0imAckIcxO7iZDZmeXmbvBsOQbbPwVGwtFbK3s/Bsnj0ITD1zu4Zx7mbnHi6QwWCh8O6mV1bX1jfRmZmt7Z3cvu39QM2GsOVR5KEPd8JgBKRRUUaCERqSBBZ6Euje4nvj1IWgjQnWPowjaAesp4QvO0Eqd7FkL4QE9P5l24ye3CqGnGUKXXgGioEMmYzDjcSebK+QLU9Bl4s5JjsxR6WS/Wt2QxwEo5JIZ03SLEbYTplFwCeNMKzYQMT5gPWhaqlgApp1MTxrTE6t0qR9qWwrpVP29kbDAmFHg2cmAYd8sehPxP68Zo3/ZToSKYgTFZw/5saQY0kk+tCs0cJQjSxjXwv6V8j7TjKNNMWNDcBdPXia1Yt4t5Ut3xVz5fB5HmhyRY3JKXHJByuSGVEiVcPJInskreXOenBfn3fmYjaac+c4h+QPn8wf5J57W</latexit>
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Figure 3: Comparison of integrated Betti values for data recorded in V1 vs. V2. Inte-
grated Betti values (i.e., the values of the integrals of the Betti curves) for β1-β3 of the experimental
data are shown divided into two groups, according to whether the data were recorded in area V1
(blue) or V2 (red) of the visual cortex. To generate the distributions of integrated Betti values
displayed in the figure, individual (non-averaged over the dataset) Betti curves of each collection
of responses are considered. The four panels are for increasing (A,B) and decreasing (C,D) filtra-
tions, and for k = 0 (A,C) and k = 1 (B,D). Each panel shows the distribution of integrated Betti
values for all values of the timescale parameter q of the Victor-Purpura distance.
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<latexit sha1_base64="D6N7zvRdR2HIaCWsMBrIiFmWkCc=">AAAB7nicbVDLSsNAFL3xWeur6tLNYBFclaQP0u4KblxWsA9oQ5lMJ+3QySTMTIQS+hFuXCji1u9x5984TYP4OnDhcM693HuPH3OmtG1/WBubW9s7u4W94v7B4dFx6eS0p6JEEtolEY/kwMeKciZoVzPN6SCWFIc+p31/fr3y+/dUKhaJO72IqRfiqWABI1gbqT/yqcbj6rhUtit2BvSXODkpQ47OuPQ+mkQkCanQhGOlho4day/FUjPC6bI4ShSNMZnjKR0aKnBIlZdm5y7RpVEmKIikKaFRpn6fSHGo1CL0TWeI9Uz99lbif94w0UHTS5mIE00FWS8KEo50hFa/owmTlGi+MAQTycytiMywxESbhIpZCE7VdRuO+b3VarmN2prYteZXCL1qxWlU7Nt6uV3P4yjAOVzAFTjgQhtuoANdIDCHB3iCZyu2Hq0X63XdumHlM2fwA9bbJxVQj6M=</latexit>

�2
<latexit sha1_base64="Knk048Tpx6UuIMIZCbnJ5x9pczs=">AAAB7nicbVDLSsNAFL3xWeur6tLNYBFclaQP0u4KblxWsA9oQ5lMJ+3QySTMTIQS+hFuXCji1u9x5984TYP4OnDhcM693HuPH3OmtG1/WBubW9s7u4W94v7B4dFx6eS0p6JEEtolEY/kwMeKciZoVzPN6SCWFIc+p31/fr3y+/dUKhaJO72IqRfiqWABI1gbqT/yqcbj2rhUtit2BvSXODkpQ47OuPQ+mkQkCanQhGOlho4day/FUjPC6bI4ShSNMZnjKR0aKnBIlZdm5y7RpVEmKIikKaFRpn6fSHGo1CL0TWeI9Uz99lbif94w0UHTS5mIE00FWS8KEo50hFa/owmTlGi+MAQTycytiMywxESbhIpZCE7VdRuO+b3VarmN2prYteZXCL1qxWlU7Nt6uV3P4yjAOVzAFTjgQhtuoANdIDCHB3iCZyu2Hq0X63XdumHlM2fwA9bbJxbUj6Q=</latexit>

�3

<latexit sha1_base64="PwesGxwoGOlVCBLtIjBT9TKVj6w=">AAAB7nicbVDLSsNAFJ34rPVVdelmsAiuStIHaXcFNy4r2Ae0oUymk3boZBJmboQS+hFuXCji1u9x5984TYP4OnDhcM693HuPHwuuwbY/rI3Nre2d3cJecf/g8Oi4dHLa01GiKOvSSERq4BPNBJesCxwEG8SKkdAXrO/Pr1d+/54pzSN5B4uYeSGZSh5wSsBI/ZHPgIydcalsV+wM+C9xclJGOTrj0vtoEtEkZBKoIFoPHTsGLyUKOBVsWRwlmsWEzsmUDQ2VJGTaS7Nzl/jSKBMcRMqUBJyp3ydSEmq9CH3TGRKY6d/eSvzPGyYQNL2UyzgBJul6UZAIDBFe/Y4nXDEKYmEIoYqbWzGdEUUomISKWQhO1XUbjvm91Wq5jdqa2LXmVwi9asVpVOzberldz+MooHN0ga6Qg1zURjeog7qIojl6QE/o2YqtR+vFel23blj5zBn6AevtExPMj6I=</latexit>

�1
<latexit sha1_base64="D6N7zvRdR2HIaCWsMBrIiFmWkCc=">AAAB7nicbVDLSsNAFL3xWeur6tLNYBFclaQP0u4KblxWsA9oQ5lMJ+3QySTMTIQS+hFuXCji1u9x5984TYP4OnDhcM693HuPH3OmtG1/WBubW9s7u4W94v7B4dFx6eS0p6JEEtolEY/kwMeKciZoVzPN6SCWFIc+p31/fr3y+/dUKhaJO72IqRfiqWABI1gbqT/yqcbj6rhUtit2BvSXODkpQ47OuPQ+mkQkCanQhGOlho4day/FUjPC6bI4ShSNMZnjKR0aKnBIlZdm5y7RpVEmKIikKaFRpn6fSHGo1CL0TWeI9Uz99lbif94w0UHTS5mIE00FWS8KEo50hFa/owmTlGi+MAQTycytiMywxESbhIpZCE7VdRuO+b3VarmN2prYteZXCL1qxWlU7Nt6uV3P4yjAOVzAFTjgQhtuoANdIDCHB3iCZyu2Hq0X63XdumHlM2fwA9bbJxVQj6M=</latexit>

�2
<latexit sha1_base64="Knk048Tpx6UuIMIZCbnJ5x9pczs=">AAAB7nicbVDLSsNAFL3xWeur6tLNYBFclaQP0u4KblxWsA9oQ5lMJ+3QySTMTIQS+hFuXCji1u9x5984TYP4OnDhcM693HuPH3OmtG1/WBubW9s7u4W94v7B4dFx6eS0p6JEEtolEY/kwMeKciZoVzPN6SCWFIc+p31/fr3y+/dUKhaJO72IqRfiqWABI1gbqT/yqcbj2rhUtit2BvSXODkpQ47OuPQ+mkQkCanQhGOlho4day/FUjPC6bI4ShSNMZnjKR0aKnBIlZdm5y7RpVEmKIikKaFRpn6fSHGo1CL0TWeI9Uz99lbif94w0UHTS5mIE00FWS8KEo50hFa/owmTlGi+MAQTycytiMywxESbhIpZCE7VdRuO+b3VarmN2prYteZXCL1qxWlU7Nt6uV3P4yjAOVzAFTjgQhtuoANdIDCHB3iCZyu2Hq0X63XdumHlM2fwA9bbJxbUj6Q=</latexit>

�3

<latexit sha1_base64="PwesGxwoGOlVCBLtIjBT9TKVj6w=">AAAB7nicbVDLSsNAFJ34rPVVdelmsAiuStIHaXcFNy4r2Ae0oUymk3boZBJmboQS+hFuXCji1u9x5984TYP4OnDhcM693HuPHwuuwbY/rI3Nre2d3cJecf/g8Oi4dHLa01GiKOvSSERq4BPNBJesCxwEG8SKkdAXrO/Pr1d+/54pzSN5B4uYeSGZSh5wSsBI/ZHPgIydcalsV+wM+C9xclJGOTrj0vtoEtEkZBKoIFoPHTsGLyUKOBVsWRwlmsWEzsmUDQ2VJGTaS7Nzl/jSKBMcRMqUBJyp3ydSEmq9CH3TGRKY6d/eSvzPGyYQNL2UyzgBJul6UZAIDBFe/Y4nXDEKYmEIoYqbWzGdEUUomISKWQhO1XUbjvm91Wq5jdqa2LXmVwi9asVpVOzberldz+MooHN0ga6Qg1zURjeog7qIojl6QE/o2YqtR+vFel23blj5zBn6AevtExPMj6I=</latexit>

�1
<latexit sha1_base64="D6N7zvRdR2HIaCWsMBrIiFmWkCc=">AAAB7nicbVDLSsNAFL3xWeur6tLNYBFclaQP0u4KblxWsA9oQ5lMJ+3QySTMTIQS+hFuXCji1u9x5984TYP4OnDhcM693HuPH3OmtG1/WBubW9s7u4W94v7B4dFx6eS0p6JEEtolEY/kwMeKciZoVzPN6SCWFIc+p31/fr3y+/dUKhaJO72IqRfiqWABI1gbqT/yqcbj6rhUtit2BvSXODkpQ47OuPQ+mkQkCanQhGOlho4day/FUjPC6bI4ShSNMZnjKR0aKnBIlZdm5y7RpVEmKIikKaFRpn6fSHGo1CL0TWeI9Uz99lbif94w0UHTS5mIE00FWS8KEo50hFa/owmTlGi+MAQTycytiMywxESbhIpZCE7VdRuO+b3VarmN2prYteZXCL1qxWlU7Nt6uV3P4yjAOVzAFTjgQhtuoANdIDCHB3iCZyu2Hq0X63XdumHlM2fwA9bbJxVQj6M=</latexit>

�2
<latexit sha1_base64="Knk048Tpx6UuIMIZCbnJ5x9pczs=">AAAB7nicbVDLSsNAFL3xWeur6tLNYBFclaQP0u4KblxWsA9oQ5lMJ+3QySTMTIQS+hFuXCji1u9x5984TYP4OnDhcM693HuPH3OmtG1/WBubW9s7u4W94v7B4dFx6eS0p6JEEtolEY/kwMeKciZoVzPN6SCWFIc+p31/fr3y+/dUKhaJO72IqRfiqWABI1gbqT/yqcbj2rhUtit2BvSXODkpQ47OuPQ+mkQkCanQhGOlho4day/FUjPC6bI4ShSNMZnjKR0aKnBIlZdm5y7RpVEmKIikKaFRpn6fSHGo1CL0TWeI9Uz99lbif94w0UHTS5mIE00FWS8KEo50hFa/owmTlGi+MAQTycytiMywxESbhIpZCE7VdRuO+b3VarmN2prYteZXCL1qxWlU7Nt6uV3P4yjAOVzAFTjgQhtuoANdIDCHB3iCZyu2Hq0X63XdumHlM2fwA9bbJxbUj6Q=</latexit>

�3
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<latexit sha1_base64="pIOh086l/Fu7uUlRbptn3+U6B/4=">AAAB/HicbVDLSsNAFJ3UV62vaJdugkUQFyVpKWl3RTcuK9gHtKVMppN26OTBzI0YQvwVNy4UceuHuPNvnKZBfB243MM59zJ3jhNyJsE0P7TC2vrG5lZxu7Szu7d/oB8e9WQQCUK7JOCBGDhYUs582gUGnA5CQbHncNp3FpdLv39LhWSBfwNxSMcenvnMZQSDkiZ6eQT0Dhw3ybp0k4s0negVs2pmMP4SKycVlKMz0d9H04BEHvWBcCzl0DJDGCdYACOcpqVRJGmIyQLP6FBRH3tUjpPs+NQ4VcrUcAOhygcjU79vJNiTMvYcNelhmMvf3lL8zxtG4DbHCfPDCKhPVg+5ETcgMJZJGFMmKAEeK4KJYOpWg8yxwARUXqUsBKtm2w1L/b3VatmN+oqY9eZXCL1a1WpUzetapX2ex1FEx+gEnSEL2aiNrlAHdRFBMXpAT+hZu9cetRftdTVa0PKdMvoB7e0T7kqVzA==</latexit>

B
<latexit sha1_base64="PZglJXCUlSyjxcEXW28WZxLK8tc="></latexit>

Increasing, k = 1

<latexit sha1_base64="PwesGxwoGOlVCBLtIjBT9TKVj6w=">AAAB7nicbVDLSsNAFJ34rPVVdelmsAiuStIHaXcFNy4r2Ae0oUymk3boZBJmboQS+hFuXCji1u9x5984TYP4OnDhcM693HuPHwuuwbY/rI3Nre2d3cJecf/g8Oi4dHLa01GiKOvSSERq4BPNBJesCxwEG8SKkdAXrO/Pr1d+/54pzSN5B4uYeSGZSh5wSsBI/ZHPgIydcalsV+wM+C9xclJGOTrj0vtoEtEkZBKoIFoPHTsGLyUKOBVsWRwlmsWEzsmUDQ2VJGTaS7Nzl/jSKBMcRMqUBJyp3ydSEmq9CH3TGRKY6d/eSvzPGyYQNL2UyzgBJul6UZAIDBFe/Y4nXDEKYmEIoYqbWzGdEUUomISKWQhO1XUbjvm91Wq5jdqa2LXmVwi9asVpVOzberldz+MooHN0ga6Qg1zURjeog7qIojl6QE/o2YqtR+vFel23blj5zBn6AevtExPMj6I=</latexit>

�1
<latexit sha1_base64="D6N7zvRdR2HIaCWsMBrIiFmWkCc=">AAAB7nicbVDLSsNAFL3xWeur6tLNYBFclaQP0u4KblxWsA9oQ5lMJ+3QySTMTIQS+hFuXCji1u9x5984TYP4OnDhcM693HuPH3OmtG1/WBubW9s7u4W94v7B4dFx6eS0p6JEEtolEY/kwMeKciZoVzPN6SCWFIc+p31/fr3y+/dUKhaJO72IqRfiqWABI1gbqT/yqcbj6rhUtit2BvSXODkpQ47OuPQ+mkQkCanQhGOlho4day/FUjPC6bI4ShSNMZnjKR0aKnBIlZdm5y7RpVEmKIikKaFRpn6fSHGo1CL0TWeI9Uz99lbif94w0UHTS5mIE00FWS8KEo50hFa/owmTlGi+MAQTycytiMywxESbhIpZCE7VdRuO+b3VarmN2prYteZXCL1qxWlU7Nt6uV3P4yjAOVzAFTjgQhtuoANdIDCHB3iCZyu2Hq0X63XdumHlM2fwA9bbJxVQj6M=</latexit>

�2
<latexit sha1_base64="Knk048Tpx6UuIMIZCbnJ5x9pczs=">AAAB7nicbVDLSsNAFL3xWeur6tLNYBFclaQP0u4KblxWsA9oQ5lMJ+3QySTMTIQS+hFuXCji1u9x5984TYP4OnDhcM693HuPH3OmtG1/WBubW9s7u4W94v7B4dFx6eS0p6JEEtolEY/kwMeKciZoVzPN6SCWFIc+p31/fr3y+/dUKhaJO72IqRfiqWABI1gbqT/yqcbj2rhUtit2BvSXODkpQ47OuPQ+mkQkCanQhGOlho4day/FUjPC6bI4ShSNMZnjKR0aKnBIlZdm5y7RpVEmKIikKaFRpn6fSHGo1CL0TWeI9Uz99lbif94w0UHTS5mIE00FWS8KEo50hFa/owmTlGi+MAQTycytiMywxESbhIpZCE7VdRuO+b3VarmN2prYteZXCL1qxWlU7Nt6uV3P4yjAOVzAFTjgQhtuoANdIDCHB3iCZyu2Hq0X63XdumHlM2fwA9bbJxbUj6Q=</latexit>

�3

<latexit sha1_base64="PwesGxwoGOlVCBLtIjBT9TKVj6w=">AAAB7nicbVDLSsNAFJ34rPVVdelmsAiuStIHaXcFNy4r2Ae0oUymk3boZBJmboQS+hFuXCji1u9x5984TYP4OnDhcM693HuPHwuuwbY/rI3Nre2d3cJecf/g8Oi4dHLa01GiKOvSSERq4BPNBJesCxwEG8SKkdAXrO/Pr1d+/54pzSN5B4uYeSGZSh5wSsBI/ZHPgIydcalsV+wM+C9xclJGOTrj0vtoEtEkZBKoIFoPHTsGLyUKOBVsWRwlmsWEzsmUDQ2VJGTaS7Nzl/jSKBMcRMqUBJyp3ydSEmq9CH3TGRKY6d/eSvzPGyYQNL2UyzgBJul6UZAIDBFe/Y4nXDEKYmEIoYqbWzGdEUUomISKWQhO1XUbjvm91Wq5jdqa2LXmVwi9asVpVOzberldz+MooHN0ga6Qg1zURjeog7qIojl6QE/o2YqtR+vFel23blj5zBn6AevtExPMj6I=</latexit>

�1
<latexit sha1_base64="D6N7zvRdR2HIaCWsMBrIiFmWkCc=">AAAB7nicbVDLSsNAFL3xWeur6tLNYBFclaQP0u4KblxWsA9oQ5lMJ+3QySTMTIQS+hFuXCji1u9x5984TYP4OnDhcM693HuPH3OmtG1/WBubW9s7u4W94v7B4dFx6eS0p6JEEtolEY/kwMeKciZoVzPN6SCWFIc+p31/fr3y+/dUKhaJO72IqRfiqWABI1gbqT/yqcbj6rhUtit2BvSXODkpQ47OuPQ+mkQkCanQhGOlho4day/FUjPC6bI4ShSNMZnjKR0aKnBIlZdm5y7RpVEmKIikKaFRpn6fSHGo1CL0TWeI9Uz99lbif94w0UHTS5mIE00FWS8KEo50hFa/owmTlGi+MAQTycytiMywxESbhIpZCE7VdRuO+b3VarmN2prYteZXCL1qxWlU7Nt6uV3P4yjAOVzAFTjgQhtuoANdIDCHB3iCZyu2Hq0X63XdumHlM2fwA9bbJxVQj6M=</latexit>

�2
<latexit sha1_base64="Knk048Tpx6UuIMIZCbnJ5x9pczs=">AAAB7nicbVDLSsNAFL3xWeur6tLNYBFclaQP0u4KblxWsA9oQ5lMJ+3QySTMTIQS+hFuXCji1u9x5984TYP4OnDhcM693HuPH3OmtG1/WBubW9s7u4W94v7B4dFx6eS0p6JEEtolEY/kwMeKciZoVzPN6SCWFIc+p31/fr3y+/dUKhaJO72IqRfiqWABI1gbqT/yqcbj2rhUtit2BvSXODkpQ47OuPQ+mkQkCanQhGOlho4day/FUjPC6bI4ShSNMZnjKR0aKnBIlZdm5y7RpVEmKIikKaFRpn6fSHGo1CL0TWeI9Uz99lbif94w0UHTS5mIE00FWS8KEo50hFa/owmTlGi+MAQTycytiMywxESbhIpZCE7VdRuO+b3VarmN2prYteZXCL1qxWlU7Nt6uV3P4yjAOVzAFTjgQhtuoANdIDCHB3iCZyu2Hq0X63XdumHlM2fwA9bbJxbUj6Q=</latexit>

�3

<latexit sha1_base64="PwesGxwoGOlVCBLtIjBT9TKVj6w=">AAAB7nicbVDLSsNAFJ34rPVVdelmsAiuStIHaXcFNy4r2Ae0oUymk3boZBJmboQS+hFuXCji1u9x5984TYP4OnDhcM693HuPHwuuwbY/rI3Nre2d3cJecf/g8Oi4dHLa01GiKOvSSERq4BPNBJesCxwEG8SKkdAXrO/Pr1d+/54pzSN5B4uYeSGZSh5wSsBI/ZHPgIydcalsV+wM+C9xclJGOTrj0vtoEtEkZBKoIFoPHTsGLyUKOBVsWRwlmsWEzsmUDQ2VJGTaS7Nzl/jSKBMcRMqUBJyp3ydSEmq9CH3TGRKY6d/eSvzPGyYQNL2UyzgBJul6UZAIDBFe/Y4nXDEKYmEIoYqbWzGdEUUomISKWQhO1XUbjvm91Wq5jdqa2LXmVwi9asVpVOzberldz+MooHN0ga6Qg1zURjeog7qIojl6QE/o2YqtR+vFel23blj5zBn6AevtExPMj6I=</latexit>

�1
<latexit sha1_base64="D6N7zvRdR2HIaCWsMBrIiFmWkCc=">AAAB7nicbVDLSsNAFL3xWeur6tLNYBFclaQP0u4KblxWsA9oQ5lMJ+3QySTMTIQS+hFuXCji1u9x5984TYP4OnDhcM693HuPH3OmtG1/WBubW9s7u4W94v7B4dFx6eS0p6JEEtolEY/kwMeKciZoVzPN6SCWFIc+p31/fr3y+/dUKhaJO72IqRfiqWABI1gbqT/yqcbj6rhUtit2BvSXODkpQ47OuPQ+mkQkCanQhGOlho4day/FUjPC6bI4ShSNMZnjKR0aKnBIlZdm5y7RpVEmKIikKaFRpn6fSHGo1CL0TWeI9Uz99lbif94w0UHTS5mIE00FWS8KEo50hFa/owmTlGi+MAQTycytiMywxESbhIpZCE7VdRuO+b3VarmN2prYteZXCL1qxWlU7Nt6uV3P4yjAOVzAFTjgQhtuoANdIDCHB3iCZyu2Hq0X63XdumHlM2fwA9bbJxVQj6M=</latexit>

�2
<latexit sha1_base64="Knk048Tpx6UuIMIZCbnJ5x9pczs=">AAAB7nicbVDLSsNAFL3xWeur6tLNYBFclaQP0u4KblxWsA9oQ5lMJ+3QySTMTIQS+hFuXCji1u9x5984TYP4OnDhcM693HuPH3OmtG1/WBubW9s7u4W94v7B4dFx6eS0p6JEEtolEY/kwMeKciZoVzPN6SCWFIc+p31/fr3y+/dUKhaJO72IqRfiqWABI1gbqT/yqcbj2rhUtit2BvSXODkpQ47OuPQ+mkQkCanQhGOlho4day/FUjPC6bI4ShSNMZnjKR0aKnBIlZdm5y7RpVEmKIikKaFRpn6fSHGo1CL0TWeI9Uz99lbif94w0UHTS5mIE00FWS8KEo50hFa/owmTlGi+MAQTycytiMywxESbhIpZCE7VdRuO+b3VarmN2prYteZXCL1qxWlU7Nt6uV3P4yjAOVzAFTjgQhtuoANdIDCHB3iCZyu2Hq0X63XdumHlM2fwA9bbJxbUj6Q=</latexit>

�3

<latexit sha1_base64="PwesGxwoGOlVCBLtIjBT9TKVj6w=">AAAB7nicbVDLSsNAFJ34rPVVdelmsAiuStIHaXcFNy4r2Ae0oUymk3boZBJmboQS+hFuXCji1u9x5984TYP4OnDhcM693HuPHwuuwbY/rI3Nre2d3cJecf/g8Oi4dHLa01GiKOvSSERq4BPNBJesCxwEG8SKkdAXrO/Pr1d+/54pzSN5B4uYeSGZSh5wSsBI/ZHPgIydcalsV+wM+C9xclJGOTrj0vtoEtEkZBKoIFoPHTsGLyUKOBVsWRwlmsWEzsmUDQ2VJGTaS7Nzl/jSKBMcRMqUBJyp3ydSEmq9CH3TGRKY6d/eSvzPGyYQNL2UyzgBJul6UZAIDBFe/Y4nXDEKYmEIoYqbWzGdEUUomISKWQhO1XUbjvm91Wq5jdqa2LXmVwi9asVpVOzberldz+MooHN0ga6Qg1zURjeog7qIojl6QE/o2YqtR+vFel23blj5zBn6AevtExPMj6I=</latexit>

�1
<latexit sha1_base64="D6N7zvRdR2HIaCWsMBrIiFmWkCc=">AAAB7nicbVDLSsNAFL3xWeur6tLNYBFclaQP0u4KblxWsA9oQ5lMJ+3QySTMTIQS+hFuXCji1u9x5984TYP4OnDhcM693HuPH3OmtG1/WBubW9s7u4W94v7B4dFx6eS0p6JEEtolEY/kwMeKciZoVzPN6SCWFIc+p31/fr3y+/dUKhaJO72IqRfiqWABI1gbqT/yqcbj6rhUtit2BvSXODkpQ47OuPQ+mkQkCanQhGOlho4day/FUjPC6bI4ShSNMZnjKR0aKnBIlZdm5y7RpVEmKIikKaFRpn6fSHGo1CL0TWeI9Uz99lbif94w0UHTS5mIE00FWS8KEo50hFa/owmTlGi+MAQTycytiMywxESbhIpZCE7VdRuO+b3VarmN2prYteZXCL1qxWlU7Nt6uV3P4yjAOVzAFTjgQhtuoANdIDCHB3iCZyu2Hq0X63XdumHlM2fwA9bbJxVQj6M=</latexit>

�2
<latexit sha1_base64="Knk048Tpx6UuIMIZCbnJ5x9pczs=">AAAB7nicbVDLSsNAFL3xWeur6tLNYBFclaQP0u4KblxWsA9oQ5lMJ+3QySTMTIQS+hFuXCji1u9x5984TYP4OnDhcM693HuPH3OmtG1/WBubW9s7u4W94v7B4dFx6eS0p6JEEtolEY/kwMeKciZoVzPN6SCWFIc+p31/fr3y+/dUKhaJO72IqRfiqWABI1gbqT/yqcbj2rhUtit2BvSXODkpQ47OuPQ+mkQkCanQhGOlho4day/FUjPC6bI4ShSNMZnjKR0aKnBIlZdm5y7RpVEmKIikKaFRpn6fSHGo1CL0TWeI9Uz99lbif94w0UHTS5mIE00FWS8KEo50hFa/owmTlGi+MAQTycytiMywxESbhIpZCE7VdRuO+b3VarmN2prYteZXCL1qxWlU7Nt6uV3P4yjAOVzAFTjgQhtuoANdIDCHB3iCZyu2Hq0X63XdumHlM2fwA9bbJxbUj6Q=</latexit>

�3

<latexit sha1_base64="PwesGxwoGOlVCBLtIjBT9TKVj6w=">AAAB7nicbVDLSsNAFJ34rPVVdelmsAiuStIHaXcFNy4r2Ae0oUymk3boZBJmboQS+hFuXCji1u9x5984TYP4OnDhcM693HuPHwuuwbY/rI3Nre2d3cJecf/g8Oi4dHLa01GiKOvSSERq4BPNBJesCxwEG8SKkdAXrO/Pr1d+/54pzSN5B4uYeSGZSh5wSsBI/ZHPgIydcalsV+wM+C9xclJGOTrj0vtoEtEkZBKoIFoPHTsGLyUKOBVsWRwlmsWEzsmUDQ2VJGTaS7Nzl/jSKBMcRMqUBJyp3ydSEmq9CH3TGRKY6d/eSvzPGyYQNL2UyzgBJul6UZAIDBFe/Y4nXDEKYmEIoYqbWzGdEUUomISKWQhO1XUbjvm91Wq5jdqa2LXmVwi9asVpVOzberldz+MooHN0ga6Qg1zURjeog7qIojl6QE/o2YqtR+vFel23blj5zBn6AevtExPMj6I=</latexit>

�1
<latexit sha1_base64="D6N7zvRdR2HIaCWsMBrIiFmWkCc=">AAAB7nicbVDLSsNAFL3xWeur6tLNYBFclaQP0u4KblxWsA9oQ5lMJ+3QySTMTIQS+hFuXCji1u9x5984TYP4OnDhcM693HuPH3OmtG1/WBubW9s7u4W94v7B4dFx6eS0p6JEEtolEY/kwMeKciZoVzPN6SCWFIc+p31/fr3y+/dUKhaJO72IqRfiqWABI1gbqT/yqcbj6rhUtit2BvSXODkpQ47OuPQ+mkQkCanQhGOlho4day/FUjPC6bI4ShSNMZnjKR0aKnBIlZdm5y7RpVEmKIikKaFRpn6fSHGo1CL0TWeI9Uz99lbif94w0UHTS5mIE00FWS8KEo50hFa/owmTlGi+MAQTycytiMywxESbhIpZCE7VdRuO+b3VarmN2prYteZXCL1qxWlU7Nt6uV3P4yjAOVzAFTjgQhtuoANdIDCHB3iCZyu2Hq0X63XdumHlM2fwA9bbJxVQj6M=</latexit>

�2
<latexit sha1_base64="Knk048Tpx6UuIMIZCbnJ5x9pczs=">AAAB7nicbVDLSsNAFL3xWeur6tLNYBFclaQP0u4KblxWsA9oQ5lMJ+3QySTMTIQS+hFuXCji1u9x5984TYP4OnDhcM693HuPH3OmtG1/WBubW9s7u4W94v7B4dFx6eS0p6JEEtolEY/kwMeKciZoVzPN6SCWFIc+p31/fr3y+/dUKhaJO72IqRfiqWABI1gbqT/yqcbj2rhUtit2BvSXODkpQ47OuPQ+mkQkCanQhGOlho4day/FUjPC6bI4ShSNMZnjKR0aKnBIlZdm5y7RpVEmKIikKaFRpn6fSHGo1CL0TWeI9Uz99lbif94w0UHTS5mIE00FWS8KEo50hFa/owmTlGi+MAQTycytiMywxESbhIpZCE7VdRuO+b3VarmN2prYteZXCL1qxWlU7Nt6uV3P4yjAOVzAFTjgQhtuoANdIDCHB3iCZyu2Hq0X63XdumHlM2fwA9bbJxbUj6Q=</latexit>

�3

<latexit sha1_base64="PwesGxwoGOlVCBLtIjBT9TKVj6w=">AAAB7nicbVDLSsNAFJ34rPVVdelmsAiuStIHaXcFNy4r2Ae0oUymk3boZBJmboQS+hFuXCji1u9x5984TYP4OnDhcM693HuPHwuuwbY/rI3Nre2d3cJecf/g8Oi4dHLa01GiKOvSSERq4BPNBJesCxwEG8SKkdAXrO/Pr1d+/54pzSN5B4uYeSGZSh5wSsBI/ZHPgIydcalsV+wM+C9xclJGOTrj0vtoEtEkZBKoIFoPHTsGLyUKOBVsWRwlmsWEzsmUDQ2VJGTaS7Nzl/jSKBMcRMqUBJyp3ydSEmq9CH3TGRKY6d/eSvzPGyYQNL2UyzgBJul6UZAIDBFe/Y4nXDEKYmEIoYqbWzGdEUUomISKWQhO1XUbjvm91Wq5jdqa2LXmVwi9asVpVOzberldz+MooHN0ga6Qg1zURjeog7qIojl6QE/o2YqtR+vFel23blj5zBn6AevtExPMj6I=</latexit>

�1
<latexit sha1_base64="D6N7zvRdR2HIaCWsMBrIiFmWkCc=">AAAB7nicbVDLSsNAFL3xWeur6tLNYBFclaQP0u4KblxWsA9oQ5lMJ+3QySTMTIQS+hFuXCji1u9x5984TYP4OnDhcM693HuPH3OmtG1/WBubW9s7u4W94v7B4dFx6eS0p6JEEtolEY/kwMeKciZoVzPN6SCWFIc+p31/fr3y+/dUKhaJO72IqRfiqWABI1gbqT/yqcbj6rhUtit2BvSXODkpQ47OuPQ+mkQkCanQhGOlho4day/FUjPC6bI4ShSNMZnjKR0aKnBIlZdm5y7RpVEmKIikKaFRpn6fSHGo1CL0TWeI9Uz99lbif94w0UHTS5mIE00FWS8KEo50hFa/owmTlGi+MAQTycytiMywxESbhIpZCE7VdRuO+b3VarmN2prYteZXCL1qxWlU7Nt6uV3P4yjAOVzAFTjgQhtuoANdIDCHB3iCZyu2Hq0X63XdumHlM2fwA9bbJxVQj6M=</latexit>

�2
<latexit sha1_base64="Knk048Tpx6UuIMIZCbnJ5x9pczs=">AAAB7nicbVDLSsNAFL3xWeur6tLNYBFclaQP0u4KblxWsA9oQ5lMJ+3QySTMTIQS+hFuXCji1u9x5984TYP4OnDhcM693HuPH3OmtG1/WBubW9s7u4W94v7B4dFx6eS0p6JEEtolEY/kwMeKciZoVzPN6SCWFIc+p31/fr3y+/dUKhaJO72IqRfiqWABI1gbqT/yqcbj2rhUtit2BvSXODkpQ47OuPQ+mkQkCanQhGOlho4day/FUjPC6bI4ShSNMZnjKR0aKnBIlZdm5y7RpVEmKIikKaFRpn6fSHGo1CL0TWeI9Uz99lbif94w0UHTS5mIE00FWS8KEo50hFa/owmTlGi+MAQTycytiMywxESbhIpZCE7VdRuO+b3VarmN2prYteZXCL1qxWlU7Nt6uV3P4yjAOVzAFTjgQhtuoANdIDCHB3iCZyu2Hq0X63XdumHlM2fwA9bbJxbUj6Q=</latexit>

�3

<latexit sha1_base64="PwesGxwoGOlVCBLtIjBT9TKVj6w=">AAAB7nicbVDLSsNAFJ34rPVVdelmsAiuStIHaXcFNy4r2Ae0oUymk3boZBJmboQS+hFuXCji1u9x5984TYP4OnDhcM693HuPHwuuwbY/rI3Nre2d3cJecf/g8Oi4dHLa01GiKOvSSERq4BPNBJesCxwEG8SKkdAXrO/Pr1d+/54pzSN5B4uYeSGZSh5wSsBI/ZHPgIydcalsV+wM+C9xclJGOTrj0vtoEtEkZBKoIFoPHTsGLyUKOBVsWRwlmsWEzsmUDQ2VJGTaS7Nzl/jSKBMcRMqUBJyp3ydSEmq9CH3TGRKY6d/eSvzPGyYQNL2UyzgBJul6UZAIDBFe/Y4nXDEKYmEIoYqbWzGdEUUomISKWQhO1XUbjvm91Wq5jdqa2LXmVwi9asVpVOzberldz+MooHN0ga6Qg1zURjeog7qIojl6QE/o2YqtR+vFel23blj5zBn6AevtExPMj6I=</latexit>

�1
<latexit sha1_base64="D6N7zvRdR2HIaCWsMBrIiFmWkCc=">AAAB7nicbVDLSsNAFL3xWeur6tLNYBFclaQP0u4KblxWsA9oQ5lMJ+3QySTMTIQS+hFuXCji1u9x5984TYP4OnDhcM693HuPH3OmtG1/WBubW9s7u4W94v7B4dFx6eS0p6JEEtolEY/kwMeKciZoVzPN6SCWFIc+p31/fr3y+/dUKhaJO72IqRfiqWABI1gbqT/yqcbj6rhUtit2BvSXODkpQ47OuPQ+mkQkCanQhGOlho4day/FUjPC6bI4ShSNMZnjKR0aKnBIlZdm5y7RpVEmKIikKaFRpn6fSHGo1CL0TWeI9Uz99lbif94w0UHTS5mIE00FWS8KEo50hFa/owmTlGi+MAQTycytiMywxESbhIpZCE7VdRuO+b3VarmN2prYteZXCL1qxWlU7Nt6uV3P4yjAOVzAFTjgQhtuoANdIDCHB3iCZyu2Hq0X63XdumHlM2fwA9bbJxVQj6M=</latexit>

�2
<latexit sha1_base64="Knk048Tpx6UuIMIZCbnJ5x9pczs=">AAAB7nicbVDLSsNAFL3xWeur6tLNYBFclaQP0u4KblxWsA9oQ5lMJ+3QySTMTIQS+hFuXCji1u9x5984TYP4OnDhcM693HuPH3OmtG1/WBubW9s7u4W94v7B4dFx6eS0p6JEEtolEY/kwMeKciZoVzPN6SCWFIc+p31/fr3y+/dUKhaJO72IqRfiqWABI1gbqT/yqcbj2rhUtit2BvSXODkpQ47OuPQ+mkQkCanQhGOlho4day/FUjPC6bI4ShSNMZnjKR0aKnBIlZdm5y7RpVEmKIikKaFRpn6fSHGo1CL0TWeI9Uz99lbif94w0UHTS5mIE00FWS8KEo50hFa/owmTlGi+MAQTycytiMywxESbhIpZCE7VdRuO+b3VarmN2prYteZXCL1qxWlU7Nt6uV3P4yjAOVzAFTjgQhtuoANdIDCHB3iCZyu2Hq0X63XdumHlM2fwA9bbJxbUj6Q=</latexit>

�3

<latexit sha1_base64="PwesGxwoGOlVCBLtIjBT9TKVj6w=">AAAB7nicbVDLSsNAFJ34rPVVdelmsAiuStIHaXcFNy4r2Ae0oUymk3boZBJmboQS+hFuXCji1u9x5984TYP4OnDhcM693HuPHwuuwbY/rI3Nre2d3cJecf/g8Oi4dHLa01GiKOvSSERq4BPNBJesCxwEG8SKkdAXrO/Pr1d+/54pzSN5B4uYeSGZSh5wSsBI/ZHPgIydcalsV+wM+C9xclJGOTrj0vtoEtEkZBKoIFoPHTsGLyUKOBVsWRwlmsWEzsmUDQ2VJGTaS7Nzl/jSKBMcRMqUBJyp3ydSEmq9CH3TGRKY6d/eSvzPGyYQNL2UyzgBJul6UZAIDBFe/Y4nXDEKYmEIoYqbWzGdEUUomISKWQhO1XUbjvm91Wq5jdqa2LXmVwi9asVpVOzberldz+MooHN0ga6Qg1zURjeog7qIojl6QE/o2YqtR+vFel23blj5zBn6AevtExPMj6I=</latexit>

�1
<latexit sha1_base64="D6N7zvRdR2HIaCWsMBrIiFmWkCc=">AAAB7nicbVDLSsNAFL3xWeur6tLNYBFclaQP0u4KblxWsA9oQ5lMJ+3QySTMTIQS+hFuXCji1u9x5984TYP4OnDhcM693HuPH3OmtG1/WBubW9s7u4W94v7B4dFx6eS0p6JEEtolEY/kwMeKciZoVzPN6SCWFIc+p31/fr3y+/dUKhaJO72IqRfiqWABI1gbqT/yqcbj6rhUtit2BvSXODkpQ47OuPQ+mkQkCanQhGOlho4day/FUjPC6bI4ShSNMZnjKR0aKnBIlZdm5y7RpVEmKIikKaFRpn6fSHGo1CL0TWeI9Uz99lbif94w0UHTS5mIE00FWS8KEo50hFa/owmTlGi+MAQTycytiMywxESbhIpZCE7VdRuO+b3VarmN2prYteZXCL1qxWlU7Nt6uV3P4yjAOVzAFTjgQhtuoANdIDCHB3iCZyu2Hq0X63XdumHlM2fwA9bbJxVQj6M=</latexit>

�2
<latexit sha1_base64="Knk048Tpx6UuIMIZCbnJ5x9pczs=">AAAB7nicbVDLSsNAFL3xWeur6tLNYBFclaQP0u4KblxWsA9oQ5lMJ+3QySTMTIQS+hFuXCji1u9x5984TYP4OnDhcM693HuPH3OmtG1/WBubW9s7u4W94v7B4dFx6eS0p6JEEtolEY/kwMeKciZoVzPN6SCWFIc+p31/fr3y+/dUKhaJO72IqRfiqWABI1gbqT/yqcbj2rhUtit2BvSXODkpQ47OuPQ+mkQkCanQhGOlho4day/FUjPC6bI4ShSNMZnjKR0aKnBIlZdm5y7RpVEmKIikKaFRpn6fSHGo1CL0TWeI9Uz99lbif94w0UHTS5mIE00FWS8KEo50hFa/owmTlGi+MAQTycytiMywxESbhIpZCE7VdRuO+b3VarmN2prYteZXCL1qxWlU7Nt6uV3P4yjAOVzAFTjgQhtuoANdIDCHB3iCZyu2Hq0X63XdumHlM2fwA9bbJxbUj6Q=</latexit>

�3
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q = 10 q = 20 q = 50 q = 100 q = 200q = 1 q = 2 q = 5

<latexit sha1_base64="eqgbPDzmi9rP5QZyueDv8QJB3tI=">AAAB/HicbVDLSsNAFJ3UV62vaJdugkUQFyVpKWl3hW5cVrAPaEuZTCft0MmDmRsxhPgrblwo4tYPceffOE2D+DpwuYdz7mXuHCfkTIJpfmiFjc2t7Z3ibmlv/+DwSD8+6csgEoT2SMADMXSwpJz5tAcMOB2GgmLP4XTgLDsrf3BLhWSBfwNxSCcenvvMZQSDkqZ6eQz0Dhw3ybp0k06aTvWKWTUzGH+JlZMKytGd6u/jWUAij/pAOJZyZJkhTBIsgBFO09I4kjTEZInndKSojz0qJ0l2fGqcK2VmuIFQ5YORqd83EuxJGXuOmvQwLORvbyX+540icJuThPlhBNQn64fciBsQGKskjBkTlACPFcFEMHWrQRZYYAIqr1IWglWz7Yal/t5qtexGfU3MevMrhH6tajWq5nWt0r7M4yiiU3SGLpCFbNRGV6iLeoigGD2gJ/Ss3WuP2ov2uh4taPlOGf2A9vYJ79CVzQ==</latexit>

C
<latexit sha1_base64="QTibZ0QquiV2RSDuDJYLUMe4+kw="></latexit>

Decreasing, k = 0

<latexit sha1_base64="PwesGxwoGOlVCBLtIjBT9TKVj6w=">AAAB7nicbVDLSsNAFJ34rPVVdelmsAiuStIHaXcFNy4r2Ae0oUymk3boZBJmboQS+hFuXCji1u9x5984TYP4OnDhcM693HuPHwuuwbY/rI3Nre2d3cJecf/g8Oi4dHLa01GiKOvSSERq4BPNBJesCxwEG8SKkdAXrO/Pr1d+/54pzSN5B4uYeSGZSh5wSsBI/ZHPgIydcalsV+wM+C9xclJGOTrj0vtoEtEkZBKoIFoPHTsGLyUKOBVsWRwlmsWEzsmUDQ2VJGTaS7Nzl/jSKBMcRMqUBJyp3ydSEmq9CH3TGRKY6d/eSvzPGyYQNL2UyzgBJul6UZAIDBFe/Y4nXDEKYmEIoYqbWzGdEUUomISKWQhO1XUbjvm91Wq5jdqa2LXmVwi9asVpVOzberldz+MooHN0ga6Qg1zURjeog7qIojl6QE/o2YqtR+vFel23blj5zBn6AevtExPMj6I=</latexit>

�1
<latexit sha1_base64="D6N7zvRdR2HIaCWsMBrIiFmWkCc=">AAAB7nicbVDLSsNAFL3xWeur6tLNYBFclaQP0u4KblxWsA9oQ5lMJ+3QySTMTIQS+hFuXCji1u9x5984TYP4OnDhcM693HuPH3OmtG1/WBubW9s7u4W94v7B4dFx6eS0p6JEEtolEY/kwMeKciZoVzPN6SCWFIc+p31/fr3y+/dUKhaJO72IqRfiqWABI1gbqT/yqcbj6rhUtit2BvSXODkpQ47OuPQ+mkQkCanQhGOlho4day/FUjPC6bI4ShSNMZnjKR0aKnBIlZdm5y7RpVEmKIikKaFRpn6fSHGo1CL0TWeI9Uz99lbif94w0UHTS5mIE00FWS8KEo50hFa/owmTlGi+MAQTycytiMywxESbhIpZCE7VdRuO+b3VarmN2prYteZXCL1qxWlU7Nt6uV3P4yjAOVzAFTjgQhtuoANdIDCHB3iCZyu2Hq0X63XdumHlM2fwA9bbJxVQj6M=</latexit>

�2
<latexit sha1_base64="Knk048Tpx6UuIMIZCbnJ5x9pczs=">AAAB7nicbVDLSsNAFL3xWeur6tLNYBFclaQP0u4KblxWsA9oQ5lMJ+3QySTMTIQS+hFuXCji1u9x5984TYP4OnDhcM693HuPH3OmtG1/WBubW9s7u4W94v7B4dFx6eS0p6JEEtolEY/kwMeKciZoVzPN6SCWFIc+p31/fr3y+/dUKhaJO72IqRfiqWABI1gbqT/yqcbj2rhUtit2BvSXODkpQ47OuPQ+mkQkCanQhGOlho4day/FUjPC6bI4ShSNMZnjKR0aKnBIlZdm5y7RpVEmKIikKaFRpn6fSHGo1CL0TWeI9Uz99lbif94w0UHTS5mIE00FWS8KEo50hFa/owmTlGi+MAQTycytiMywxESbhIpZCE7VdRuO+b3VarmN2prYteZXCL1qxWlU7Nt6uV3P4yjAOVzAFTjgQhtuoANdIDCHB3iCZyu2Hq0X63XdumHlM2fwA9bbJxbUj6Q=</latexit>

�3

<latexit sha1_base64="PwesGxwoGOlVCBLtIjBT9TKVj6w=">AAAB7nicbVDLSsNAFJ34rPVVdelmsAiuStIHaXcFNy4r2Ae0oUymk3boZBJmboQS+hFuXCji1u9x5984TYP4OnDhcM693HuPHwuuwbY/rI3Nre2d3cJecf/g8Oi4dHLa01GiKOvSSERq4BPNBJesCxwEG8SKkdAXrO/Pr1d+/54pzSN5B4uYeSGZSh5wSsBI/ZHPgIydcalsV+wM+C9xclJGOTrj0vtoEtEkZBKoIFoPHTsGLyUKOBVsWRwlmsWEzsmUDQ2VJGTaS7Nzl/jSKBMcRMqUBJyp3ydSEmq9CH3TGRKY6d/eSvzPGyYQNL2UyzgBJul6UZAIDBFe/Y4nXDEKYmEIoYqbWzGdEUUomISKWQhO1XUbjvm91Wq5jdqa2LXmVwi9asVpVOzberldz+MooHN0ga6Qg1zURjeog7qIojl6QE/o2YqtR+vFel23blj5zBn6AevtExPMj6I=</latexit>

�1
<latexit sha1_base64="D6N7zvRdR2HIaCWsMBrIiFmWkCc=">AAAB7nicbVDLSsNAFL3xWeur6tLNYBFclaQP0u4KblxWsA9oQ5lMJ+3QySTMTIQS+hFuXCji1u9x5984TYP4OnDhcM693HuPH3OmtG1/WBubW9s7u4W94v7B4dFx6eS0p6JEEtolEY/kwMeKciZoVzPN6SCWFIc+p31/fr3y+/dUKhaJO72IqRfiqWABI1gbqT/yqcbj6rhUtit2BvSXODkpQ47OuPQ+mkQkCanQhGOlho4day/FUjPC6bI4ShSNMZnjKR0aKnBIlZdm5y7RpVEmKIikKaFRpn6fSHGo1CL0TWeI9Uz99lbif94w0UHTS5mIE00FWS8KEo50hFa/owmTlGi+MAQTycytiMywxESbhIpZCE7VdRuO+b3VarmN2prYteZXCL1qxWlU7Nt6uV3P4yjAOVzAFTjgQhtuoANdIDCHB3iCZyu2Hq0X63XdumHlM2fwA9bbJxVQj6M=</latexit>

�2
<latexit sha1_base64="Knk048Tpx6UuIMIZCbnJ5x9pczs=">AAAB7nicbVDLSsNAFL3xWeur6tLNYBFclaQP0u4KblxWsA9oQ5lMJ+3QySTMTIQS+hFuXCji1u9x5984TYP4OnDhcM693HuPH3OmtG1/WBubW9s7u4W94v7B4dFx6eS0p6JEEtolEY/kwMeKciZoVzPN6SCWFIc+p31/fr3y+/dUKhaJO72IqRfiqWABI1gbqT/yqcbj2rhUtit2BvSXODkpQ47OuPQ+mkQkCanQhGOlho4day/FUjPC6bI4ShSNMZnjKR0aKnBIlZdm5y7RpVEmKIikKaFRpn6fSHGo1CL0TWeI9Uz99lbif94w0UHTS5mIE00FWS8KEo50hFa/owmTlGi+MAQTycytiMywxESbhIpZCE7VdRuO+b3VarmN2prYteZXCL1qxWlU7Nt6uV3P4yjAOVzAFTjgQhtuoANdIDCHB3iCZyu2Hq0X63XdumHlM2fwA9bbJxbUj6Q=</latexit>

�3
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�1
<latexit sha1_base64="D6N7zvRdR2HIaCWsMBrIiFmWkCc=">AAAB7nicbVDLSsNAFL3xWeur6tLNYBFclaQP0u4KblxWsA9oQ5lMJ+3QySTMTIQS+hFuXCji1u9x5984TYP4OnDhcM693HuPH3OmtG1/WBubW9s7u4W94v7B4dFx6eS0p6JEEtolEY/kwMeKciZoVzPN6SCWFIc+p31/fr3y+/dUKhaJO72IqRfiqWABI1gbqT/yqcbj6rhUtit2BvSXODkpQ47OuPQ+mkQkCanQhGOlho4day/FUjPC6bI4ShSNMZnjKR0aKnBIlZdm5y7RpVEmKIikKaFRpn6fSHGo1CL0TWeI9Uz99lbif94w0UHTS5mIE00FWS8KEo50hFa/owmTlGi+MAQTycytiMywxESbhIpZCE7VdRuO+b3VarmN2prYteZXCL1qxWlU7Nt6uV3P4yjAOVzAFTjgQhtuoANdIDCHB3iCZyu2Hq0X63XdumHlM2fwA9bbJxVQj6M=</latexit>

�2
<latexit sha1_base64="Knk048Tpx6UuIMIZCbnJ5x9pczs=">AAAB7nicbVDLSsNAFL3xWeur6tLNYBFclaQP0u4KblxWsA9oQ5lMJ+3QySTMTIQS+hFuXCji1u9x5984TYP4OnDhcM693HuPH3OmtG1/WBubW9s7u4W94v7B4dFx6eS0p6JEEtolEY/kwMeKciZoVzPN6SCWFIc+p31/fr3y+/dUKhaJO72IqRfiqWABI1gbqT/yqcbj2rhUtit2BvSXODkpQ47OuPQ+mkQkCanQhGOlho4day/FUjPC6bI4ShSNMZnjKR0aKnBIlZdm5y7RpVEmKIikKaFRpn6fSHGo1CL0TWeI9Uz99lbif94w0UHTS5mIE00FWS8KEo50hFa/owmTlGi+MAQTycytiMywxESbhIpZCE7VdRuO+b3VarmN2prYteZXCL1qxWlU7Nt6uV3P4yjAOVzAFTjgQhtuoANdIDCHB3iCZyu2Hq0X63XdumHlM2fwA9bbJxbUj6Q=</latexit>

�3
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<latexit sha1_base64="Knk048Tpx6UuIMIZCbnJ5x9pczs=">AAAB7nicbVDLSsNAFL3xWeur6tLNYBFclaQP0u4KblxWsA9oQ5lMJ+3QySTMTIQS+hFuXCji1u9x5984TYP4OnDhcM693HuPH3OmtG1/WBubW9s7u4W94v7B4dFx6eS0p6JEEtolEY/kwMeKciZoVzPN6SCWFIc+p31/fr3y+/dUKhaJO72IqRfiqWABI1gbqT/yqcbj2rhUtit2BvSXODkpQ47OuPQ+mkQkCanQhGOlho4day/FUjPC6bI4ShSNMZnjKR0aKnBIlZdm5y7RpVEmKIikKaFRpn6fSHGo1CL0TWeI9Uz99lbif94w0UHTS5mIE00FWS8KEo50hFa/owmTlGi+MAQTycytiMywxESbhIpZCE7VdRuO+b3VarmN2prYteZXCL1qxWlU7Nt6uV3P4yjAOVzAFTjgQhtuoANdIDCHB3iCZyu2Hq0X63XdumHlM2fwA9bbJxbUj6Q=</latexit>

�3

q = 1 q = 2 q = 5 q = 10 q = 20 q = 50 q = 100 q = 200

<latexit sha1_base64="SV+OPC8Dk5wnWoCU8qTQB5I9dz4=">AAAB/HicbVDLSsNAFJ3UV62vaJdugkUQFyVpKWl3BV24rGAf0JYymU7aoZMHMzdiCPFX3LhQxK0f4s6/cZoG8XXgcg/n3MvcOU7ImQTT/NAKa+sbm1vF7dLO7t7+gX541JNBJAjtkoAHYuBgSTnzaRcYcDoIBcWew2nfWVws/f4tFZIF/g3EIR17eOYzlxEMSpro5RHQO3DcJOvSTS7TdKJXzKqZwfhLrJxUUI7ORH8fTQMSedQHwrGUQ8sMYZxgAYxwmpZGkaQhJgs8o0NFfexROU6y41PjVClTww2EKh+MTP2+kWBPythz1KSHYS5/e0vxP28YgdscJ8wPI6A+WT3kRtyAwFgmYUyZoAR4rAgmgqlbDTLHAhNQeZWyEKyabTcs9fdWq2U36iti1ptfIfRqVatRNa9rlfZ5HkcRHaMTdIYsZKM2ukId1EUExegBPaFn7V571F6019VoQct3yugHtLdP8VaVzg==</latexit>

D
<latexit sha1_base64="9UbhMc0qpEesxGyw0ML2Xz4HIoI="></latexit>

Decreasing, k = 1
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3-p, 4-p
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<latexit sha1_base64="VXvqepNKPiUvj1oe7ph945kXa2g=">AAACEnicbVC7SgNBFJ2NrxhfUUubwSCoRciGgJZBG+0imAckIcxO7iZDZmeXmbvBsOQbbPwVGwtFbK3s/Bsnj0ITD1zu4Zx7mbnHi6QwWCh8O6mV1bX1jfRmZmt7Z3cvu39QM2GsOVR5KEPd8JgBKRRUUaCERqSBBZ6Euje4nvj1IWgjQnWPowjaAesp4QvO0Eqd7FkL4QE9P5l24ye3CqGnGUKXXgGioEMmYzDjcSebK+QLU9Bl4s5JjsxR6WS/Wt2QxwEo5JIZ03SLEbYTplFwCeNMKzYQMT5gPWhaqlgApp1MTxrTE6t0qR9qWwrpVP29kbDAmFHg2cmAYd8sehPxP68Zo3/ZToSKYgTFZw/5saQY0kk+tCs0cJQjSxjXwv6V8j7TjKNNMWNDcBdPXia1Yt4t5Ut3xVz5fB5HmhyRY3JKXHJByuSGVEiVcPJInskreXOenBfn3fmYjaac+c4h+QPn8wf5J57W</latexit>
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<latexit sha1_base64="VXvqepNKPiUvj1oe7ph945kXa2g=">AAACEnicbVC7SgNBFJ2NrxhfUUubwSCoRciGgJZBG+0imAckIcxO7iZDZmeXmbvBsOQbbPwVGwtFbK3s/Bsnj0ITD1zu4Zx7mbnHi6QwWCh8O6mV1bX1jfRmZmt7Z3cvu39QM2GsOVR5KEPd8JgBKRRUUaCERqSBBZ6Euje4nvj1IWgjQnWPowjaAesp4QvO0Eqd7FkL4QE9P5l24ye3CqGnGUKXXgGioEMmYzDjcSebK+QLU9Bl4s5JjsxR6WS/Wt2QxwEo5JIZ03SLEbYTplFwCeNMKzYQMT5gPWhaqlgApp1MTxrTE6t0qR9qWwrpVP29kbDAmFHg2cmAYd8sehPxP68Zo3/ZToSKYgTFZw/5saQY0kk+tCs0cJQjSxjXwv6V8j7TjKNNMWNDcBdPXia1Yt4t5Ut3xVz5fB5HmhyRY3JKXHJByuSGVEiVcPJInskreXOenBfn3fmYjaac+c4h+QPn8wf5J57W</latexit>
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b

<latexit sha1_base64="VXvqepNKPiUvj1oe7ph945kXa2g=">AAACEnicbVC7SgNBFJ2NrxhfUUubwSCoRciGgJZBG+0imAckIcxO7iZDZmeXmbvBsOQbbPwVGwtFbK3s/Bsnj0ITD1zu4Zx7mbnHi6QwWCh8O6mV1bX1jfRmZmt7Z3cvu39QM2GsOVR5KEPd8JgBKRRUUaCERqSBBZ6Euje4nvj1IWgjQnWPowjaAesp4QvO0Eqd7FkL4QE9P5l24ye3CqGnGUKXXgGioEMmYzDjcSebK+QLU9Bl4s5JjsxR6WS/Wt2QxwEo5JIZ03SLEbYTplFwCeNMKzYQMT5gPWhaqlgApp1MTxrTE6t0qR9qWwrpVP29kbDAmFHg2cmAYd8sehPxP68Zo3/ZToSKYgTFZw/5saQY0kk+tCs0cJQjSxjXwv6V8j7TjKNNMWNDcBdPXia1Yt4t5Ut3xVz5fB5HmhyRY3JKXHJByuSGVEiVcPJInskreXOenBfn3fmYjaac+c4h+QPn8wf5J57W</latexit>
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<latexit sha1_base64="VXvqepNKPiUvj1oe7ph945kXa2g=">AAACEnicbVC7SgNBFJ2NrxhfUUubwSCoRciGgJZBG+0imAckIcxO7iZDZmeXmbvBsOQbbPwVGwtFbK3s/Bsnj0ITD1zu4Zx7mbnHi6QwWCh8O6mV1bX1jfRmZmt7Z3cvu39QM2GsOVR5KEPd8JgBKRRUUaCERqSBBZ6Euje4nvj1IWgjQnWPowjaAesp4QvO0Eqd7FkL4QE9P5l24ye3CqGnGUKXXgGioEMmYzDjcSebK+QLU9Bl4s5JjsxR6WS/Wt2QxwEo5JIZ03SLEbYTplFwCeNMKzYQMT5gPWhaqlgApp1MTxrTE6t0qR9qWwrpVP29kbDAmFHg2cmAYd8sehPxP68Zo3/ZToSKYgTFZw/5saQY0kk+tCs0cJQjSxjXwv6V8j7TjKNNMWNDcBdPXia1Yt4t5Ut3xVz5fB5HmhyRY3JKXHJByuSGVEiVcPJInskreXOenBfn3fmYjaac+c4h+QPn8wf5J57W</latexit>
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Figure 4: Comparison of integrated Betti values for responses elicited by low- and high-
order spatial correlations. Integrated Betti values for β1-β3 of the experimental data are shown
divided into two groups, according to whether neuronal responses are driven by visual stimuli with
first- and second-order correlations (axes γ, β−, β∣, β/, β/ of the stimulus space described in [45]
and summarized in Fig. 1) or third- and fourth-order correlations (axes θ⌟, θ⌞, θ⌜, θ⌝ and α).
The distributions of integrated Betti values, determined as in Fig. 3, are respectively shown in
blue and red. High-order (third- and fourth-order) correlations are extracted primarily in V2 [49];
low-order (first- and second-order) correlations can be extracted by the spatial filtering of retinal
processing. To generate the distribution of integrated Betti values, individual (non-averaged over
the dataset) Betti curves of each collection of responses are considered. The four panels are for
increasing (A,B) and decreasing (C,D) filtrations, and for k = 0 (A,C) and k = 1 (B,D). Each
panel shows the distribution of integrated Betti values for all values of the timescale parameter q
of the Victor-Purpura distance.
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For Review Only
<latexit sha1_base64="btWBzrUPDo8cG6BB6IX7KAw7K44=">AAAB/nicbVDLSsNAFJ34rPUVFVduglVwVZKUknYhFNy4rGAf0IYymU7aoZOHMzdiCQV/xY0LRdz6He78G6dpEF8HLvdwzr3MnePFnEkwzQ9taXlldW29sFHc3Nre2dX39tsySgShLRLxSHQ9LClnIW0BA067saA48DjteJOLud+5pUKyKLyGaUzdAI9C5jOCQUkD/bAP9A6kn2bd89Obc3s2G+gls2xmMP4SKycllKM50N/7w4gkAQ2BcCxlzzJjcFMsgBFOZ8V+ImmMyQSPaE/REAdUuml2/sw4VcrQ8COhKgQjU79vpDiQchp4ajLAMJa/vbn4n9dLwK+5KQvjBGhIFg/5CTcgMuZZGEMmKAE+VQQTwdStBhljgQmoxIpZCJbtOFVL/b1erzvVyoKYldpXCG27bFXL5pVdapzkcRTQETpGZ8hCDmqgS9RELURQih7QE3rW7rVH7UV7XYwuafnOAfoB7e0TNveWeA==</latexit>

q=2
<latexit sha1_base64="UCs+A233e1604ygE5lMhEy6vu3E=">AAAB/nicbVDLSsNAFJ34rPUVFVduglVwVZKWkHYhFNy4rGAf0IYymU7aoZOHMzdiCQV/xY0LRdz6He78G6dpEF8HLvdwzr3MnePFnEkwzQ9taXlldW29sFHc3Nre2dX39tsySgShLRLxSHQ9LClnIW0BA067saA48DjteJOLud+5pUKyKLyGaUzdAI9C5jOCQUkD/bAP9A6kn2bd89Obc3s2G+gls2xmMP4SKycllKM50N/7w4gkAQ2BcCxlzzJjcFMsgBFOZ8V+ImmMyQSPaE/REAdUuml2/sw4VcrQ8COhKgQjU79vpDiQchp4ajLAMJa/vbn4n9dLwK+5KQvjBGhIFg/5CTcgMuZZGEMmKAE+VQQTwdStBhljgQmoxIpZCFbFcWxL/b1erzt2dUHMau0rhHalbNll86pSapzkcRTQETpGZ8hCDmqgS9RELURQih7QE3rW7rVH7UV7XYwuafnOAfoB7e0TO4mWew==</latexit>

q=5
<latexit sha1_base64="dOLcw0DHZWrhEQoSs7ngcZyHEzU=">AAAB/3icbVDLSsNAFJ3UV62vqODGTbAKrkrSUtIuhIIblxXsA9pSJtNJO3TycOZGLDELf8WNC0Xc+hvu/BunaRBfBy73cM69zJ3jhJxJMM0PLbe0vLK6ll8vbGxube/ou3ttGUSC0BYJeCC6DpaUM5+2gAGn3VBQ7Dmcdpzp+dzv3FAhWeBfwSykAw+PfeYygkFJQ/2gD/QWpBun3XHj6zPLTJKhXjRLZgrjL7EyUkQZmkP9vT8KSORRHwjHUvYsM4RBjAUwwmlS6EeShphM8Zj2FPWxR+UgTu9PjBOljAw3EKp8MFL1+0aMPSlnnqMmPQwT+dubi/95vQjc2iBmfhgB9cniITfiBgTGPAxjxAQlwGeKYCKYutUgEywwARVZIQ3BKtt21VJ/r9frdrWyIGal9hVCu1yyqiXzslxsHGdx5NEhOkKnyEI2aqAL1EQtRNAdekBP6Fm71x61F+11MZrTsp199APa2yerdJax</latexit>

q=10
<latexit sha1_base64="l4Jq2f7mgxqQP9/b831C60UXMgU=">AAAB/3icbVDLSgMxFM3UV62vUcGNm2AVXJWZKaXtQii4cVnBPqAtJZNm2tDMw+SOWMYu/BU3LhRx62+4829Mp0V8Hbjcwzn3kpvjRoIrsKwPI7O0vLK6ll3PbWxube+Yu3tNFcaSsgYNRSjbLlFM8IA1gINg7Ugy4ruCtdzx+cxv3TCpeBhcwSRiPZ8MA+5xSkBLffOgC+wWlJek3fWS6zPHmk77Zt4qWCnwX2IvSB4tUO+b791BSGOfBUAFUapjWxH0EiKBU8GmuW6sWETomAxZR9OA+Ez1kvT+KT7RygB7odQVAE7V7xsJ8ZWa+K6e9AmM1G9vJv7ndWLwKr2EB1EMLKDzh7xYYAjxLAw84JJREBNNCJVc34rpiEhCQUeWS0OwnXK5ZOu/V6vVcqk4J1ax8hVC0ynYpYJ16eRrx4s4sugQHaFTZKMyqqELVEcNRNEdekBP6Nm4Nx6NF+N1PpoxFjv76AeMt0+s+5ay</latexit>

q=20
<latexit sha1_base64="p18j48P+vghQMitVCVghFf1Na5g=">AAAB/3icbVDLSsNAFJ3UV62vquDGTbAKrkrSEtouhIIblxXsA9pQJtNJO3TycOZGLDELf8WNC0Xc+hvu/BunaRBfBy73cM69zJ3jhJxJMIwPLbe0vLK6ll8vbGxube8Ud/c6MogEoW0S8ED0HCwpZz5tAwNOe6Gg2HM47TrT87nfvaFCssC/gllIbQ+PfeYygkFJw+LBAOgtSDdOu+PG12eWkSTDYskoGyn0v8TMSAllaA2L74NRQCKP+kA4lrJvGiHYMRbACKdJYRBJGmIyxWPaV9THHpV2nN6f6CdKGeluIFT5oKfq940Ye1LOPEdNehgm8rc3F//z+hG4dTtmfhgB9cniITfiOgT6PAx9xAQlwGeKYCKYulUnEywwARVZIQ3BrNRqlqn+3mg0alZ1QYxq/SuETqVsWmXjslJqHmdx5NEhOkKnyEQ11EQXqIXaiKA79ICe0LN2rz1qL9rrYjSnZTv76Ae0t0+xkJa1</latexit>

q=50
<latexit sha1_base64="Yx2RMYNXNvWfeFJB3XvdF7aCnr4=">AAACAHicbVC7SgNBFJ31GeMramFhsxgFqzCbEJIUQsDGMoJ5QLKE2clsMmT24cxdMSzb+Cs2ForY+hl2/o2TzSK+Dlzu4Zx7mbnHCQVXgPGHsbS8srq2ntvIb25t7+wW9vY7KogkZW0aiED2HKKY4D5rAwfBeqFkxHME6zrTi7nfvWVS8cC/hlnIbI+Mfe5ySkBLw8LhANgdKDdOu+PGN+cWxkkyLBRxCacw/xIrI0WUoTUsvA9GAY085gMVRKm+hUOwYyKBU8GS/CBSLCR0Ssasr6lPPKbsOD0gMU+1MjLdQOrywUzV7xsx8ZSaeY6e9AhM1G9vLv7n9SNw63bM/TAC5tPFQ24kTAjMeRrmiEtGQcw0IVRy/VeTTogkFHRm+TQEq1yrVS19e6PRqFUrC4Ir9a8QOuWSVS3hq3KxeZLFkUNH6BidIQvVUBNdohZqI4oS9ICe0LNxbzwaL8brYnTJyHYO0A8Yb58huJbr</latexit>

q=100
<latexit sha1_base64="PL9EAqpbY+4JxVF24Q8Rw22ErNE=">AAACAHicbVC7SgNBFJ31GeMramFhsxgFqzCbEDYphICNZQTzgGQJs5PZZMjsw5m7Yli28VdsLBSx9TPs/BsnmyC+Dlzu4Zx7mbnHjQRXgPGHsbS8srq2ntvIb25t7+wW9vbbKowlZS0ailB2XaKY4AFrAQfBupFkxHcF67iTi5nfuWVS8TC4hmnEHJ+MAu5xSkBLg8JhH9gdKC/JuuslN+dljNN0UCjiEs5g/iXWghTRAs1B4b0/DGnsswCoIEr1LByBkxAJnAqW5vuxYhGhEzJiPU0D4jPlJNkBqXmqlaHphVJXAGamft9IiK/U1Hf1pE9grH57M/E/rxeDV3MSHkQxsIDOH/JiYUJoztIwh1wyCmKqCaGS67+adEwkoaAzy2chWGXbrlr69nq9blcrc4Irta8Q2uWSVS3hq3KxcbKII4eO0DE6QxayUQNdoiZqIYpS9ICe0LNxbzwaL8brfHTJWOwcoB8w3j4BI0CW7A==</latexit>

q=200

<latexit sha1_base64="gE39x3U5riYefEG7ADD9eOWH8Ng=">AAACB3icbVDLSgNBEJz1GeMr6lGQwSgoSNhNCEkOgqAHjwomBpIQZie9OmT2wUyvGJbcvPgrXjwo4tVf8ObfONkE8VXQdFHVzUyXG0mh0bY/rKnpmdm5+cxCdnFpeWU1t7be0GGsONR5KEPVdJkGKQKoo0AJzUgB810Jl27/eORf3oDSIgwucBBBx2dXgfAEZ2ikbm6rjXCL2kvS7nrJ3glwVTig/UN7fzjs5vJ2wU5B/xJnQvJkgrNu7r3dC3nsQ4BcMq1bjh1hJ2EKBZcwzLZjDRHjfXYFLUMD5oPuJOkdQ7prlB71QmUqQJqq3zcS5ms98F0z6TO81r+9kfif14rRq3YSEUQxQsDHD3mxpBjSUSi0JxRwlANDGFfC/JXya6YYRxNdNg3BKVYqZcfcXqvVKuXSmNil6lcIjWLBKRfs82L+aGcSR4Zskm2yRxxSIUfklJyROuHkjjyQJ/Js3VuP1ov1Oh6dsiY7G+QHrLdPRBOZEw==</latexit>

(Decr., k=0)

<latexit sha1_base64="Et8JCfpmQWDwBJk48lYdy9aHbo4=">AAACB3icbVDLSgNBEJz1GeMr6lGQwSgoSNhNCEkOgqAHjwomBpIQZie9OmT2wUyvGJbcvPgrXjwo4tVf8ObfONkE8VXQdFHVzUyXG0mh0bY/rKnpmdm5+cxCdnFpeWU1t7be0GGsONR5KEPVdJkGKQKoo0AJzUgB810Jl27/eORf3oDSIgwucBBBx2dXgfAEZ2ikbm6rjXCL2kvS7nrJ3glwVTig/UNnfzjs5vJ2wU5B/xJnQvJkgrNu7r3dC3nsQ4BcMq1bjh1hJ2EKBZcwzLZjDRHjfXYFLUMD5oPuJOkdQ7prlB71QmUqQJqq3zcS5ms98F0z6TO81r+9kfif14rRq3YSEUQxQsDHD3mxpBjSUSi0JxRwlANDGFfC/JXya6YYRxNdNg3BKVYqZcfcXqvVKuXSmNil6lcIjWLBKRfs82L+aGcSR4Zskm2yRxxSIUfklJyROuHkjjyQJ/Js3VuP1ov1Oh6dsiY7G+QHrLdPRZqZFA==</latexit>

(Decr., k=1)

<latexit sha1_base64="5at0GGM0MUpXXCpD0p0s2JPf8rI=">AAACB3icbVDLSgMxFM34tr6qLgUJVkFBykxLqV0IBTe6q2BVaIeSSTNtaCYzJHfEMszOjb/ixoUibv0Fd/6N6bSIrwOXezjnXpJ7vEhwDbb9YU1Nz8zOzS8s5paWV1bX8usblzqMFWVNGopQXXtEM8ElawIHwa4jxUjgCXblDU5G/tUNU5qH8gKGEXMD0pPc55SAkTr57TawW9B+knXPT/bPJFXFQzw4tg/StJMv2EU7A/5LnAkpoAkanfx7uxvSOGASqCBatxw7AjchCjgVLM21Y80iQgekx1qGShIw7SbZHSneM0oX+6EyJQFn6veNhARaDwPPTAYE+vq3NxL/81ox+EduwmUUA5N0/JAfCwwhHoWCu1wxCmJoCKGKm79i2ieKUDDR5bIQnFK1WnHM7bVarVopj4ldPvoK4bJUdCpF+7xUqO9O4lhAW2gH7SMHVVEdnaIGaiKK7tADekLP1r31aL1Yr+PRKWuys4l+wHr7BFnqmSE=</latexit>

(Incr., k=0)
<latexit sha1_base64="ySGng6Xt/Z82Yu6TFHL6tpqMApg=">AAAB/nicbVDLSsNAFJ34rPUVFVduglVwVZKWknYhFNy4rGAf0IYymU7aoZOHMzdiCQF/xY0LRdz6He78G6dpEF8HLvdwzr3MneNGnEkwzQ9taXlldW29sFHc3Nre2dX39jsyjAWhbRLyUPRcLClnAW0DA057kaDYdzntutOLud+9pUKyMLiGWUQdH48D5jGCQUlD/XAA9A6kl2Td9ZKbcytNh3rJLJsZjL/EykkJ5WgN9ffBKCSxTwMgHEvZt8wInAQLYITTtDiIJY0wmeIx7SsaYJ9KJ8nOT41TpYwMLxSqAjAy9ftGgn0pZ76rJn0ME/nbm4v/ef0YvLqTsCCKgQZk8ZAXcwNCY56FMWKCEuAzRTARTN1qkAkWmIBKrJiFYFVsu2apvzcaDbtWXRCzWv8KoVMpW7WyeVUpNU/yOAroCB2jM2QhGzXRJWqhNiIoQQ/oCT1r99qj9qK9LkaXtHznAP2A9vYJNXGWdw==</latexit>

q=1

<latexit sha1_base64="ia1BdgllS0hqiYVujqUMysBR1CA=">AAACB3icbVDLSgMxFM34tr6qLgUJVkFBykxLqV0IBTe6q2BVaIeSSTNtaCYzJHfEMszOjb/ixoUibv0Fd/6N6bSIrwOXezjnXpJ7vEhwDbb9YU1Nz8zOzS8s5paWV1bX8usblzqMFWVNGopQXXtEM8ElawIHwa4jxUjgCXblDU5G/tUNU5qH8gKGEXMD0pPc55SAkTr57TawW9B+knXPT/bPJFXFQzw4dg7StJMv2EU7A/5LnAkpoAkanfx7uxvSOGASqCBatxw7AjchCjgVLM21Y80iQgekx1qGShIw7SbZHSneM0oX+6EyJQFn6veNhARaDwPPTAYE+vq3NxL/81ox+EduwmUUA5N0/JAfCwwhHoWCu1wxCmJoCKGKm79i2ieKUDDR5bIQnFK1WnHM7bVarVopj4ldPvoK4bJUdCpF+7xUqO9O4lhAW2gH7SMHVVEdnaIGaiKK7tADekLP1r31aL1Yr+PRKWuys4l+wHr7BFtxmSI=</latexit>

(Incr., k=1)
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Edge dentity ⇢

Figure 5: Average Betti curves of one dataset, and comparison with surrogate data.
The figure superimposes on Fig. 2B the Betti curves of the 20 computations of the four types of
surrogate data generated from the single dataset “L7301TT6”. The average Betti curves for β1-β3
of the experimental data (black, “exp”) are highlighted with a thicker line. The average Betti
curves for β1-β3 of each computation of the surrogate data are drawn in thin color lines: uniform
resampling of spike times (blue, “U”), exchange of spike times between collections (red, “EB”),
exchange of spike times within collections (yellow, “EW”), Poisson generated spike data (purple,
“P”). As in Fig. 2B, the two top (respectively, bottom) rows correspond to the increasing (resp.,
decreasing) filtration method, and the odd (resp., even) rows correspond to k = 0 (resp., k = 1).
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Figure 6: Distribution of the integrated Betti values for β1 of neural data and surro-
gates. Distribution across the 28 datasets of the difference between the integrated Betti values
for β1 of each kind of surrogate, averaged over 20 examples, and the integrated Betti value of the
experimental data. Each plot shows the four surrogates: uniform resampling of spike times (blue,
“U”), exchange of spike times between collections (red, “EB”), exchange of spike times within
collections (yellow, “EW”), Poisson generated spike data (purple, “P”). Insets zoom in on some
boxplots at a smaller scale. When present, a dashed line bounds an area at the extreme of a plot
beyond which data are shown on a compressed ordinate. The four panels are for increasing (A,B)
and decreasing (C,D) filtrations, and for k = 0 (A,C) and k = 1 (B,D). For example, in A, the
means of the integrated Betti values for the Poisson surrogates for all timescales, q are greater
than the means of the integrated Betti values for the experimental spiking responses from the 28
datasets. Note that the deviation of the behavior of the surrogates is maximal for the range q = 5
sec−1 to q = 50 sec−1.
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Figure 7: Two-sample Kolmogorov-Smirnov test for the integrated Betti values for
β1. Two-sample Kolmogorov-Smirnov test statistic D∗ (ordinate) for comparison of the samples of
integrated Betti values for β1 of the experimental data with each type of surrogate data. The sample
for the experimental data consists of the (28 × 80) integrated Betti values from all 80 collections
from all 28 datasets. The samples for each surrogate consist of the (20 × 28 × 80) integrated Betti
values of the 20 computations. Values above the dashed line, corresponding to p = 0.05, indicate
rejection of the null hypothesis that the two samples come from the same distribution. The dotted
line corresponds to the value p = 0.05 corrected for multiple comparisons, using the false discovery
rate method (see Materials and Methods). The four panels are for increasing (A,B) and decreasing
(C,D) filtrations, and for k = 0 (A,C) and k = 1 (B,D).
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Figure 8: Compatibility of the experimental Betti curves with geometric models, based
on integrated Betti values. The heatmaps show the fraction of Betti curves of 18 selected col-
lections from different datasets which are compatible with the Euclidean (column 1) and hyperbolic
models (Rmax = 1,2,5) (columns 2-4) of dimension d = 1, . . . ,15 (abscissas), for all values of the
parameters q (ordinates) and k (rows) of the Victor-Purpura distance. The notion of compatibility
we introduced requires the experimental integrated Betti values to be within 3 standard deviations
of the mean of the 300 values of the model, for all Betti numbers β1-β3 and for both increasing
and decreasing filtrations. In the range q = 5 to 20 sec−1, the greatest compatibility occurs for
dimensions 3-5, and for the Euclidean or hyperbolic models with moderate curvature (Rmax = 1).
As we determined by visual inspection of the Betti curves, the hotspot at dimension 1 and q = 200
in the hyperbolic heatmaps for k = 1 is an artifact due to the fact that the low dimension constrains
the Betti curves of the hyperbolic models to being close to (identically) zero, hence compatible in
some cases with the experimental Betti curves at the extreme value q = 200.
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