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To date a small palette of isotrigon textures have been available to study how the brain uses higher-order spa-
tial correlation information. We introduce several hundred new isotrigon textures. Special modulation proper-
ties are illustrated that can be used to extract neural responses to higher-order spatial correlations. We also
ask how many textures make an adequate training set and how representative individual examples are of their
texture class. Human discrimination of 90 of these patterns was quantified. Modeling those responses shows
that humanlike performance can be obtained providing a fourth-order classifier is used, although more than
one mechanism is required. © 2007 Optical Society of America
OCIS codes: 330.0330, 330.4060, 330.5000, 330.5510, 330.7310.

1. INTRODUCTION

Two-point spatial correlations inform the visual system
about the (phase-independent) spatial frequency content
of images; however, encoding features such as contours
requires mechanisms sensitive to correlations involving
three or more points.’ Such information is characterized
by third- and higher-order spatial correlations. Recent in-
novations in the means to quantify higher-order
correlations® reveal that in natural images spatial corre-
lations up to the fifth order® are necessary to accurately
represent image regions that contain junctions or inter-
sections. Alternative forms of analysis indicate consider-
able redundancies in higher-order correlations.*® The
best independence between visual channels that can be
achieved by linear filters is accomplished by mechanisms
like independent component analysis, which yield sparse
Gabor-like receptive fields.® This optimization does not,
however, capture redundancies at higher orders that are
typical of natural images.‘l’5 Consideration of optimal
schemes to achieve better redundancy reduction by tar-
geting these higher-order redundancies yields nonlinear
transformations of images that correspond to cortical con-
trast gain control, complex cells, and extraclassical recep-
tive field properties such as end stopping.7’8 These trans-
formations correspond to mechanisms for capturing
junctions in images.9 Good evidence has also been pro-
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vided indicating that saccadic eye movements are di-
rected at these loci.!°

Not surprisingly, then, visual evoked potential (VEP)
studies have shown that the visual cortex is sensitive to
higher-order spatial correlations. 1% Seventy percent of
single units in macaque V1 have also been shown to en-
code such high-order statistical information, and this
ability is present in all cortical 151yers.1 More recently pos-
itron emission tomography (PET)'® and functional MRI
(fMRI) studies'”!® have revealed differential activation of
brain regions during discrimination of texture patterns
that differ on average only in their fourth- and higher-
order spatial correlations, so-called isotrigon textures.

Until recently only 16 types of these isotrigon textures
have been available for studying the properties of human
texture discrimination.’®!® Some variants of the 16 tex-
ture types have expanded our knowledge of texture
discrimination.!*?*2? We have recently shown that a
larger palette of isotrigon textures might be available.?
This paper describes several hundred new isotrigon tex-
tures and examines their discriminability. A larger palette
of isotrigon textures should in principle be able to better
inform models of human texture processing, since a rea-
sonable number of discriminations is necessary to distin-
guish models of even modest complexity.24 Exemplary
modeling results are given. A subset of 72 of these pat-
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terns is also shown to have useful modulation properties
for VEP or fMRI studies. A compact modulo-linear method
for describing the rules for generating many of these tex-
tures is given. The utility of the minitexture spectrum for
quantifying differences between these deterministic pat-
terns is also discussed. We also quantify how many tex-
tures make a representative training set.

2. METHODS

A. Isotrigon Textures

The second-order spatial correlation function, or autocor-
relation function, of an arbitrary image sample I(x,y) of
m X n pixels is

m n

Cofh,v) = ZT]E D I y)I(x +h,y + v)AxAy. (1)
1 1

The factor N assumes that the area of each pixel is 1 and
that N=m Xn. I(x,y) is assumed to be zero mean, which
for the textures described here is true, as they are defined
to have equal numbers of pixels with values -1, 0, and 1.
The Fourier transform of Cy A%, v) is the power spectrum
of I(x,y). The third-order correlation function is

1
Cs (1, v1,ho,ve) = = > > Ix,y)

XI(x +hq,y + v)I(x + hg,y + v9)AxAy.
(2)

Thus C3 dh1,v1,he,vo) is a 4D function that is an accu-
mulation of triple products of pixels—hence the word
“trigons.” We will henceforth refer to the second- and
third-order correlation functions as the 2CF and 3CF, re-
spectively. The 3CF contains all the information of the
2CF. Note that for Egs. (1) and (2) 1<x+h,<m and 1
<y+v,<n are included in the sum, and Ax and Ay could
be dropped, since they are just steps on the discrete lat-
tice.

The utility of isotrigon textures derives from the fact
that the mean 3CF of collections of these textures is ev-
erywhere 0. This is also true for patterns composed of uni-
formly distributed noise. Hence, if one is given a training
set of two types of isotrigon textures, A and B, and then is
tested on previously unseen examples drawn from types A
and B, the mean 3CF of the training set can teach one
nothing about how A and B differ on average up to third-
order, as the average 3CF of the training patterns is not
different from 0 everywhere.25 Thus, only fourth- and
higher-order correlations can be used to make these dis-
criminations. Notice that we are defining isotrigon here in
the sense of correlations as defined by Eq. (2), not in the
sense of histogram statistics.2b2627 The meaning of
higher-order statistics in these two senses diverges for
images with more than two levels; so we confine ourselves
to a definition in terms of Eq. (2). Patterns that have zero
mean, and zero mean autocorrelations (except at the ori-
gin), but which can differ at third order and above, are
said to be “isodipole.” An advantage of isotrigon textures
is that linearly filtered versions remain iso‘crigon.w’%’z8
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Thus one could use isotrigon patterns to construct isot-
rigon patterns that have more natural 1/f-style ampli-
tude spectra.29’30

Like the original isotrigon patterns, the textures de-
scribed here are formed by a cellular-automaton-based re-
cursion process. The process proceeds much like convolu-
tion with a 2D operator except that the results at each
step replace values in the initial image matrix, possibly to
act as inputs later in the process. The image is initially
seeded with uniformly distributed noise of N levels. In all
cases presented here the operator is a 3 X 3 pixel domain
or glider. In most cases three of the nine positions within
the glider are selected as an input template [e.g., Eq. (3)].
As the glider is moved over the seed noise, the three tem-
plate positions select image pixels, a, b, ¢ to be interacted,
and the result of the predefined interaction, f(a,b,c), is
returned to an output position that is also defined by the
glider. A little-used glider is the Corners glider:

a n b

Corners=|n n n|, (3)
c n f

Note that the positions labeled n take no part in the
calculation; only the input points, a,b,c, and the output
point f participate. The type of texture generated depends
on both the glider and the rule governing the interaction
of the triplets of input pixels, a,b,c. The 16 isotrigon tex-
tures used to date were binary textures {-1,1}, denoting
black and white pixels, and used eight gliders and two
simple rules: the Even rule, fla,b,c)=abc, and the Odd
rule, fla,b,c)=—abc. Graphical examples of the previ-
ously used gliders are given elsewhere.!1923

B. Rules and Gliders

As shown elsewhere,? the Even and Odd rules are just 2
of the possible 256 rules for binary textures created from
triplets of inputs. These rules can be written as the dis-
crete equation

f(a,b,c) = E E 2 Xaﬁ'yaabﬁcy’ (4)

a=0 B=0 y=0
where summation proceeds to n=1, or

fla,b,c) = xg00 + X100@ + %0100 + X001C + X110ab +X9110C

+X10910C +x111abc, (5)

where a,b,c are the input triplets. Notice that the Even
and Odd rules of previous studies are the special case
where all the coefficients except x;;; are zero. Also, of
these 256 rules only these two produce isotrigon
pa‘cterns.z3 For the case of ternary stimuli, {-1,0,1} or
{0,1,2} denoting black, mid-gray, and white, there are 327
rules.?? Their discrete equations contain 27 terms that
can be written exactly as Eq. (4) but setting the summa-
tion limits to n=2, giving 27 coefficients
{xgo(),xloo,x()lo, ,x122,x222} for 27 multinomial terms in
a,b,c (Appendix A, Table 3).
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Table 1. Modulo 3 Discrete Equation Form of Rules for Generating Isotrigon Textures for the
Three-Input One-Output Case for Three Gray Levels®

Rule Group

Name 0 1 2 3

M, mod 3[2(a+b+c+1)] mod 3[2(a-b-c+2)] mod 3[2(-a+b-c+2)] mod 3[2(-a-b+c+2)]
M, mod 3[2(a+b+c+0)] mod 3[2(a-b-c+0)] mod 3[2(-a+b-c+0)] mod 3[2(-a-b+c+0)]
M, mod 3[2(a+b+c+2)] mod 3[2(a-b-c+1)] mod 3[2(-a+b-c+1)] mod 3[2(-a-b+c+1)]
I, mod 3[1(a+b+c+2)] mod 3[1(a-b-c+1)] mod 3[1(-a+b-c+1)] mod 3[1(-a-b+c+1)]
I, mod 3[1(a+b+c+0)] mod 3[1(a-b-c+0)] mod 3[1(-a+b-c+0)] mod 3[1(-a-b+c+0)]
I, mod 3[1(a+b+c+1)] mod 3[1(a-b-c+2)] mod 3[1(-a+b-c+2)] mod 3[1(-a-b+c+2)]

“Note that in the modulo 3 sense multiplying by 2 is the same as multiplying by —1.

C. Basic Stimulus Parameters

Visual stimuli were presented at a frame rate of 101.5 Hz
on a 19in. Barco monitor (CCID 7551, Kortrjk, Belgium)
controlled by an AT Vista graphics board (Truevision,
Shadeland Station, Indiana). Data analysis and display
routines were written in Matlab. The viewing distance
was 60 cm. The achromatic (color temperature 6500 K)
texture patterns were displayed at mean luminance of
42 cd m~2. The CRT supplied the primary illumination in
the room.

Textures were presented at the CRT center at three
sizes: 8, 16, and 32 pixels square. The textures were pre-
sented embedded in a surround of uniformly distributed
ternary noise that was 64 X 52 pixels. Part of the reason
for doing this was that some of the textures look distinctly
3D when they are presented against a mean luminance
grey. At the CRT center each square pixel subtended 0.56°
on a side. The stimulus and the textured surround had a
smooth temporal onset and offset with contrast rising and
falling sigmoidally from 0 to 1 and back to 0. This tempo-
ral envelope is described in more detail elsewhere.'® The
total duration of the window was 0.3 s, and of the contrast
1 portion 0.2s.

3. RESULTS

We have reported that a ternary variant of the method of
Gilbert®! yielded a group of six rules that generate isot-
rigon textures for ternary textures.?2 We refer to this as
group 0. Appendix A, Table 3 gives the original discrete
function form, and the leftmost column of Table 1 shows a
shorter form that will be introduced below. Subsequent
research has found three further groups of six isotrigon
rules. Thus, while there are 2 rules for binary isotrigon
textures [the Even rule, which stipulates that d
=mod 2(a+b+c), and the Odd rule, which stipulates that
d=mod 2(a+b+c+1)], there are 24 rules in the ternary
case. Other, often larger, sets of isotrigon rules are also
discussed below. Figure 1 shows examples of the 24 tex-
ture types generated by the Box glider and the 24 isot-
rigon rules. For a given glider the six rules of each group
can be divided into two sets of three rules, each set of
three generating superficially similar textures, the M and
the I subgroups (Fig. 1). The reasoning for these names
will be given below once a few concepts have been devel-
oped.

Box Glider, Seed Noise = [-1 1]
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Fig. 1. Examples of textures generated with the Box glider and
the four groups of six rules for combining the inputs during the
recursion process. The 24 rules are given in a succinct modulo 3
form in Table 1. In each case the patterns were generated from
the same matrix of evenly distributed binary noise. Although
some of the patterns look similar, their minitexture content is
quite disparate (Table 4, Appendix A).

We found that for each of these four groups of rules the
sets of 27 discrete equation coefficients were simpler for
two of the six rules in having many x4, coefficients set to
0 (Appendix A, Table 3). We refer to these as the M; and
I; rules (Figs. 1-3). In the case of the M rules, the simpler
rule generates the most structured textures, particularly
when the seed noise for the recursion process is set to —1
or 1 with equal probability instead of the usual ternary
noise {-1,0,1} (cf. Figs. 1 and 2). As we will see, a minor-
ity of these binary seeded textures, but not the ternary
seed textures, can be detected by special second-order



Maddess et al.

rules but are isotrigon by the methods described in rela-
tion to Eqs. (1) and (2), which have been described
previously®® and which were used to generate Fig. 6 be-
low.

The 27-term discrete equation form of the texture-
generating rules is cumbersome. One can also specify the
rules in terms of 27 substitutions. The starting point for
this method is that for a ternary texture composed of
{-1,0, 1} pixels there are exactly 27 possible input triplets
{-1,-1,-1],[-1-10],...[0,0,0],...[1,1,1]}, and so one
can define a 27-element substitution rule that dictates
that the output, f(a,b,c), for a given input triplet is one of
-1, 0, or 1. Examples of substitution rules for the textures
presented in Fig. 7 below are given in Table 6 of Appendix
A. Those rules are more compact, as they result from glid-
ers with only two inputs. Examples of the longer tables of
substitution rules for textures created from the input
gliders are given elsewhere.?? The mathematical relation-
ship between these substitution rules and the multino-
mial rule and its derivation has also been given
elsewhere.? Nevertheless, like the multinomial discrete
equation version, 27 terms are required. The six substitu-
tion rules for group 0 have been given before.?®

We have found that a simpler form of the isotrigon
rules is possible if modulo 3 arithmetic is used, yielding
compact linear functions of a,b,c. The resulting 24 mod
linear isotrigon discrete functions or rules are given in
Table 1. The rules can be defined for the textures being
composed of {0,1,2} or {-1,0,1} values; we have used the
former here, as it is more in keeping with the modulo 3
idea. Which representation is better is moot, given that
achromatic textures taking the values 0,1,2 will present
contrasts of -1,0,1 to the eye.

Notice that all rules are of the form pa+qgb+rc+sd=u,
where the addition is modulo 3, and all letters are inte-
gers modulo 3, with a, b, ¢, and d representing pixel val-
ues and p, q, r, and u defining the glider rule. Each of the
rules in Table 1 has all of p, ¢, r, s {1, 2=-1}. Note that

Box Glider, Seed Noise =[-1 0 1]

Rule Group

Fig. 2. M rule Box textures generated with ternary seed noise.
Table 4, Appendix A, shows that only the M,, group 1 patterns
are not changed from the case of using a binary seed. As shown in
Table 4, the I textures are the same for both types of initial noise,
each having the correct number and characteristic set of 243
minitextures.
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Fig. 3. Textures generated from the group 1 M rules by using
eight other gilders. The Corners glider is given in Eq. (3), and the
others can be found in Ref. 19.

for de{0,1,2} and se{1,2}, mod3(sd)=kiffd
=mod 3(sk). Thus, any of these rules can be written as
sd=mod 3[u—-(pa+qb+rc)] or, equivalently, d=mod 3{s[u
—(pa+qb+rc)]}. The expressions appearing in Table 1 are
generators of d of this sort. There are six permutations of
the three-element set {0,1,2} (modulo 3), and each of
these can in turn be written as linear substitutions, e.g.,
x—x+1l,x—>x+2, x—2x, x—2x+1, x—2x+2, x—x. Each
of these substitutions acts of the above equation, mapping
onto an equation of the same form.

The next few sections are dedicated to issues relating to
how the textures can be identified and how many textures
make a representative training set. As will be shown, tex-
tures of about 33 pixels square or greater are each good
representatives of their texture group, and a training set
of a dozen or so are sufficiently large to ensure that the
mean 3CF (and so also the 2CF) are not significantly dif-
ferent from zero at all points.
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A. Minitextures

We previously introduced concept of minitextures and
their spectra to compare binary textures.'® The basic idea
is to partition the texture into a tessellation of smaller do-
mains, typically 3 X3 pixels each. For three-level noise,
with an equal probability of each level, there will be 3°
=19,683 unique minitextures. If at least one pixel is de-
termined, this falls to 3%=6561 possible minitextures.
Since all the textures described here are deterministic,
they therefore all have 38 or fewer minitextures no matter
how large the texture example. For different gliders dif-
ferent patterns of the initial noise contribute
deterministically,19 and so particular numbers of minitex-
tures result for particular gliders. The Box glider pro-
duces particularly constrained textures with a maximum
of 3M+N-1)=35-943 minitextures, where M and N are the
dimensions of the minitextures (for other gliders, consult
the Table Al in Ref. 19 but replace the 2 in the base of
each power function with a 3). Note that Box textures pro-
duced by different rules each have different sets of 243
minitextures. One can thus form a histogram of the ac-
tual minitextures found in a texture. The histogram is
formed with 19,683 bins, one for every possible minitex-
ture, providing a minitexture spectrum that identifies the
texture type!” (Figs. 4D and 4E). Table 4, Appendix A,
shows the number of minitextures that are shared be-
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tween the texture types shown in Fig. 1. Although some of
the textures are superficially similar, it is worth noting
that none of the M textures share any minitextures with
any other M texture within a rule group, and similarly for
the I rules. Also, only limited overlap occurs between
minitextures present in textures from different groups.
So, for example, the My and M, textures from groups 0
and 1 share no minitextures; groups 2 and 3 share only
six (nine if the seed noise is {-1,0,1}).

The textures of Fig. 1 were generated by using binary
seed noise because we had noticed that when we did this
some of the patterns became simpler in appearance. We
checked the average 2CF and 3CF functions of all these
patterns (and all the texture types described in this pa-
per) by our previous method?® and used Subsection 3.C on
convergence functions (Fig. 6 below) to confirm that the
simpler versions are also isotrigon (but see Subsection 3.F
on modeling). Only some of the M, M, and M, rules be-
come simpler (in having fewer minitextures) when they
are initialized with binary noise as quantified in Table 4,
Appendix A. Notice that the number of unique minitex-
tures falls as low as 111, again no matter how large a tex-
ture example is generated. Figure 2 shows examples of
the M textures generated by using three-level seed noise.
Figure 3 shows textures generated for the other gliders
for rules M to M.
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Fig. 4. Minitexture spectra example. All the figures are for the Box M, textures of the type shown in A, which is 33 X 33 pixels in size.
All texture examples were generated from ternary noise. B, Number of minitextures (mtx) found in each of 150 examples, each 33
X 33 pixels; the mean+SD is 210.5+16.81. Note that the maximum number is 243 minitextures. C, Mean+SD cumulative number of
minitextures found; all possible minitextures are observed by an average of four examples (mean, solid curve; +1 SD, dotted curves). To
compute the SD the 150 examples were divided into 10 sets of 15, and the cumulative function was computed 10 times. The horizontal
dashed line indicates 243, the maximum number of observable minitextures in any Box texture. D, Raw minitexture spectrum, showing
all 3°=19,683 possible bins, 243 of which are filled. The ordinate shows the mean minitexture count. E, 243 nonzero bins of D concat-
enated (black curve) displayed with +1 SD. Overall each example is highly representative of the parent texture type from which it is
drawn. Minitexture spectra for all glider types were similarly flat. Nonisotrigon patterns can have very uneven spectra.
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Illustration of the special matrix modulation properties of textures created from M rules. For all four rule groups there is an

increment matrix, A, which is a regular tessellation of a unit cell (Table 2), the unit cell for group 0 rules being shown at top right. Left
column, titled Original, three textures created from one (ternary) seed noise matrix by applying rules My, M;, M,, and the Box glider.
Middle column, titled mod 3(M+A), textures obtained by incrementing (or decrementing) by A as shown on the ordinate labels. Right
column, (with the unit cell at the top) shows that there is no difference between the ordinals and the increment derived textures. It is
worth noting that, in modulating, the patterns commonly undergo local orientation changes.

B. Modulation Properties

An interesting feature of these textures was that a simple
operation can convert some texture classes to others. The
simplest case is for the textures generated by the I rules.
The operation is simply to add 1 to all the pixels and then
take modulo 3. Then I is converted to I;, then to I,, and
then back to I. Thus, the name I implies “increment” tex-
tures, and this property also explains our presentation or-
der, where I; has the simple discrete function (Table 3,
Appendix A) and the other two are obtained by increment.
The most obvious feature of the I Box textures is their
rectangular domains, which are all of one intensity level.
If black, gray, and white correspond to values of 0, 1, 2,
then it is easy to see that black rectangles transform to
gray and so on. While the transformation of the rect-
angles is simple, recall that the various I textures share
few minitextures, so the remaining parts of the texture
are quite dissimilar.

It is important to note that if the same seed noise is
used to generate, say, an I, Box texture and an I; Box tex-
ture and then I is transformed to I;=mod 3(Iy+1), then
I, #1]; however, the minitexture spectra of I; and I} are

identical, indicating that they are of the same texture
type. The fact that the same seed noise does not generate
increment pairs is evident from Fig. 1, where all the ex-
amples were generated from the same matrix of seed
noise. The M textures can also be switched between
groups by incrementing and taking modulo 3, but they
have another increment property that guarantees that
these special increment pairs are equal to what would be
obtained by generating each from the same seed noise
matrix. It is worth noting, given the deterministic nature
of these textures, that if a given seed noise is used to gen-
erate I, and then that seed noise is incremented mod 3
and used to generate an II texture, that this texture will
be identical to the texture I derived by incrementing 1.

In this, possibly more useful, special form of modula-
tion a regular increment matrix, A, consisting of {0,1,2}
elements is added, and modulo 3 taken, to transform M,
to My, M; to My, and My to M. This process is illustrated
in Fig. 5. The name of these rules therefore derives from
this matrix incrementing. The increment matrix differs
for the four groups of rules. They are all regular matrices,
however, and so each can be described by its unit cell
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(Table 2). In fact, the original binary Box Even and Box
0Odd patterns were related by an increment matrix like
that for group 0 here, but where the unit cell contains a 1
instead of a 2 and the operation is modulo 2. This prop-
erty was exploited usefully for generating stimuli for
evoked potential studies of texture discrimination!’-1314
in that a component derived from modulation of the
higher-order statistics of the textures can be measured.
We expect that the modulation properties described here
will prove to be similarly useful, possibly more so given
the diversity of modulation possibilities.

Simple increment matrices also exist for the Oblong
and Corners textures. This occurs because these textures
are just tessellations (or multiplexes) of Box textures. The
Oblong glider is obtained from the Corners [Eq. (3)] by
swapping the second and third rows. For Oblong textures
every alternate column is drawn from one of two indepen-
dently generated Box patterns; the independent Box pat-
terns are therefore interdigitated columnwise, ABAB,
with A indicating a column from Box texture A, and B in-
dicating a column from Box texture B. Corners textures
are composed of four independent Box textures

A B
C D

as if two Oblong textures were interdigitated rowwise.
This can be understood by inspection of the gliders them-
selves and consideration of the recursion process that
generates these textures.

Textures formed by the M rules using gliders other
than the Box, Oblong, and Corners gliders (Fig. 3) do not
have increment matrices that can be described by a tes-
sellated unit cell. One can, however, generate an incre-
ment matrix for these textures by computing two tex-
tures, M; and M;,, from the same seed noise and then
subtracting them. This matrix will serve to transform M,
to My, M; to My, and My back to M. The existence of in-
crement matrices to cycle among the rules can also be un-
derstood from considering the modulo 3 linear form of the
rules, pa+qb+rc+sd=u. This follows from observing that
the above rules are linear (even if they were not related to

Table 2. Increment Matrix Unit Cells

0 o0
Groupy= 9

[0 0
Group;=|0 1 2

10 1

[0 0
Groupy,=|0 1

0 2

[0 0
Groups= 0o 1 29
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one another by a linear substitution; see above). Fix p, q,
r, and s. A solution for ©=0 can be added to any solution
for u=1 to get another solution for u=1. The increment
matrices are just solutions for u=1 or u=2 obtained with
rows and columns of the seed matrix initialized to 0.

C. Convergence Properties
The utility of isotrigon textures derives from the fact that
an ensemble average has a 3CF that everywhere ap-
proaches 0 (and so too for the 2CF, except at the origin by
definition). Questions therefore arise as to how many ex-
amples are needed to reach an average 3CF that does not
differ from zero and how representative of a given texture
class a particular example is. We have already had a taste
of this in Fig. 4. Figure 4B shows the number of minitex-
tures seen in 150 examples, each 33X 33 pixels. The
mean=+SD is 210+16.8 minitextures per example. Figure
4C shows the mean+SD (dotted curves) cumulative num-
ber of each minitexture. On average the total possible
number of minitextures that can be seen in these textures
is reached by four examples. This arises because the
chance of encountering a given minitexture is quite uni-
form, as shown by the very flat minitexture frequency
spectrum (Figs. 4D and 4E). These results show that not
only is every possible minitexture seen in almost every 33
square pixel example, but that an average of just over 4 of
every possible minitextures is seen in every single texture
example (Fig. 4D). This may seem at odds with the mean
occurrence rate’s being about 210 per example, but this
means that in some cases particular minitextures tend
not to occur, leading to high variance for some minitex-
tures (Fig. 4E). The spectrum is calculated only for con-
tiguous minitextures; if the overlapping case is consid-
ered, about nine times more minitextures are seen in
every example. Contiguous minitextures are more obvi-
ously instantaneously observable, so we consider only
those minitextures here. Clearly, even for modest-sized
textures, every example is a good representative of its set.
We examined empirically how many textures are
needed to obtain a mean 2CF or 3CF that is not different
from 0. To do this we created 200 examples of 33 X33
pixel textures. This was done for 14 texture types, includ-
ing some not discussed so far. We then used a method
given in more detail elsewhere to examine the
convergence.?? The 2CF and 3CF of each texture were
computed as previously described. The sets of 200 CF's
were divided into 8 subsets of 25. For each set of 25 CF's
we computed the pointwise mean and standard deviation
for each of the first 3, 4, 5, 6...25 CFs. The resulting
mean and SD arrays were then divided pointwise to yield
functions with the same forms as the CFs but where the
coefficients were ¢ statistics (z scores if N were infinity).
The maximum ¢ statistic in each CF was then found. This
was repeated for the eight blocks of examples so that
standard deviations in the maximum ¢ values could be es-
timated. Figure 6 shows how the maximum ¢ values de-
clined with the number of textures considered. We refer to
these plots as “convergence” functions. When every ¢
value was less than 2, the mean CF was taken to be not
significantly different from 0. For all texture types exam-
ined, this level was reached when at least 12 CFs were av-
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Fig. 6. Convergence functions exploring how many examples
are necessary to obtain mean 2CFs and 3CFs that do not differ
from zero for textures and noise. For each texture type 200 ex-
amples were created, and these were blocked into 8 sets of 25 ex-
amples. The 2CF and 3CF of each were computed, and then the
mean and SD for each of the 8 sets of 25. The ratio of the result-
ing functions was computed pointwise, yielding a ¢ value for each
coefficient in the original CF. This was repeated for the first
3,4,5,6...25 textures in each set of 25. The maximum ¢ statistic
was then found in each case. The process was repeated for the
ternary seed noise matrices used to generate each texture. A, D,
Plots of the maximum ¢ value for binary (black and white) Box
textures (squares) for the 2CF's (A) and 3CFs (D), and for the ran-
dom noise (circles). The textures actually proceeded more rapidly
to 0 than the random textures. B, E, Similar plots for Group 0,
M; Box textures, perhaps the most similar to the binary Box tex-
tures. These (squares) converged at a rate that was not apprecia-
bly different than for the random ternary noise (circles). The gray
regions are the envelopes enclosing the convergence functions for
M; textures for the all gliders shown in Fig. 3. C, F, Convergence
function for 2V3L textures shown in Fig. 7. Error bars are SD.

eraged. Thus 12 would seem to be a reasonable minimum
number of training textures.

We also examined the convergence functions for the
2CFs and 3CF's of the seed noise used to generate the tex-
tures (circles, Fig. 6). Thus we could compare how the tex-
tures converged compared with the random textures. The
first texture examined was the original binary Box tex-
ture. Interestingly the textures converged quicker than
the binary (black and white) noise (Figs. 6A and 6D).
Aside from those binary textures, the new textures de-
scribed so far in this paper can be described as three-
input-variable, three-level, textures (3V3L). The square
symbols in Figs. 6B and 6E correspond to group 0, M; Box
textures, the most similar to the binary Box textures.
These converged at a rate that was not appreciably differ-
ent than for the random ternary noise. The gray regions
in Figs. 6B and 6D are the envelope enclosing the conver-
gence functions for all M; textures for the gliders shown
in Fig. 3. Figures 6C and 6F are for another type of isot-
rigon texture, the two-input-variable, three-level textures
(2V3L).
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D. Other Textures

We used the previously described method for generating
interesting rules to attempt to develop some rules for the
2V3L case. This generated a set of 12 rules. Empirical
testing, using the ¢-function method described above, in-
dicated that only four of these rules did actually produce
interesting textures. In the two-input case there are nine
possible input pairs from {[-1,-1],[-10],...[0,0],
...[1,1]}. The discrete equations have the form

2 2
fla,b) = >, D) Xapya P (6)

a=0 =0

The discrete equations, and their simpler modulo 3
variants, are given in Table 5, Appendix A, and the
equivalent substitution rules in Table 6. These rules cor-
respond to the modulo 3 linear rules described earlier of
the form pa +gb+rc=u. Notionally this should provide 24
rules, where p,q,r=+1 and the parameter « is -1, 0, or 1.
Half of these rules are not unique on multiplication with
-1, and of those only four have u=0, and they are the isot-
rigon rules in Tables 5 and 6. Overall there are only 3°
=19,683 possible rules in the 2VL3 case. We checked the ¢
functions for all of them (2 months computer time), and
only those four rules were isotrigon. There are many pos-
sible two-input gliders defined on a 3 X3 domain. We ex-
amined 21 gliders. Four that provide more structured
looking textures for each rule are shown in Fig. 7.

Two Input Examples

Rule 3 Rule 2 Rule 1 Glider

Rule 4

Fig. 7. Examples of 2V3L isotrigon textures. We examined tex-
tures created from the 4 rules (Table 5) and 21 gliders defined on
a 3 X 3 pixel domain. The four gliders shown in the top row gave
reasonably structured looking patterns. Note that these repre-
sentations of the gliders are greatly magnified, as their block pix-
els are in fact the size of the pixels in the texture examples; gray
pixels denote inputs (a,b), and the white pixels denote the loca-
tion where the output, £, should be inserted during recursive gen-
eration of the textures. Interestingly, many 3VL3 rules generate
a texture very similar to that of the three-level triangles of §lider
3, rule 1, here but none of those 3V3L textures is isotrigon,* (Fig.
9).
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Five Levels

Fig. 8.
(8V5L) showing a range of behaviors. B, D were made with the
Box glider, C the Oblong glider, and D with Zigzag.

We also examined the three input cases for four and
five gray levels. We have so far identified 2 groups of 24
isotrigon rules for the 3V4L case, and 24 rules for the
3V5L case. The discrete equations have the same form as
Eq. (4), but the summations run to n=3 or n=4. Many of
the textures look familiar (e.g., Fig. 8A), while others are
less so (e.g., Fig. 8B). Interesting modulation relations ex-
ist between many of the textures, like those of the 3V3L
M subgroup of textures. It is worth noting that the linear
substitutions that determine the rules of Table 1 do not
apply to the four- and five-level cases.

E. Texture Discrimination

A previous study of discrimination of the limited set of bi-
nary isotrigon textures showed that relatively simple
models could mimic human performance.19 That study
compared the performance of formally second- and fourth-
order discriminant models relative to that of human sub-
jects. Predictably, only fourth-order models could success-
fully discriminate the isotrigon textures, and some
models emulated human performance well. We therefore
decided to examine the performance of a larger set of re-
lated models and compare that with our larger set of hu-
man texture discrimination data.

Consistent with that study, discrimination experiments
were done here by using textures presented at three sizes,
8, 16, and 32 pixels square (Section 2). The subjects’ task
was to discriminate the textures from random ternary
noise that was presented in half the trials. Note that
noise patterns with uniformly distributed numbers of
gray levels are isotrigon with the present textures. If, as
in the present case, the contrasts levels are -1, 0, and 1,
then like the textures the mean 2CFs and 3CFs of the
noise patterns are 0 everywhere (except at the origin of
the 2CF). Subjects fixated a small spot at the CRT center.
Blocks of trials were conducted for each texture, the order
of the blocks being random. Before each trial subjects
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were given a paper example to study, which showed 12 ex-
ample textures of the texture to be tested. Each example
was 33 pixels square and was presented against a me-
dium grey background. Subjects were at liberty to study
the examples for as long as they wished, which was typi-
cally less than a minute. Sample and test stimuli were
seeded with binary noise, and so their minitexture com-
position matches that of Table 4 (Appendix A). The tex-
ture comparison experiments were done in blocks of 16
trials for each size, beginning with 32 pixels square and
finishing with 8 pixels square. Subjects had a rest break
of many seconds between these blocks of 16 presenta-
tions. A tone indicated an incorrect choice; so there was
thus scope for learning within the 48 presentations per
texture type. Two subjects (TM, YN) completed 16 trials
at each scale for rules groups 0, 2, and 3. Two other sub-
jects (IH, KO) completed the group 2 comparisons.

The resulting data are shown in Fig. 9. There seemed
to be an obvious practice effect in that the results for 16
pixel square textures were sometimes better than for the
32 pixel square textures. Overall, M textures gave better
performance than I textures, and the Box textures were
the most discriminable.

F. Some Models
Our objective in these models is to examine the simplest
possible models that can mimic human performance. A
previous modeling study based on human discrimination
of 16 binary isotrigon texture classes indicated that mod-
els that contained a fourth-order comparison of about four
receptive field (RF) types that spanned a small range of
sizes (~2) and orientations (~2) could mimic human tex-
ture discrimination of those isotrigon textures.!® Those
models all had three stages: (1) convolution with the RF
operators on a small training set of textures, (2) comput-
ing variance measures in the RF outputs, and (3) comput-
ing the best linear or quadratic discriminant classifier
model® based on the RF variance measures. Models us-
ing five types of RF variance measure, two global and
three local measures, were compared. Since the inputs to
the discriminant process were second order (i.e., vari-
ance), the application of linear or quadratic discriminant
models yielded classification rules based on second- or
fourth-order correlation information. Predictably, no
second-order model performed well, since isotrigon tex-
tures by definition cannot be discriminated on average by
second- or third-order statistics. Overall the basic objec-
tive was not to find physiologically realistic models per se,
but rather to use nonparametric statistical models to
place quantitative limits on the types of required compu-
tation. We did, however, demonstrate that a cascade of
two second-order processes, as occurs in all these models,
is physiologically plausible by using only rectification, ad-
dition, and subtraction.'®

The power to discriminate between models that yield
similar results was limited in our former study by the
small number of texture comparisons. Armed with a
larger data set, 30 per rule group, we decided to examine
similar models again. In the first set of models the dis-
criminant functions were optimized for each texture.
Thus, although the RF inputs and variance calculations
were the same, the weights for the classifier models were
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Fig. 9. Human discrimination of 90 isotrigon patterns from random ternary noise patterns. The test contained 16 trials for each of 3
texture sizes: 8 X8, 16X 16, and 32 X 32 pixels. All patterns were presented at the center of a display surrounded by random ternary
noise. Test patterns were made by using three of the four possible rule groups (Table 1). The abscissa marks the gliders used: Bx, Box;
Co, Corners; Cr, Cross; Ob, Oblong; Zi, Zigzag. The gliders repeat for each of the six rules per group, from left to right: M,, M, M,, I, I;,
I,; vertical dotted lines demark the Box textures. The dotted horizontal line in each panel marks chance performance (p=0.5). Repre-
sentative error bars (SE) for one each of the stimulus sizes are presented in each. Note that performance for 8 X 8 textures is similar to
16 X 16 and often better than for 32 X 32, apparently due to a practice effect.
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Fig. 10. Accuracy functions from discriminant models based upon the variance in the responses of four receptive field types (see text)
in response to textures versus ternary noise, i.e., the same comparison as in Fig. 9. Row A, Group 0 textures, B, Group 1; C, for Group
3; otherwise the same model form was used for all textures. The four receptive field types used in the model are shown in the inset at top
right. The receptive field sizes can be gaged from the fact that the pixels in the two oriented versions are the size of the pixels in the
textures. Two types of variance, the standard variance (SV) and the Allan variance (AV) were used. The dotted (AV) and dashed-dot (SV)
lines hovering below 70% correct are the outputs of models where the best linear discriminant classifier operated on the variance mea-
sures. Note that none of these second-order models is able to discriminate the isotrigon textures efficiently. Thus, none of these second-
order models performed like humans. In models where the best quadratic classifier (based on weighted products of the variances, hence
fourth order) was used, performance for M textures was reminiscent of that of the human subjects, being high for Box and Oblong, but
low for Cross. For the I textures, accuracy less clearly reflected that of humans.
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Fig. 11. Example receiver operator characteristic (ROC) plot.
The plot was produced with the Box M, point in Fig. 10 for SV.
The plot shows the mean ROC plot+SE from bootstrap estimates
(N=50). The solid dot is the mean accuracy derived from 50 boot-
strap estimates of the accuracy. This process was repeated to de-
rive each point in Figs. 10 and 12.

optimized for each texture type. The same RFs and vari-
ance measures were computed for ternary noise input,
and these were contrasted with the similar measures
from the textures in forming the discriminant classifiers.

Figure 10 shows outputs for a single model applied to
group 0, 1, and 2 textures. The quantity plotted on each
ordinate is derived from receiver operator characteristic
(ROC) plots (Fig. 11) of classifier performance. The ordi-
nate on these ROC plots is the sensitivity, in this case the
probability of correctly identifying a texture when a tex-
ture is presented. The abscissa is the false positive rate
(FPR), the rate at which a texture is reported when the
stimulus is a noise pattern. The specificity is 1-FPR, or
the probability of correctly identifying noise when noise is
presented. Since there is no greater penalty for either
type of error, we can take the closest approach to the top
left corner of the plot by the ROC curve, i.e., the point of
highest simultaneous sensitivity and specificity, as a mea-
sure of classifier performance. This is sometimes referred
to as the accuracy, the quantity plotted in Figs. 10 and 12.
In fact we made bootstrap estimates (N=50) of the stan-
dard errors in the ROC plots and the accuracies.

The best performing models here were similar to the
best performing model for binary textures,'® having two
unoriented and two oriented RF's, one each at sizes 2 X2
pixels and 3 X3 pixels (inset, top right of Fig. 10). The
dashed and dotted curves hovering around probability p
=0.65 are the output of the best performing second-order
models. Overall, these second-order models performed
very poorly, and nothing like humans. This agrees with
our previous findings on binary isotrigon textures.!® Two
curves are presented for two linear and two quadratic dis-
criminant models. The two quadratic curves (solid,
dashed) are for global variance measures, the standard
variance (SV) and the Allan variance®® (AV); the three lo-
cal variance models used previously gave only poor dis-
crimination, <0.7, and so are not shown. For the M rules
the model accuracy was qualitatively similar to that of
humans (cf. Fig. 9), with good performance for Box (Bx)
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textures and Oblong (Ob), and poor performance for Cor-
ners (Co). We examined 25 models (X5 variance mea-
sures) that encompassed receptive field side lengths of 2,
3,4, 5, 6,10, and 12 and that were oriented (+45°) or un-
oriented. Overall we could get good discrimination of any
of the I textures only when the 2 X2 RFs were included.
In general we kept to four or fewer RF types because the
number of coefficients in the quadratic discriminant case
grows as the square of the number of input RFs, and we
did not want to overmodel the data. For the present mod-
els discrimination was good for only the I; Box pattern
and not I or I,.

The results from the 25 sets of models suggested that
perhaps more than one mechanism had to operate to yield
humanlike performance for both M and I textures. One
simple way to address this idea is to examine how well a
single model would perform on all textures. By this we
mean not just a model of similar structure (i.e., the same
RF inputs and variance model) but the same set of
weights in the classifier model. To do this we selected a
particular texture type to train the classifiers (linear and
quadratic), then took the mean coefficients from 50 boot-
strap repeats, and applied that classifier to all textures.
Figure 12 shows selected results from 47 model sets (X5
variance measures), which were informed by the earlier
25 model sets. For Figs. 12A-12D the training texture
was the My Box pattern. For Figs. 12A and 12B the four
model RF's had sizes 2 X2 and 6 X 6 and orientations +45°
(insets top right), Fig. 12A being for group 1 rules and
12(B) for group 2 rules. Several such models gave simi-
larly good performance, providing the training texture
was of an M type. None of these models worked well for I
textures (Figs. 12A-12D). Figure 12C shows the perfor-
mance for the model of Fig. 10 for group 0 textures. The
interesting feature here is the results that were signifi-
cantly less than 0.5 for M Cross patterns. In fact, this re-
sult was occasionally observed for some subjects, leading
to a few very low mean values for these textures in Fig. 9.
Adding a third scale (4X4) of oriented RFs moderated
this effect (Fig. 12D). To obtain high accuracies for any I
texture, we had to train on that I texture. Occasionally
this gave reasonable performance when the (quadratic)
classifier trained on I textures was applied to M textures
(Fig. 12E, RF's sized 3 X3 and 6 X6 oriented at +45°). In
one case, training on the I; Box patterns actually gave
performance =0.5 for all M textures (Fig. 12F); the model
was similar to those of Figs. 12B and 12C in terms of the
RFs applied. Overall the results suggest that three to four
different models might need to operate simultaneously to
capture human performance.

A surprising result from the modeling study was that
some textures could be resolved with a second-order
mechanism. These were some Box and Cross M textures
generated from binary rather than ternary seed noise.
For particular models only some of these textures pro-
duced high accuracies (p=1.0), while others produced
very low accuracies (p <0.2), and Box and Cross patterns
could be among either the very low or very high perform-
ers for particular models. This odd variability in the mean
accuracies across textures was reproducible (SD<0.07).
So, while these textures had passed the test of rapidly
converging correlation functions, some RF and variance
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measure combinations were able to discriminate these
textures by using a linear classifier. For that reason all
the modeling results reported in Figs. 10—-12 were pro-
duced with textures seeded with ternary noise. None of
the 25 models considered here (X5 variance measures)
gave good discrimination (>0.7) of any of these textures.
Since the psychophysical data of Fig. 9 had been gathered
with patterns created with binary seeds, we examined
discrimination of 20 group 1 textures seeded with ternary
noise. The mean results from 21 subjects are shown as the
thicker dotted curves and circles of Figs. 9(E) and 9(F).
The results were very similar to those for the binary
seeded textures.

4. DISCUSSION

We present simple modulo 3 linear versions of 24 rules
(Table 1) that generate ternary isotrigon textures for
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three-variable inputs (3V3L). In combination with 9
glider patterns these generate 216 texture classes (ex-
amples Figs. 1-3). One can think of rules defined here
that are of the form pa+qb+rc+sd=u as specifying a 3D
subspace of a 4D space, whose direction cosines are p, q, r,
and s and whose offset from the origin is u. A further four
rules for generating isotrigon textures from two inputs
are also presented (2V3L). At least 4 two-input gliders
give quite different and well-structured patterns yielding
at least a further 16 isotrigon textures for study (Fig. 7).
The possibility of four- and five-level (Fig. 8) isotrigon tex-
tures was also demonstrated. One variant of the four-
level case is the complex case using the basis set 1, -1, i,
—i. This permits textures to be made that could mimic in-
teractions across the dimensions of a 2D perceptual space
such as the isoluminant color plane.

Of the 3V3L textures, 90 were examined here for their
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Fig. 12. Model outputs where the best single quadratic classifier model was obtained for one texture versus random comparison and
was then applied to all other texture versus random comparisons. Thus the models assume one fixed mechanism for all textures rather
than one mechanism with adjustable decision weights as in Fig. 10. In all cases the training texture is marked with a dot. The SV (solid
lines) and AV (dashed) were applied to the RF outputs as the inputs to the quadratic classifier. Linear classifiers were also computed in
all cases, but all those accuracies were below 0.65 and so are not shown. The receptive fields for each model are illustrated in the small
inset panel in the top right of each I rule accuracy plot. Notice that scale is slightly smaller for the receptive fields of D, the largest of
which are 4 X4 pixels. A and B compare accuracies for the same four RF's (see text) applied to group 1 and 2 textures, respectively. C,
results for the models of Fig. 10; the low accuracies for Cross textures were actually observed for some subjects, which contributed to the
low p values for those textures in Fig. 9. D, same as C, but data from two larger receptive fields were added, smoothing out the large
variations. For E and F the training was done on I textures (dot), which improved accuracy only for that I texture and occasionally (F)
gave poor performance for the M textures. Overall a single, simple, texture discrimination mechanism looks improbable. Figure 10 in-
dicates that even a single mechanism that is reprogrammable with new weights in the classifier stage is unlikely to be sufficiently com-
plex to emulate human performance on all textures.
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probability of discrimination from random ternary noise
(Fig. 9). An interesting feature of those data was that ac-
curacy improved as the subject went from the larger to
the smaller textures. This undoubtedly indicated that
some learning was occurring but nevertheless suggests
that interactions much beyond 8 pixels are not that useful
in classifying these textures, in agreement with previous
studies of briefly presented (preattentive) isotrigon
textures.%1? Certainly longer-range interactions are im-
portant for longer inspection times.?? The rates of learn-
ing isotrigon textures vary, and it would be interesting to
attempt perceptual learning experiments with those that
are more difficult.

Our modeling studies confirm that fourth-order inter-
actions between a small number of receptive fields that
collectively span orientation space can mimic human per-
formance, at least for the M textures (Fig. 10). Further
modeling results suggested that a single classification
scheme cannot explain all human performance and so ei-
ther a more-complex model (Fig. 12) or a few simple mod-
els acting in parallel are required. One way to pursue the
issue of one more-complex model or multiple independent
models is to examine the covariance within the texture
discrimination functions of a relatively large number of
subjects and textures. This approach follows that of Pe-
terzell and Teller.?®> We are currently investigating this
approach.

We examined some blob-detector models as suggested
by Tyler.?? Here we created models based on as many as
seven scales of unoriented RFs. The larger models could
have been overmodeling the data. The outcome was that
performance increased with increasing number of RF
scales but the accuracy functions were uniformly high,
i.e., not like human performance. This confirmed the simi-
lar result for binary isotrigon stimuli,'® Fig. 11.

Another issue addressed here was the convergence of
the average second- and third-order correlation functions
toward being 0 everywhere (Fig. 6). This was examined in
two ways. First, examining the 3 X 3 minitextures present
in the simpler Box textures showed that 33 X 33 pixel ex-
amples will contain, on average, about four examples for
every minitexture possible (Fig. 4(E)), and that within
four such sample textures every possible minitexture will
certainly be seen. It is worth noting that there was very
little overlap in minitexture content, even for superficially
similar textures (Table 4, Appendix A). In the second
method we computed the mean and standard deviation in
collections of second- and third-order correlation func-
tions to compute ¢ statistics for each coefficient of these
functions. The maxim ¢ value was always less than 2 for
an average of 10-15 example textures. Overall this means
that even fairly small ensembles of texture examples are
highly representative of their class, both in terms of their
minitexture content and the fact that their average corre-
lation functions converge to 0 at least as rapidly as ran-
dom ternary noise. Tyler21 has suggested that textures
should be evaluated, and even defined, based upon the en-
semble statics of smaller exemplars drawn from a parent
texture example. In some ways this is related to the idea
of characterizing deterministic textures in terms of their
minitextures, but Tyler’s method can be extended to natu-
ral textures; see also Ref. 34. 1t would be interesting to
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Table 3. Group 0 Discrete Equation [Eq. (5)]

Coefficients

Xopy a“bPe” M, M, M, I, I; I,

X000 1 -8 0 8 -8 0 8
X100 a 4 -8 4 -4 8 -4
X010 b 4 -8 4 -4 8 -4
X001 c 4 -8 4 -4 8 -4
X110 ab 6 0 -6 6 0 -6
X101 ac 6 0 -6 6 0 -6
Xo11 be 6 0 -6 6 0 -6
%900 a? 12 0 -12 12 0 -12
X020 b? 12 0 -12 12 0 -12
X002 c? 12 0 -12 12 0 -12
X210 a®b -6 12 -6 6 -12 6
X901 a’c -6 12 -6 6 -12 6
X190 ab? -6 12 -6 6 -12 6
Xo21 b2 -6 12 -6 6 -12 6
X102 ac? -6 12 -6 6 -12 6
X012 be? -6 12 -6 6 -12 6
X111 abe -3 6 -3 3 -6 3
X990 a’b? -18 0 18 -18 0 18
X902 a?c? -18 0 18 -18 0 18
X929 b2c? -18 0 18 -18 0 18
%11 a’bc -9 0 9 -9 0 9
X191 ab’c -9 0 9 -9 0 9
X112 abc? -9 0 9 -9 0 9
X991 a?b?c 9 -18 9 -9 18 -9
X912 abc? 9 -18 9 -9 18 -9
X199 ab?c? 9 -18 9 -9 18 -9
X999 a?b?c? 27 (1] -27 27 0 =27

evaluate the Tyler model to see if it can predict human-
like performance for the present textures.

The small number of minitextures in some textures
highlights a powerful way of discriminating random from
deterministic textures, which is the ratio of the number of
minitextures found compared with the number expected
for a random texture. For the three-level case of Box tex-
tures versus random textures the maximum ratio for M
X N minitextures is 3N*M-1/3VM=1/3WN-DM-1) ' which be-
comes vanishingly small as N and M grow larger.'? For
even the most random looking textures shown here (e.g.,
Foot or Wye in Fig. 3) the ratio for 6 X 6 minitextures is
32N+2M-1/3NM _g 27 % 10~7. In some ways it seems ex-
traordinary that we cannot discriminate from noise (see
Fig. 9) textures that would occur naturally only at less
than 1 chance in a million, even when 25 contiguous 6
X 6 pixel examples are found in a 33 X 33 pixel example.

A potentially useful property of some of the newly pre-
sented textures was their capacity to morph from one
class to another by simply incrementing the value of cer-
tain pixels (text associated with Fig. 5). Victor and col-
laborators have exploited a similar property of the binary
Box textures to evoke neuronal' and VEP response com-
ponents that can be identified with calculation of higher-
order correlation information.'**> Hopefully the similar
properties of a much larger collection of isotrigon texture
will permit a more detailed investigation of neural prop-
erties.

The fact that some of the textures created from binary
seed noise could be discriminated from noise on the basis
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Table 4. Number of Minitextures Shared between the Texture Types Shown in Fig. 1
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of second-order statistics for some RF types means that
claims about isotrigon properties need to be checked rig-
orously. We are currently comparing discrimination of
textures generated from binary and ternary seeds. In
principle these may provide a sensitive measure of what
neurons respond to, given that one can now produce su-
perficially similar textures that are, or are not, isotrigon.
The fact that for some rules how you initialize them mat-
ters, while for others it does not, is a statement that some
rules are invertible, and others are not. For deterministic
rules, one can see that “invertible” and “ergodic” are
equivalent. An even stronger statement is true: all con-
figurations of a given size are either allowed or excluded,
and the allowed ones have equal probability.31

A possible criticism of the textures presented here is
that they are not natural. It is true that they are not
natural in the sense of not having the characteristic 1/f
amplitude spectrum.?*3® They are natural in the sense of
having corners and intersections. Recent studies show
that to accurately reconstruct corners and intersections
fourth- to sixth-order correlation information is required.3
This just confirms the common sense statement of Pur-
pura et al.! that information about three or four relation-
ships is necessary to encode information such as contours.
Another way to make the patterns more natural is to lin-
early filter them in order to produce a 1/f spectrum. In
that case the patterns remain isotrigon with similarly fil-
tered noise.!>#528

APPENDIX A

In Table 3, note that, although the discrete equation has
the same form whether the seed data are {-1,0,1} or
{0,1,2}, the actual coefficients will differ. The presented
X4y are those for the seed={-1,0,1} case. They typically
have fractional values but are here multiplied by 8 to

Table 5. Examples of Substitution Rules (Fig. 7)

Name Discrete Equation Modulo 3 Version
Rule, —a-b+1.5a%b+1.5ab? mod 3(2(a+b))
Rule, a+b-1.5a%b-1.5ab? mod 3(1(a+b))
Rule, a-b+1.5a%b-1.5ab? mod 3(2(-a+b))
Rule, -a+b-1.5a2b+1.5ab? mod 3(1(-a+b))

Table 6. Equivalent Substitution Rules (Fig. 7)

Inputs Outputs (f)

a,b Rule, Rule, Ruleg Rule,
-1,-1 -1 1 0 0
-1,0 1 -1 -1 1
-1,1 0 0 1 -1
0,-1 1 -1 1 -1
0,0 0 0 0 0
0,1 -1 1 -1 1
1,-1 0 0 -1 1
1,0 -1 1 1 -1
1,1 1 -1 0 0

Maddess et al.

make them all integers for ease of presentation. Note that
the full discrete equation is the sum of all the 27 multi-
nomial terms: f(a,b,c)=x000+x100a+ tee +x111abc+- e
+%199ab%c? +x99902b%c2. The equations for M; and I; are
the simplest, given their large number of 0-valued coeffi-
cients.

In Table 4, textures were all generated with binary
{-1,1} seed noise. When the textures are seeded with ter-
nary noise {-1,0,1} the diagonals are all 243, and off-
diagonal entries corresponding to values larger than 9 be-
low are all 27. For those with 9 or fewer here, the number
is 9. The 8 bolded zeros in the table have 27 intersections
in the ternary case. Tables 5 and 6 show substitution
rules related to Fig. 7.
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