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In broad terms, the goal of a sensory system is to allow an organism to gain information about
the external world, taking into account the physical processes that intervene between the sources
of the signals and the organism’s receptors. In olfaction, these transformations may be particularly
complex, as they include the fluid mechanics of odorant transport, which is often turbulent. Here, we
focus on this transformation, viewing it as an inescapable signal processing stage that occurs before
sensory transduction. The typically passive nature of an odorant (i.e., that it is carried by the flow,
but does not affect the flow) allows for a concise characterization of how flow transforms the temporal
characteristics of odorant concentration at the source into its temporal characteristics downstream.
Specifically, the power spectrum (but not the odor concentration time series itself) is transformed
in a linear fashion: spectral components at the source are filtered and mapped to other frequencies
at a downstream sensor. We characterize the dominant processes in the mapping as 1) frequency
filtering acting as a low-pass filter on the source signal, 2) frequency spreading that redistributes
power about the source frequency, and 3) frequency production of an underlying spectrum regardless
of input frequency. Each of these processes arises naturally from the multiscale nature of turbulent
flow environments. This machinery provides a framework for comparison with active sensation,
viewed as another form of signal processing that occurs prior to sensory transduction.

I. INTRODUCTION7

Odor signals drive crucial animal behaviors, yet olfac-8

tion presents a unique challenge among sensing modali-9

ties due in large part to the transformations of the sig-10

nal that occur between release at the source, transport11

through a fluid flow medium, interaction with animal12

sensing architecture, and reception and encoding by the13

animal [1–5]. It is increasingly appreciated that olfac-14

tion is a fast sense: the transduction process is rapid15

[6, 7], and rapid fluctuations in odorant concentration16

can support behavioral decisions [8, 9]. This prioritizes17

the need to understand the temporal dynamics of odor-18

ants in natural environments, and thus, on the physics19

of turbulence. The main goal of this paper is to con-20

nect the physics of transport by turbulent flows to a21

formalism that concisely characterizes how flows trans-22

form the dynamics of olfactory signals, viewed in the23

frequency domain as a signal-processing transformation24

between source and receptor. Improving our understand-25

ing of these transformations provides value for both un-26

derstanding signal properties in naturalistic odor plumes27

[10] and for generating and quantifying odor stimuli in28

laboratory experiments [11].29

The spectral content of a signal plays an important role30

in olfactory navigation, in tasks ranging from detection31

of the odor [12] to discrimination between different odor-32

ants [13] to extracting information and driving behavioral33

decisions during navigation [8]. Though olfaction was his-34

torically considered a slow sense, recent studies demon-35

strate the availability of fast signal dynamics to navigat-36
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ing organisms, including the ability to discriminate odor37

signals up to 40 Hz in mice [14], and up to 1000 Hz in38

insects [6]. At the mechanistic level, olfactory receptor39

neurons show more sensitivity to fluctuating signals than40

static signals [15, 16]; the fluctuations in odor signal pro-41

duced by turbulent transport may therefore benefit the42

task of detection. For discrimination tasks, minute differ-43

ences in the temporal kinetics between different odorants44

provides a key mechanism for identification of distinct45

odors in the presence of multi-component mixtures and46

various background odors [13, 17]. During navigation,47

animals also show behavioral responses to fast dynamics48

in odor signals [18], and leverage temporal characteris-49

tics such as the intermittency of odor encounters [9, 19]50

and the motion of odor filaments [20] for navigational51

decisions.52

To characterize the changes to the spectral content53

of odor signals during turbulent transport, we turn to54

fluid dynamics approaches. A rich physics tradition in-55

vestigates transport of scalar materials by turbulent flow56

fields, providing a robust foundation for considering odor57

signal transformations by the fluid flow. Using a fluid dy-58

namics perspective, we note that odors typically behave59

as passive scalars: the odor does not influence the flow60

dynamics that carries it away from the source [21, 22].61

As a parcel of odor moves downstream, turbulent eddies62

stretch it into filaments that fold, spread, rotate, and63

mix with the surrounding medium, continuously gener-64

ating high-frequency patterns in the odor signal; mean-65

while, molecular diffusion works to smooth out gradients66

in the odor concentration, dampening the amplitude of67

low-frequency signals and quickly erasing high-frequency68

signals [23]. In fluid dynamics literature, these processes69

have been framed in terms of the turbulent production,70
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transport and dissipation of variance in the transported71

scalar. The odor signal that reaches an organism repre-72

sents a combination of these interacting processes, gen-73

erating a complex and dynamic signal that varies with74

respect to both space and time [24]. Research as early as75

the 1930s has employed frequency-based spectral analy-76

ses to describe and investigate these turbulent transport77

processes [25, 26], as reviewed in [27].78

At the intersection of olfaction and turbulent trans-79

port physics, there is a small body of literature that80

specifically considers statistical and spectral properties81

of turbulent plumes in the context of olfactory sensing82

and navigation. Specifically, [28] demonstrated the util-83

ity of Lagrangian approaches (that is, those that involve84

tracking packets of odor using a moving frame of ref-85

erence) for characterizing the statistics of odor signals86

emitted from a given source at a continuous rate. They87

employ backward-time Lagrangian tracking of odor pack-88

ets to develop time-domain probability distributions for89

the intensity, duration, and spacing in time of odor de-90

tection events, or “whiffs”, at various distances down-91

stream. The methods herein also employ Lagrangian92

analysis strategies, but with the goal of frequency-domain93

descriptions of how odor signals transform after emission94

from sources that may contain a broad range of frequency95

content. Other olfaction literature has leveraged fre-96

quency domain analysis (but not Lagrangian approaches)97

to interrogate specific aspects of odor plume dynamics,98

including investigations of separation distance between99

multiple sources [29] and experimental measurement of100

the spectral content of flow and chemical signals in aque-101

ous plumes[30, 31]. Such frequency domain descriptors102

provide a direct connection to sensory processing analy-103

sis, which is often characterized in the frequency domain104

not only for olfaction, but other senses as well [32–35].105

The Lagrangian-based, frequency domain analysis106

herein characterizes the transformation of odor signals in107

terms of how the power spectrum is changed from source108

to sensor. As we show, even for complex flows, the power109

spectrum at the sensor is a linear transformation of the110

power spectrum at the source. This transformation typ-111

ically includes filtering of spectral components as well112

as mapping components from one frequency to another.113

Such a framing of transport as a filter on the odor signal114

echoes literature in olfactory neuroscience that models ol-115

factory reception as quasilinear processes. For example,116

[36] characterizes first-order olfactory neuron responses117

in terms of a low-pass transduction filter and a uniform118

high-pass filter for spike generation, and [37] utilizes a119

Linear-Nonlinear-Poisson computational model for olfac-120

tory neuron responses.121

While our specific analysis considers passive odor122

transport in airborne plumes far from any boundaries,123

the framework presented is applicable across many nav-124

igational contexts. More precisely, the framework pre-125

sented here holds so long as the transport process remains126

linear with respect to the odor concentration, which stays127

true across many olfactory landscapes. Exceptions are128

scenarios in which the odor itself affects the flow field129

dynamics, or in which the odor interacts with surfaces130

that exhibit nonlinear sorption processes. We further ex-131

plore the generalizability and limits of this framework in132

the discussion.133

As will be shown, the framework reveals that the spec-134

tral transformations to the odor signal exhibit three key135

dynamic processes, which we refer to as frequency filter-136

ing, frequency spreading, and frequency production. For137

clarity, we first introduce each of these three processes in138

isolation through idealized cases that show how a single139

one of these processes affects the frequency content of a140

sensory signal. We then apply the approach to a more141

complex scenario, using computational fluid dynamics to142

simulate a two-dimensional chaotic flow that transports143

a fluctuating odor signal. We show how a combination144

of the three key dynamic processes are responsible for145

the primary mapping characteristics observed in the com-146

plex case, with evidence from the results as well as con-147

nections to fluid dynamics literature. By characterizing148

the effects of turbulent transport as a signal-processing149

step, the temporal reformatting due to flows is expressed150

in terms that are directly meaningful in terms of sen-151

sory processes. The results can then be situated within152

a larger framework of frequency transformations that oc-153

cur from odor signal emission, across turbulent transport,154

then active sensation by an animal, to reception, neu-155

ral response, and finally behavioral decisions in olfactory156

search.157

II. RESULTS158

Through a paired-particle analysis of odor transport159

in a chaotic flow field, we identified three dominant pro-160

cesses in the reformatting of an odor signal by a turbu-161

lent flow: frequency filtering, frequency spreading, and162

frequency production. Frequency filtering refers to a163

frequency-by-frequency attenuation of power in higher164

frequencies in the flow. Transport processes act as a low-165

pass linear filter on the odor signal, driven by particle166

dispersion. Frequency spreading refers to the redistri-167

bution of power across a wider range of frequencies cen-168

tered on each original frequency in the odor signal, driven169

by multi-scale interactions in the flow, which can be de-170

scribed by the turbulent energy cascade. Frequency pro-171

duction refers to the imparting of a new spectrum onto172

the odor signal, whose characteristics are independent173

of frequencies present in the original signal. The power174

spectrum in the flow field, which then induces a charac-175

teristic spectrum onto transported material in the flow,176

drives the frequency production component.177

In this section, we describe the analysis and illustrate178

each of these components with an idealized case that iso-179

lates it. We then show results for an example turbu-180

lent transport of a fluctuating odor in a naturalistic flow,181

demonstrating the presence of all three components in182

the signal reformatting results. Finally, we vary key pa-183
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rameters of this example to evaluate their impacts on184

reformatting. Throughout this section, we illustrate the185

mapping function using three-dimensional plots; to ori-186

ent the reader, we recommend viewing the plot rotation187

animations provided in the supplementary materials [38].188

A. Analysis189

To analyze odor plumes from a signal processing per-190

spective, we consider a system consisting of a point source191

emitting an odor signal at a given location, a finite-sized192

sensor at some distance downstream of the source that193

receives the signal, and a flow field that transports the194

odor from the source to the sensor (Fig. 1). The source195

signal may contain a range of frequencies; for instance,196

a female moth may release pheromone pulses at various197

intervals [39]. Transport through the flow field can then198

be characterized as a mapping function that transforms199

the power spectrum of the source signal, P̃source, into the200

power spectrum of the signal received by the sensor down-201

stream, P̃sensor. (Here and throughout the manuscript, a202

tilde denotes a frequency-domain quantity.)203

To compute the frequency mapping from source to sen-204

sor, we use a Lagrangian particle-tracking approach, in205

which small packets of odor, which we refer to herein as206

“particles”, are emitted from a point source located at207

the origin. We describe the approach intuitively here;208

mathematical details are provided in Appendix B.209

First, consider a single particle that travels from the210

source to some downstream sensor at a fixed location,211

whose trajectory has an associated travel time. If many212

different particles are released over time from the source,213

travel times will vary depending on the particular flow214

field realization at that time along with random motion215

from molecular diffusion. By tracking many particle tra-216

jectories, we can build up a probability distribution of217

particle travel times from the source to a given sensor218

location (a distribution that depends on the sensor dis-219

tance from the source).220

Next, to analyze the effects on the power spectrum, we221

need to consider pairs of particles. This is because the222

power spectrum is the Fourier transform of the autoco-223

variance, i.e., the covariance between fluctuations in odor224

concentration at pairs of times. Just as the distribution225

of odor concentrations can be built up by tracking single226

particles, the joint distribution at pairs of times can be227

built up by tracking two particles as a pair. The two par-228

ticles in the pair differ in release times, which is affected229

by the frequency content of the source, and their arrival230

times to the sensor, which relates to the frequency con-231

tent at the sensor. The difference in arrival times depends232

both on the difference in release times and the difference233

in travel times, which in turn depends on the particulars234

of the flow field. We thus characterize the paired parti-235

cle behavior in terms of the likelihood that two particles236

have some difference between their travel times, given a237

difference in release times. These statistics are then con-238

verted to the frequency domain via Fourier Transforms239

to yield a compact signal processing description of the240

transformation on the odor signal spectrum from source241

to sensor.242

Importantly, viewed as an operation on power spectra,243

the odor signal transformation from source to sensor is244

linear. The reason for this, in essence, is that the power245

spectrum is the Fourier transform of the autocorrelation246

function, and the autocorrelation function depends only247

on the pairwise statistics of the odor particles (computed248

as described above). The pairwise statistics at the sensor249

are determined by the pairwise statistics at the source,250

along with a characterization of the joint probability of251

their arrival times. We assume that this characterization252

is known, and we show in Appendix B that it yields a253

frequency-domain transformation254

P̃sensor(ω) =
1

2π

∞∫
−∞

P̃source(ω + λ)B̃(ω, λ) dλ, (1)

where the mapping function B̃(ω, λ) depends on the flow255

field and describes how the frequency spectrum is trans-256

formed between the source and the sensor. In some257

simple idealized cases B̃ can be determined analytically,258

while in more complex cases, such as those in naturalistic259

turbulent flows, a data-driven approach is required.260

In the subsections below, we examine scenarios that261

each isolate one of these components: frequency filter-262

ing, driven by particle dispersion in the flow, frequency263

spreading, driven by the energy cascade across scales in264

turbulence, and frequency production, driven by the en-265

ergy cascade imparting a characteristic spectrum onto266

any transported material. In each case, we begin with267

an intuitive view and then take a more quantitative ap-268

proach. We then analyze a more complex turbulent269

transport scenario that combines these components. We270

parse naturalistic turbulent transport into the three be-271

haviors with a characterization that draws directly from272

fluid dynamics literature regarding primary processes in273

the dynamics of turbulent flow and transport, as further274

explored in Sec. III B.275

B. Idealized case 1: frequency filtering276

Molecular diffusion in uniform laminar flow isolates277

and illustrates frequency filtering behavior. Molecular278

diffusion results from Brownian motion of molecules,279

which move independently of one another (using a ref-280

erence frame that travels with the uniform flow). Be-281

cause of this independence, the arrival time statistics of282

two particles are independent of the release interval. In283

the frequency domain, this independence translates into284

a function B̃(ω, λ) that is concentrated at λ=0. More-285

over, because the particles move independently, the joint286

distribution of their travel times is the product of the dis-287

tribution of a single particle’s travel time, a(t). As shown288
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FIG. 1. Conceptual overview of the system of interest, depicting a fluctuating source signal whose power spectrum, P̃source,
is transformed by turbulent transport into a new spectrum at the sensor, P̃sensor. The transformation is characterized by a
mapping function, B̃(ω, λ), that depends on both the source frequency, ω, and a term related to the autocorrelation of the
velocity field, λ.

in Appendix B, this leads to a mapping function B̃(ω, λ)289

given by 2πδ(λ)|ã(ω)|2. The ω-dependence of the map-290

ping function B̃(ω, λ), |ã(ω)|2, is the Fourier transform of291

the autocovariance of the distribution a(t) of travel time292

for a single particle to reach the sensor.293

Thus, in this case, eq. 1 reduces to294

P̃sensor(ω) = P̃source(ω)|ã(ω)|2, (2)

where ã(ω) is the Fourier transform of the distribution295

of travel times for a single particle. Therefore, the trans-296

formation from the source power spectrum to the sensor297

power spectrum is that of a linear filter.298

Next, we can estimate the filter’s behavior using known299

physics of molecular diffusion. Concretely, we quantify300

the filter’s impulse response by leveraging the solution to301

the one-dimensional advection-diffusion equation:302

C(x, t) =
1√
4πDt

exp

(
− (x− ut)2

4Dt

)
(3)

where C(x, t) is the odor’s concentration at a given time303

t and streamwise coordinate x (in other words, x repre-304

sents the centerline distance downstream of the source),305

D is the molecular diffusion coefficient of the odor, and306

the mean location is ut, where u is the average flow ve-307

locity. Leveraging this solution in our problem setup,308

which has fixed sensor locations, requires converting from309

a distribution in space for a given point in time into a310

distribution in time for a given point in space. Here, we311

employ a convenient Gaussian approximation by assum-312

ing that the diffusivity is small relative to advection and313

induces minimal changes to the distribution during the314

time it takes to advect past a point in space. We can315

then set t = x/u and represent a(t), the distribution of316

travel times for a single particle, as a Gaussian in time:317

C(x, t) ≈ 1√
4πDx/u3

exp

(
− (t− x/u)2

4Dx/u3

)
(4)

We set the mean to zero then take the Fourier trans-318

form to convert from the impulse response to the filter’s319

frequency response, ã(ω):320

C̃(ω, x) ≈ exp

[
−ω2Dx

u3

]
(5)

Substituting this estimate of ã(ω) into eq. 2, we arrive321

at a Gaussian approximation of the mapping of power in322

a laminar diffusion case:323

P̃sensor(ω) ≈ P̃source(ω) exp

[
−2ω2Dx

u3

]
. (6)

We will use this Gaussian approximation in the filtering324

component for our naturalistic case; here, Fig. 2A illus-325

trates a numerically computed solution for this transfor-326

mation and its dependence on distance from the source.327

The power at each input frequency is mapped to the same328

output frequency, resulting in the knife-edge on the diag-329

onal. In the characteristic manner of a filter with a Gaus-330

sian frequency response, high frequencies are attenuated,331

and this attenuation becomes more severe with increas-332

ing distance from the source due to increased travel time333

and associated increased diffusion.334
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FIG. 2. Idealized cases illustrating three key processes in the turbulent transport of an odor signal, where P10 represents the
log of the power spectral density for each frequency. (A) Diffusion with ideal laminar flow, with a diffusion constant of 0.012
cm2/s, flow velocity 6 cm/s, and sensor distance (bottom to top) of 1, 3, and 9 cm. Below, transects along the diagonal from
(0, 0) to (25, 25) for the three locations. (B) Transformations due to fixational eye movements, with a diffusion constant of
0.006 deg2/s and spatial frequencies (bottom to top) of 4, 12, and 36 cycles/deg. Below,transects along the diagonal from (0,
25) to (25, 0) for the three spatial frequencies. (C) Results of the damped-source case that enters the flow with frequency
spectrum concentrated at 0 Hz, with diffusivity 1.5 × 10−5 m2/s, and sensor distance (bottom to top) of 0, 2.5, and 40 cm.
Below, transects at 0 Hz source frequency for the three locations.

C. Idealized case 2: frequency spreading335

A second dynamic process in odor transport spreads336

the power at each source frequency into a wider range of337

frequencies present at the sensor. Frequency spreading is338

a convolution in the frequency domain, so it corresponds339

to a multiplicative process in the time domain. More340

formally, frequency spreading is described by341

P̃sensor(ω) =
1

2π

∞∫
−∞

P̃source(ω + λ)q̃(λ) dλ, (7)

a limiting case of eq. 1 in which B̃(ω, λ) = q̃(λ) has no342

dependence on ω. As shown in the Appendix, q̃(λ) is the343

Fourier transform of q(t), the probability that two par-344

ticles emitted with a temporal separation t are both ab-345

sorbed. This sampling process is the multiplication men-346

tioned above, and its statistics determine the frequency347

spreading.348

Frequency spreading in pure form, i.e., in which the349

extent of spreading is independent of source frequency,350

only occurs when there is no temporal dispersion (though351

a fixed transport delay may be present). In principle, an352

idealized sampling process, e.g., an antenna that moves353

into and out of a plume, could manifest this behavior,354

provided that there is no temporal dispersion in the flow355

itself.356

The absence of temporal dispersion is unrealistic in357

a flow. In contrast, sampling without temporal disper-358

sion does occur in another biologically-important active-359

sensing context: vision, where it indeed yields the360

frequency-spreading phenomenon in isolation.361

In this scenario, sampling is a result of fixational eye362

movements (FEMs). FEMs occur in the periods between363

saccades — the well-known shifts of gaze that occur sev-364

eral times per second. As such, FEMs transform a largely365

static visual image into a moving pattern on the retina366

[40], a spatiotemporal remapping that is essential to nor-367

mal vision[41]. FEMs enable a single photoreceptor to368

sample the projected image. As the only transport delay369

is photon travel time, there is no temporal dispersion.370

Moreover, although there is good evidence that FEMs371

are under neural control [42], their statistics are well-372

approximated by that of Brownian motion[40].373

Another characteristic of vision helps to illustrate a374

second aspect of the frequency-spreading process. In vi-375

sion, the spatial structure of the stimulus (e.g., shape,376

texture) is critical. Importantly, the sampling process,377

for any given eye movement path, is a linear function378

of the image itself. (That is, the signal generated by379

sampling a superposition of images is the superposition380
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of the signals generated by sampling each image sepa-381

rately). Thus, as is standard in the analysis of linear382

systems, the effects of sampling can be analyzed by con-383

sidering each spatial Fourier component separately, i.e.,384

at each spatial frequency. We therefore consider the vi-385

sual image to consist of a sinusoid of spatial frequency k⃗.386

The joint probability that two “particles”, emitted with387

an interval τ , both arrive at the sensor corresponds to388

the expected value of the product of the intensity of two389

points on the sinusoid: one at a reference position, and390

one after Brownian motion of the eye for a time τ . For a391

diffusion constant D, this is given by392

q(τ, k⃗) = exp

−
D |τ |

∣∣∣⃗k∣∣∣2
2

 . (8)

The (temporal) Fourier transform of q(τ, k) (see also the393

Supplement of [41]) is given by394

q̃(λ, k⃗) =

∣∣∣⃗k∣∣∣2D∣∣∣⃗k∣∣∣4D2

4 + λ2

. (9)

The resulting transformation is illustrated in Fig. 2B395

for a range of spatial frequency magnitudes |⃗k|. In each396

case, the power spectrum at the sensor is a convolution of397

the power spectrum at the source, with a kernel (eq. 9)398

that widens as spatial frequency increases. In vision, an399

increase in spatial frequency can be produced by a larger400

viewing distance, or, by decreasing the spatial scale of401

the object itself; both of these lead to greater frequency402

spreading. In idealized olfactory sampling, frequency403

spreading also increases when the effective ”spatial fre-404

quency” of the odor increases. Since the sensor is always405

in contact with the odorant, an increase in spatial fre-406

quency corresponds to a decreasing spatial scale of the407

concentration variations in the plume.408

D. Idealized case 3: frequency production409

For the frequency production component, we consider410

the case of an odor signal whose fluctuations are instanta-411

neously damped upon release, prior to entering the flow.412

This case essentially represents an odor that is released413

at a constant rate into a turbulent flow field, so the only414

frequency component in the odor signal that persists into415

the flow field is 0 Hz. When a continuous odor signal is416

released into a turbulent flow field, new frequencies are417

introduced by the fluctuations in the flow velocity as the418

odor travels downstream. The introduction of such fluc-419

tuations to the signal may benefit animal olfactory navi-420

gation in several ways. Firstly, it likely benefits detection421

tasks, as the sensory system is more sensitive to fluctuat-422

ing signals than static odors [15, 16]. Second, it may ben-423

efit source localization tasks if we consider some specifics424

of the odor spectrum characteristics. Near to the source,425

the odor signal retains information about the source con-426

figuration (its size, position relative to boundaries, etc.)427

[43], but far from the source, the odor signal “forgets”428

the source configuration and instead is primarily depen-429

dent on the flow characteristics. Thus, the presence - or430

absence - of a signature of the source characterization431

within the spectrum of an odor signal may also provide432

a navigating animal with information about its position433

relative to the source.434

In terms of our mathematical framework, because the435

power spectrum of an unvarying continuous source is con-436

centrated at 0 Hz, i.e., P̃source(ω) = 2πδ(ω)P̃0, eq. 1437

reduces to438

P̃sensor(ω) = P̃0B̃(ω,−ω). (10)

The dynamics of turbulent flows determine the form of439

B̃(ω,−ω). Turbulent flows exhibit fluctuations in their440

velocity fields, which then impart fluctuations to the ini-441

tially constant odor signal. These fluctuations produce442

a broad range of frequencies in the signal, reflecting the443

broad range of length and time scales present in the flow444

(this idea can be thought of as a range of differently sized445

eddies existing at any given time throughout the flow446

field). The resulting spectrum of the transported odor447

exhibits a characteristic behavior with a power scaling448

regime and a diffusive cutoff regime, as described in the449

seminal work of Batchelor [44]. This behavior allows us450

to express the power P̃sensor(ω) at a given frequency ω451

as:452

P̃sensor(ω) = Aω−α exp
(
−γω2

)
(11)

where A is a constant, α is an effective power law expo-453

nent, and γ is a diffusive cutoff factor.454

To provide a specific example, we introduce the 2-455

dimensional simulated chaotic flow field that we will fur-456

ther investigate in the naturalistic odor transport case457

below. As shown in Fig. 3, the computational fluid dy-458

namics model consists of a uniform flow (at speed 0.1459

m/s) passing across a mixing grid cylinder array to in-460

duce a chaotic flow field, whose turbulent kinetic energy461

decays streamwise across a 0.75 × 0.6 m domain. The462

computational model directly solves the Navier-Stokes463

and continuity equations to produce the velocity field.464

For this idealized case study, we also directly solve for465

the odor concentration field using the advection-diffusion466

equation to transport odor from the initially constant-467

concentration source. The 180-second simulation pro-468

vides 50 Hz data at 500 µm resolution, providing sta-469

tistically sufficient and well-resolved data to serve as an470

analysis testbed for a naturalistic plume (see Appendix471

C for additional model details and testing).472

With this computational model, we characterize the473

frequency-generation process by Fourier analysis of the474

concentration time series in the simulated odor plume at475

several point locations relative to the source. Fig. 2C476

shows the resulting spectra. As illustrated, the odor sig-477

nal is transformed from a steady signal into one whose478
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spectrum contains a wide range of frequencies, and that479

evolves as the velocity field spectrum evolves over the do-480

main. This idealized case demonstrates the third primary481

reformatting process: frequency production.482

E. Naturalistic case: fluctuating odor source in483

turbulent flow484

Next we quantify the case of an odor source emitting485

a signal with more complex frequency content (i.e., a486

fluctuating source signal), which is then transported via487

the turbulent flow to a downstream sensor. The resulting488

transformation imparted onto the odor signal includes489

contributions from all three processes described above.490

To carry out the particle tracking analysis, we first491

obtained velocity data using the same two-dimensional492

computational fluid dynamics model described above to493

generate the evolving chaotic flow field, shown in Fig. 3.494

The source for particles is set at (0,0) and a small, finite495

area downstream of the source represents the sensor. We496

tested seven sensor locations, each with 0.02 m stream-497

wise thickness and with cross-stream widths that expand498

as
√
Dt to take into account plume expansion, as illus-499

trated in Fig. 3 (thus ensuring sufficient particles pass500

through the sensor area downstream; effects of sensor size501

are explored in Sec. II F). The sensor does not affect the502

particle trajectories; a particle is ‘sensed’ simply when503

its trajectory carries it through the specified area of the504

sensor.505

Particle trajectories are computed by numerical ad-506

vection by the velocity field and molecular diffusion via507

Brownian motion (implemented as a random Wiener508

process). The massless tracer particles are released at509

x =(0,0) and numerically transported to position x(t) by510

xt+∆t = xt + ut∆t+ Z
√
2D∆t, (12)

where ut is the velocity field, D is molecular diffusivity511

of the odor, and Z is a Gaussian process with mean 0 and512

variance 1. We next use the travel time data to deter-513514

mine the mapping function B̃(ω, λ) (See Appendix B for515

details). First, we define b(τ1, τ2, τ21) as the joint prob-516

ability of particles with travel times τ1 and τ2 arriving517

at the sensor, given that their release times differ by τ21518

(positive if particle 2 is released after particle 1). Then,519

we compute its Fourier transform,520

b̃(ω1, ω2, λ) =

∞∫
−∞

∞∫
−∞

∞∫
−∞

b(τ1, τ2, τ21)

· e−iω1τ1−iω2τ2−iλτ21dτ1dτ2dτ21.

(13)

The mapping function is now given by521

B̃(ω, λ) = b̃(ω,−ω, λ). (14)

For fluctuating odors transported in our simulated522

chaotic flow field, the paired particle analysis reveals fre-523

quency mappings that follow the trends shown in Fig.524

FIG. 3. Schematic of the computational fluid dynamics model
used for generating the velocity field for the paired-particle
analysis, along with the concentration field for the idealized
frequency production case. Uniform inlet flow U0 is passed
over a cylinder array whose interacting cylinder wakes gener-
ate turbulent kinetic energy, which decays across the 0.75 m
domain. The gray shading shows an example snapshot of a
concentration field modeled for an odor source located at the
origin, to provide a sense of the plume extent and the coher-
ent structures present in the velocity field. Example particle
trajectories are plotted for two different release times - the
red particles at t0 and the blue particles at t0+∆t. Note that
while particles released at the same time tend to be more
correlated than particles released at different times, even par-
ticles released at the same time can become separated due
to diffusion. Gold boxes represent the seven sensor bounds,
each with streamwise thickness 0.02 m, at x-distances (xi) of
0.05, 0.05

√
2, 0.1, 0.1

√
2, 0.2, 0.2

√
2, and 0.4 m downstream

of the source, and with the following cross-stream widths that
expand as

√
xi/x0 (to take plume expansion into account):

0.031, 0.037, 0.044, 0.052, 0.062, 0.073, and 0.087 m.

4. As illustrated, the frequency mapping for the tur-525

bulent transport case involves all three primary compo-526

nents observed in the simplified cases: filtering, spread-527

ing, and production. In the following sections, we inves-528

tigate the dynamic processes driving each component.529

First, we quantify the linear frequency filtering using an530

effective diffusion model of turbulent transport. Next,531

we compute the spectrum of the flow field to illustrate532

the multi-scale nature of the turbulent flow that spreads533

power across a wider range of frequencies. Third, we use534

the energy cascade to explain the underlying power spec-535

trum imparted to the signal due to frequency production536

in the transport process. Finally, we explore how the537

results depend on relevant physical parameters.538

Process 1: particle dispersion filters high frequencies539

To investigate the frequency filtering process in nat-540

uralistic flows, we begin by developing a mathemati-541

cal model for the linear filtering of input frequencies,542

analogous to the behavior of the laminar diffusion case.543
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FIG. 4. Naturalistic case: example frequency mapping of an odor signal with a range of frequency content at the source, which
is then transformed by turbulent transport to a different spectrum in the signal received at the sensor. This case shows an
odorant with diffusivity 1.5×10−6 m2/s, which is released at (0,0) then detected by a 0.031 m × 0.02 m sensor at a downstream
distance of 0.05 m from the source (sensor 1 in Fig. 3). Each three-dimensional subplot is the same mapping matrix, shown
from four perspectives: (A) a generic overview (B) along the axis of output frequency=input frequency, to highlight low-pass
filtering of the source frequency (indicated by dashed red arrow);below is a transect along the diagonal from (0, 0) to (8, 8)
(C) orthogonal to the view in (B), to highlight frequency spreading (indicated by dashed green arrows); below is a transect
along the minor diagonal from (0, 4) to (4, 0), with the underlying spectrum subtracted (computed as the average spectrum
for high frequencies largely unaffected by the source frequency) (D) a nearly top-down view, to highlight the similar underlying
spectrum across many input frequencies (indicated by dashed gold arrows); below is the average spectrum for high frequency
inputs of 20 to 25 Hz.

Chaotic flows, however, cause particles released at sim-544

ilar initial locations to separate at a rate much faster545

than if they only separated due to molecular diffusion.546

Such behavior can be modeled as a diffusive process with547

an effective diffusion coefficient based on particle sepa-548

ration rates, as first observed by Richardson [45]. We549

compute the effective diffusivity for our flow at each sen-550

sor location using the evolution of mean square particle551

separation rates, as explained in Appendix D. Further,552

we model the distribution of particle travel times to a553

given sensor using a lognormal distribution, based on the554

solution to the 1-D diffusion equation and consideration555

of the multiplicative stochastic processes in turbulence556

(see Appendix D). Fig. 5A plots the resulting lognormal557

distributions along with the observed first-order proba-558

bilities from the particle-tracking data. As shown, the559

lognormal distribution appears to be a good descriptor560

of the actual travel time distribution, with minor devi-561
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FIG. 5. Demonstration of effective diffusion model for ex-
plaining linear filtering behavior. (A) First-order travel time
probabilities at seven sensor locations, as calculated from sen-
sor detection occurrences in the data (solid lines) and as a
lognormal distribution derived from flow properties (dashed
lines). (B) Distribution of differences in travel times between
two particles at four select sensor locations, as derived from
constructing joint probabilities from the data (solid lines) and
as the auto-covariance of the lognormal distribution derived
from flow properties (dashed lines).

ations from the data that become more pronounced at562

locations further downstream.563

Determining the frequency mapping then requires564

quantifying the joint probability of two particles hav-565

ing travel time 1 and travel time 2, given they are re-566

leased some initial time difference apart. For modeling567

turbulent transport as a diffusion process, we make the568

assumption of independence; that is, the travel time of569

one particle has no dependence on the travel time of an-570

other. While a full description of particle pair dispersion571

would require consideration of the correlations between572

particle trajectories (which are dependent on the initial573

separation of the particles) [46], here we intentionally iso-574

late the independent behavior to model the component575

of particle dispersion that acts analogously to molecular576

diffusion. Essentially, we invoke Richardson’s assumption577

of locality to describe particle separations [47–49], defer-578

ring an investigation of the correlated aspects of particle579

pair trajectories for later sections. This assumption of580

independence allows us to compute the probability dis-581

tribution of difference in travel times based on the au-582

tocovariance of the first-order probability distribution of583

travel time for each particle. The results of this computa-584

tion are plotted alongside the actual distribution of travel585

time differences in our simulation in Fig. 5B. As illus-586

trated, the computed distributions provide an excellent587

description for the observed data. We now have a phys-588

ical explanation along with a method for computing the589

frequency filtering component of the mapping function.590

Process 2: turbulent energy cascade spreads frequencies591

Next, we provide a phenomenological explanation for592

the frequency spreading using the concept of the energy593

cascade in turbulent flows. As alluded to in the ideal-594

ized frequency production case, the energy in a turbu-595

lent flow is distributed across length scales from rela-596

tively large energy-containing eddies (quantified in fluid597

dynamics by the integral length scale), to the smallest598

eddies that dissipate energy into heat (quantified by the599

Kolmogorov microscale). The energy in the flow transfers600

across these differently-sized eddies, described by their601

length scales, in generally predictable ways, at least in602

a statistical sense. Concretely, the distribution of en-603

ergy across scales in a flow follows universal power laws604

through various length scale ranges (for sufficiently high605

Reynolds numbers; i.e., when there is a large scale sep-606

aration between the energy containing and dissipating607

scales) [26]. These power scaling laws are well established608

in the field of fluid dynamics and we refer the interested609

reader to texts such as [50] and [51] for additional details610

and nuances. If the velocity spectrum in our chaotic flow611

simulation follows expected power laws, we can have con-612

fidence that the energy transfer behaves as expected, and613

that these energy transfers across scales would spread a614

transported odor signal spectrum across a wider range of615

frequencies.616

To determine the velocity spectrum for the current617

simulation, we use the Fourier Transform of the fluctuat-618

ing streamwise velocity spatial autocorrelation functions619

(based on Wiener-Khinchin theorem):620

E(k) = 2

∫ ∞

0

Ruu(r) cos(kr) dr, (15)

where Ruu(r) = ⟨u′(x)u′(x + r)⟩ is the spatial autocor-621

relation function of the velocity fluctuations, k is the622

wavenumber (rad/m), and E(k) represents the energy623

density per unit wavenumber. An example resulting flow624
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spectrum for a sensor position at 0.05 m downstream of625

the source (sensor 1 in Fig. 3) is shown in Fig. 6.626

FIG. 6. Velocity spectrum for sensor at a downstream dis-
tance of 0.05 m, (A) shown in the traditional fluid dynamics
form as a log-log plot with wavenumber k on the x-axis, and
(B) shown in a more sensory-relevant form that mimics the
mapping matrix format as a semilog plot with frequency on
the x-axis. Red and blue dashed lines show expected power
scaling in the inertial range. Relevant length (time) scales
are shown as black dashed lines: integral scale is marked with
subscript I, forcing scale with subscript f , and Kolmogorov
scale with subscript η. A perspective plot of the frequency
mapping function from Fig. 4C is inset in (B) to illustrate
the component of frequency spreading.

While the velocity spectrum depends strongly on the627

specifics of the flow field, we can still identify character-628

istic patterns in the spectrum and compare them to ex-629

pected behavior based on fluid dynamic principles. First,630

we examine the position of key length scales (here con-631

verted to wavenumber) relative to slope changes in the632

spectrum. We start by observing the position of the633

forcing scale, loosely interpreted as the size of eddies at634

which energy enters the system, in this case the spacing635

of the cylinders generating wake structures upstream of636

the source. Its location coincides approximately with the637

change from a slope of about -5/3 to a slope of about -3638

in the power spectrum. This matches well-known behav-639

ior in fluid dynamics specific to two-dimensional flows,640

in which the forcing scale demarcates the transition be-641

tween two distinct cascades: a reverse energy cascade642

and a forward enstrophy cascade, with power scalings643

of approximately -5/3 and -3, respectively. We observe644

that for this particular flow, the -5/3 section of the spec-645

trum is present only for a very small range of wavenum-646

bers, a behavior that reflects the location just a short647

distance downstream of the forcing (that is, the cylinder648

array) and the low Reynolds number that yields smaller649

scale separation in the flow, and which has been previ-650

ously observed in similar 2D experimental flows [52]. Re-651

garding other length scales, the integral scale is slightly652

larger than the forcing scale (i.e., positioned at a lower a653

wavenumber), since energy tends to accumulate at larger654

scales as the flow moves downstream from the cylinders.655

Finally, the Kolmogorov microscale is much smaller than656

the other scales, past the range of -3 power scaling to657

very small scales necessary for dissipation.658

In natural flows, the velocity spectrum varies widely659

depending on the environmental conditions. A notable660

change lies in the fact that real-world flows are, by na-661

ture, three-dimensional, which is known to simplify the662

spectrum to a single energy cascade with power scaling663

of -5/3 for a range of wavenumbers, eliminating the dual-664

cascade and -3 scaling present in two-dimensional flows.665

In a given olfactory context, the specific length scales666

(i.e., wavenumber ranges of various parts of the spec-667

trum) will be driven by parameters including the mean668

flow speed, any obstacles present (such as trees, grasses,669

rock formations, or landscape features), and height in the670

atmospheric boundary layer. Additional discussion of the671

velocity spectrum properties and expected changes un-672

der different conditions - including two-dimensional ver-673

sus three-dimensional flows and plumes within turbulent674

boundary layers - is provided in Appendix A.675

In terms of odor signal transformations, the spectral676

characteristics of the flow will determine the manner in677

which the power in odor signals is redistributed across678

neighboring frequencies. Due to the wide variety of679

length scales (and therefore frequencies) in natural flows,680

it may be advantageous for a particular species’ sensory681

system to be tuned to frequencies in the typical spec-682

trum of their expected environment for olfactory navi-683

gation tasks. More generally, the introduction of new684

frequencies to the odor signal benefits detection of odors685

through providing varied stimulus and thereby mitigat-686

ing decreasing sensitivity from adaptation to a static odor687

concentration [16].688
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Process 3: frequency production imparts characteristic689

underlying spectrum690

To explain the frequency production component of the691

reformatting behavior, we combine concepts of molecular692

diffusion and the turbulent energy cascade. For a simpli-693

fied conceptual model, one can imagine that as an odor694

signal moves downstream, high-frequency information is695

“smeared out” by molecular diffusion; that is, the high696

frequency signal is transformed towards a zero-frequency,697

continuous signal. Then, the multi-scale interactions in698

the turbulent flow impart a new frequency distribution699

onto the now-continuous signal, as discussed in the ide-700

alized frequency production case. The combination of701

these processes results in the presence of a common un-702

derlying frequency spectrum with similar characteristics703

across many different input frequencies.704

We can also situate the frequency production compo-705

nent within broader olfactory research that leverages the706

statistics of “whiffs” and “blanks” in odor signals, where707

whiffs are periods of time during which concentration is708

above some detectability threshold, and blanks are peri-709

ods of clean air in between whiffs (see e.g. [11, 53, 54]).710

Understanding the statistical properties of whiffs and711

blanks has been used both to increase understanding of712

real-world odor signals [55] as well as to inform the de-713

velopment of laboratory protocols for naturalistic stimuli714

[28]. The statistics of such whiffs and blanks is directly715

related to the spectrum of the odor signal, and there-716

fore, on the frequency production component of the odor717

signal transformation. Intuitively, one can think of low-718

frequency signals produced by large eddies in the flow as719

driving long on and off periods of concentration, resulting720

in the “clumping” or “bouts” of whiffs observed in odor721

plumes [56]. The production of higher frequencies (via722

relative dispersion from smaller eddies) then drives the723

fluctuations and durations of whiffs and blanks within724

these clumps. Detailed knowledge of the odor signal fre-725

quency spectrum may therefore be leveraged in a similar726

manner as whiff statistics to better understand natural727

signals and inform laboratory protocols.728

In order to characterize the frequency distribution pro-729

duced in the odor signal, we use the Batchelor spectrum730

shown in equation 11. As previously discussed, there are731

two terms in the equation: a power law scaling compo-732

nent and a diffusive cutoff term. The velocity spectrum733

from the previous section can be used to characterize734

the power scaling term: we found a -5/3 power scal-735

ing for frequencies in the inverse energy cascade (around736

0.8 < ω < 2 Hz), and -3 scaling for frequencies in the737

forward enstrophy cascade (around 2 < ω < 10 Hz).738

For estimating the diffusive cutoff component,739

exp(−γω2), we use dimensional arguments to provide a740

coarse estimate for the parameter γ. We expect molec-741

ular diffusion to become important only at very high742

wave numbers, and therefore the above-described veloc-743

ity spectrum will dominate scalar variance production at744

the wave numbers of interest in the present application.745

For the purposes of this analysis, we can use the solu-746

tion in eq. 5 as the exponential portion of the Batchelor747

spectrum, but this time with D as molecular diffusivity748

(rather than an effective diffusivity from particle separa-749

tions):750

γ ≈ 2Dx

u3 . (16)

We can now combine the diffusive and power scaling com-751

ponents of the Batchelor spectrum to develop an expres-752

sion for the expected underlying odor signal spectrum753

observed across a wide range of input frequencies:754

⟨P̃ (ω)⟩ = Aω−α exp

[
−2ω2Dx

u3

]
, (17)

where α is -5/3 in the inverse energy cascade (around755

0.8 < ω < 2 Hz), -3 in the forward enstrophy cascade756

(around 2 < ω < 10 Hz), with anomalous scaling for757

higher values of ω. The constant A is related to the rel-758

ative strength of the correlated versus independent com-759

ponents of the total power spectrum and its estimation760

is beyond the scope of the current work (see the Discus-761

sion for further information on the issues involved). Fig.762

7 compares the output spectrum of a high-frequency in-763

put with expected scaling behavior and with numerical764

results of the continuous-source case (at a distance of765

0.40 m from the source, see sensor 7 in Fig. 3). As766

shown, the plots are in close agreement. The similarity767

between the continuous source spectrum and the high-768

frequency source spectrum illustrates how quickly high-769

frequency information is erased by molecular diffusion,770

resulting in an essentially continuous signal shortly after771

release, which is then transformed by the turbulent trans-772

port process. The introduction of new frequency content773

to an odor signal may benefit both detection and source774

localization tasks, as further discussed in Sec. III.775

F. Effects of odorant diffusivity, sensor location,776

and sensor size777

The sections above focus on illustrative examples to778

demonstrate the odor signal reformatting behaviors. In779

this section, replicating the analysis with variations to780

key parameters serves to both validate the consistency781

of the three primary processes described above as well782

as probe the effects of the parameter variations. The783

varied parameters include the odorant diffusivity, sensor784

location, and sensor size, with a quantitative evaluation785

of the impacts to the reformatting processes. In all these786

cases, we analyze odor sources that emit unsteady signals787

with a range of frequency content.788

The time domain perspective provides a useful way to789

quantify the effects of parameter changes, as we can di-790

rectly analyze the joint statistics of the particle pairs.791

Fig. 8A shows an example time domain plot of differ-792

ence in travel time versus difference in release time. In793
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FIG. 7. Comparison of frequency production in particle track-
ing simulation to expected power law scaling and continuous
source model results. Example shown is for an odor with dif-
fusivity 1.5× 10−5 m2/s, released at (0,0) and detected by a
0.087 m × 0.02 m sensor at a downstream distance of 0.40 m
from the source. The inset illustrates an entire mapping plot,
from which the gold line is computed from averaging across
high source frequencies. Specifically, the gold line shows the
average spectrum of particle pairs released closely space in
time, at a frequency of 20 to 25 Hz. The red dashed line shows
results of a Fourier transform of the signal at the same loca-
tion as directly modeled for the idealized continuous source
case. Black dotted line shows ω−3, scaled for comparison with
the other two curves.

the time domain, the plot naturally partitions into two794

components: an ‘independent component’ that behaves795

identically regardless of difference in release time, and a796

‘correlated component’ whose behavior does depend on797

the release time difference. To connect to our frequency-798

domain descriptors: the independent component repre-799

sents the frequency filtering process, while the correlated800

component encompasses both the frequency spreading801

and frequency production processes.802

For the independent component, the physics of diffu-803

sive processes allow us to build a mathematical model804

of the behavior, as previously described in the frequency805

filtering section. Once we obtain a model of the inde-806

pendent component, we can subtract it from the time807

domain plot to isolate the correlated component for pa-808

rameterization. We are then left with a time-domain plot809

of the correlated component (the component related to810

frequency spreading and production).811

As evident in Fig. 8A, the correlated component be-812

comes important at small differences in release time. In-813

tuitively, this can be thought of as particles that are814

closely spaced in time being released into a velocity field815

that is more likely to be correlated with itself, and there-816

fore their trajectories are more likely to be correlated817

with each other. For reasons that we explore in the dis-818

cussion, a complete quantification of the behavior of such819

correlated particles remains an open area of research in820

turbulence theory. In this section, then, we instead seek821

to parameterize the behavior under a range of condi-822

tions. Fitting Gaussian functions to the spread of travel823

time differences allows for quantitative comparison of the824

mean, standard deviation, and area under the curve for825

the Gaussian fits. The results displayed in Fig. 8B show826

these Gaussian parameters, compared across sensor lo-827

cations (column 1), odorant diffusivities (column 2), and828

sensor sizes (column 3).829

For the mean travel time difference (first row of Fig.830

8B), we identify an approximately 1:1 ratio of mean shift831

to release time difference across all parameters, implying832

that particles released some small time apart ‘catch up’833

with each other and arrive at the same time, on aver-834

age. This seems to be a known phenomenon attributed835

to eddy sweeping and intermittency in velocity fluctu-836

ations for turbulent flows (see for instance [57, 58]), so837

we take it as an observed behavior of turbulence. The838

behavior implies that very high frequencies (i.e. small839

separation times) will not persist for long after release840

from the source, even neglecting the role of molecular841

diffusion.842

Looking at the width of the Gaussians (standard de-843

viation, second row of Fig. 8B), we note that the width844

gradually increases with increasing initial separation and845

is dependent on both sensor position and molecular dif-846

fusivity. In other words, the further the sensor is down-847

stream of the source, the wider the curve, because par-848

ticle pairs will show a larger spread in travel times the849

farther they have traveled. Increasing the molecular dif-850

fusivity (once it is high enough to be relevant) also in-851

creases the spread of travel times, since molecular diffu-852

sion can separate particles into different trajectories in853

the flow field. For a given odor signal, a wider spread854

in the travel time differences relates to the attenuation855

of high-frequency content, further emphasizing the inher-856

ently local nature of high-frequency information.857

The area under the curve (third row of Fig. 8) rep-858

resents the strength of the correlated component. At a859

difference in release time of zero, the area is at its max-860

imum, then the area asymptotically approaches a small861

value by a difference in release time of about 0.2 seconds;862

note that 0.2 seconds is meaningful in that it is the in-863

tegral scale of the flow near the source, which represents864

the time over which the flow is correlated with itself. In865

other words, this behavior shows that when particles are866

released at intervals longer than the integral time scale867

of the flow (meaning, into flow fields that are uncorre-868

lated with each other), they mostly move independently869

and therefore have minimal power in the correlated com-870

ponent. Importantly, the decay does not go completely871

to zero, which means new frequencies are still produced872

in the signal, but that the relative power in those new873

frequencies is much smaller.874

The curves also appear to scale directly with sensor875

cross-stream width, a parameter that we select during876

the analysis setup. As particles travel downstream, they877

spread laterally apart from one another, so a wider sen-878
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FIG. 8. Time-domain approach and results for parameterizing the correlated component of the frequency mapping function.
(A) Analysis approach: first, we construct a time-domain plot of difference in travel time, T∆trav, vs difference in release
time, T∆rel, for particle pairs. Next, the quantifiable independent component is subtracted, leaving a “spike” representing the
correlated component, significant at small differences in release time. Finally, slices are taken along the T∆rel axis and Gaussian
functions are fit to each curve using an iterative approach to minimize the χ2 metric. (B) Resulting parameters characterizing
a Gaussian fit to the correlated component of the time-domain mapping function for a range of small differences in release
time. The top row shows the mean, µ, the middle row the standard deviation, σ, and the third row the area of the best-fit
Gaussian function (computed as area = Aσ

√
2π, where A is the amplitude). The first column shows the effects of moving the

sensor to different downstream distances with diffusivity held constant at 1.5 × 10−5 m2/s and sensors at the original size (2

cm thickness with the width scaling as
√

xi/x0). The second column measures effects from varying the odor diffusivity, at
a location of 40 cm downstream and the original sensor size (0.087 m × 0.02 m at this location). Because there is constant
kinematic viscosity across cases, this can also be thought of as varying the Schmidt number (Sc, a dimensionless number that
quantifies the ratio of momentum diffusivity to mass diffusivity as Sc = ν/D), from Sc = 1 to Sc = 106. Note that Sc of
order unity represents typical air-borne odor conditions, while odors in water exhibit Sc on the order of 103 m2/s, and a Sc of
106 is essentially a non-diffusive condition. The third column displays results of changing the sensor size, with diffusivity held
constant at 1.5× 10−5 m2/s and sensor location at 40 cm downstream of the source.
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sor detects more of these particles. More pertinently, a879

higher percentage of trajectories may be correlated with880

one another due to the sensor detecting additional par-881

ticles that have correlated arrival times to some down-882

stream distance, but be spread laterally wider than the883

original sensor. This finding has implications for sensor884

size in olfactory navigation - for instance, that a long885

antenna (on the scale of, say, a cockroach) may detect886

the correlations in the odor signal due to flow structures887

more strongly than a short antenna (on the scale of, for888

example, a fruit fly), for a given flow field.889

III. DISCUSSION890

A. Implications for sensing and olfactory891

navigation892

The temporal structure of odor signals is known to be893

important for animal navigation [19, 59, 60]; therefore,894

characterizing the temporal reformatting of these signals895

represents an important step toward understanding the896

olfaction process. We design the current analysis in the897

context of real-world olfaction, in which arrays of sen-898

sory structures are located in an area of finite size (such899

as insect antennae or the olfactory epithelium in mam-900

malian nasal cavities, see for example [61–64]), the flow901

is chaotic with a fluctuating velocity field [24, 65], and902

odor sources may fluctuate and emit signals with a range903

of frequency content [39, 66–68]. Despite the complexity904

of the problem analyzed, we observe a consistent set of905

three dynamic processes that transform the odor signal906

during transport: frequency filtering, frequency produc-907

tion, and frequency spreading.908

These transformations of the frequency content of the909

odor signal likely provide a selective advantage to a nav-910

igating animal. Frequency production in particular may911

be advantageous, since receptors are generally more sen-912

sitive to fluctuating signals than static ones, so the in-913

troduction of new fluctuations likely increases receptor914

sensitivity to the odor signal [15, 16, 69]. The trans-915

formed frequency content of an odor signal may also916

potentially encode information about source location,917

since the transformations that we observe are location-918

dependent (for further discussion of information extrac-919

tion from plumes, see [55, 70–72]). Specifically, as dis-920

tance from the source increases, we observe more filter-921

ing of high-frequency source signals, additional power922

in the underlying spectrum rather than the source sig-923

nal, and wider spreading of source frequencies. Broadly,924

this demonstrates that low-frequency signal content can925

persist far from the source. High-frequency content, on926

the other hand, is continually generated and destroyed in927

the turbulent transport process, and information in the928

high-frequency bands will have a more complex relation-929

ship with the source signal, as explored in [29]. Animals930

that find odors under specific conditions (for example,931

the typical mean wind speed and turbulence intensity in932

a densely treed forest will be different than those in open933

meadows) could, and may, benefit from receptors tuned934

to the frequency bands most relevant for their naviga-935

tional context [54].936

Let us also consider the implications of an animal that937

emits some odor signal with the goal of transmitting in-938

formation to other animals (as in a female moth releasing939

pheromone pulses to attract mates). Low frequencies in940

the odor source spectrum persist farther downstream –941

flowers that slowly pulse their odor release may have the942

advantage as far as long-distance transmission of a low943

frequency signal [68]. However, if a navigating insect has944

some intuitive understanding of the frequency content of945

the source (say, the navigating moth knows the charac-946

teristic frequencies in the transmitted pheromone signal),947

then the frequency content of the signal may be informa-948

tive for distance from the source. Concretely, in the far949

field, the frequency content largely reflects the flow, with950

only the lowest frequency content in the source signal951

persisting, but as the navigating insect approaches the952

source, more of the frequency content characteristic of953

the source is available to the navigator. So as the navi-954

gator approaches the source, the presence of unique fre-955

quency content of the source signal would indicate that956

it is drawing closer to the source. If, on the other hand,957

the insect detects the frequency signature of the source958

but then it ‘disappears’ from the odor signal spectrum,959

that would be an indication that the insect is moving960

farther from the source. One can imagine the advantage961

of a transmitting animal (for example, the female moth)962

emitting a signal containing a unique higher-frequency963

content spectrum that helps the navigator understand964

distance from the source in the relatively near field, but965

at a low-frequency duty cycle to transmit some informa-966

tion as far as possible. Source emission rates could also967

be modulated by wind speed or level of turbulence to ei-968

ther increase signal range or dissipate quickly, depending969

on the objective of the transmitting organism. Whether970

animals actually modulate release frequencies for these971

purpose, or if release rate is primarily a matter of bio-972

physical constraints, is a matter of future research [39].973

While the current work does not directly explore the974

above speculations, it sets up a framework for how one975

may analyze these questions in the future. We frame976

turbulent transport as an intrinsic part of the olfactory977

process: it is the first of a series of signal processing978

steps that an odor signal undergoes between release of979

the odor and the perception by an organism. After a980

signal is transformed by the flow, animal behavior may981

also change the frequency spectrum, through processes982

collectively known as active sensing [73]. Activities such983

as sniffing [74], antennal movements [75], and even wing984

beats [76] modify the flow and odor fields, re-weighting985

power across frequency bands. As an animal navigates,986

its locomotion also transforms the odor signal by altering987

the relative motion between the animal and the evolving988

odor field. Potentially, such activities can be leveraged989

to accentuate portions of the spectrum with higher in-990
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formation density, or with increased receptor sensitivity.991

Once odor reaches a receptor, transduction and process-992

ing represent additional signal processing steps [77, 78].993

That is, we see odor transport as the first stage of a com-994

plex series of odor signal transformations that must be995

taken into account if we are to fully understand olfactory996

navigation.997

B. Connections to turbulence literature998

The dynamic processes that we identify closely par-999

allel classical turbulence perspectives, but with concep-1000

tual re-framing to understand the transformations from1001

a sensory-relevant signal processing perspective. Specif-1002

ically, this work dovetails with fluid dynamics literature1003

that outlines the processes governing both passive scalar1004

variance and turbulent kinetic energy. Regarding pas-1005

sive scalar variance, the seminal work of Csanady (1967)1006

derives a transport equation for the variance of a con-1007

centration field, ⟨C ′2⟩ (also known as the mean square1008

fluctuations), as:1009

∂⟨C ′2⟩
∂t

+ ⟨ui⟩
∂⟨C ′2⟩
∂xi

= −2⟨u′
iC

′⟩∂⟨C⟩
∂xi

− ∂⟨u′
iC

′2⟩
∂xi

− 2D

〈
∂C ′

∂xi

∂C ′

∂xi

〉
(18)

where C is the concentration, ui is the velocity, and a1010

prime represents fluctuation from the mean. The terms1011

on the left-hand side describe the total change in variance1012

due to local changes-in-time and advective changes. On1013

the right, we see terms that relate to our process decom-1014

position: 1) variance production due to the interactions1015

of the turbulent energy cascade and concentration gra-1016

dients, 2) the divergence of variance flux due to turbu-1017

lent transport (as in effective diffusion due to turbulent1018

eddies), and 3) variance dissipation that sets the atten-1019

uation of fluctuations [79]. Note that in the formulation1020

above, the divergence of variance flux due to molecu-1021

lar diffusion is assumed to be much smaller than that1022

due to turbulent diffusion and is therefore not included1023

in the second term on the right-hand side. The terms in1024

the concentration variance equation map closely onto the1025

physical processes known to transform turbulent kinetic1026

energy (TKE) in a boundary or mixing layer - see [80]1027

for an early example of derivation of the TKE equation.1028

In the TKE balance equation, the analogous right-hand1029

side terms represent production of TKE due to interac-1030

tions between the Reynold stress and mean shear in the1031

flow, the spatial transport of TKE by turbulent eddies,1032

and the dissipation of kinetic energy by viscosity (addi-1033

tional details can be found in numerous fluid dynamic1034

textbooks, for example [50]).1035

There are parallels between the three processes identi-1036

fied in the current work and the right-hand side terms1037

in the variance budget (eq. 18). Regarding the first1038

term, even though mathematically the production term1039

remains a single process, we conceptually split the pro-1040

duction term into our frequency production component1041

that induces a spectrum based solely on the average rate1042

of particle release (i.e., the underlying spectrum that1043

looks similar across many source frequencies), along with1044

our frequency spreading component that causes the en-1045

ergy to be spread across a cascade of frequencies adjacent1046

to a given input frequency. For the variance turbulent1047

transport term, we use effective diffusion coefficients to1048

approximate the divergence of variance flux. The third1049

term, related to variance dissipation, largely governs the1050

relative power in the independent versus correlated com-1051

ponents of our joint particle pair statistics; informally,1052

the relative height of the diagonal ridge in our mapping1053

plots compared to the underlying spectrum across the1054

input frequencies. This term relates to yet-unsolved clo-1055

sure problems in turbulence theory, hence our empiri-1056

cal parameterization of the correlated component of the1057

mapping function.1058

While the processes that we identify above are analo-1059

gous to terms in classical literature that use an Eulerian1060

formulation for scalar variance (that is, one that solves1061

for the variance at a fixed location and time), our analy-1062

sis methods more closely parallel formulations that take1063

a Lagrangian approach to the problem (that is, one that1064

tracks particles along their trajectories). Lagrangian ap-1065

proaches encompass a vast range of methods, but there1066

is a class of models known as two-particle Lagrangian1067

methods, first suggested by Durbin [81], that provides1068

an especially relevant touch-point for the current study.1069

A summary of such approaches can be found in [82] and1070

[83]; here, we highlight two studies that investigate be-1071

havior of particular interest to the current investigation.1072

Specifically analyzing a decaying turbulent flow, [84] de-1073

veloped PDFs of particle pair separations over time for1074

particles released at zero separation, identifying trends1075

similar to some of our observations, such as the broaden-1076

ing of the particle separation PDF with increasing time1077

from particle release. Later, Yeung [85] analyzed parti-1078

cle pairs and their velocity correlations at different ini-1079

tial separations, but in isotropic turbulence with peri-1080

odic boundaries, and found similar results to the cur-1081

rent study in that the correlated component of particle1082

pair statistics becomes important when the initial sep-1083

aration is small compared to the integral length scale.1084

The present investigation differs from most existing two-1085

particle Lagrangian studies by emphasizing conditions of1086

interest in olfactory navigation contexts, in that we per-1087

form direct numerical simulations of a decaying turbulent1088

flow field, allow for a fluctuating source to compute the1089

concentration spectrum for a range of initial frequencies1090

(or, viewed differently, a range of initial particle sepa-1091

rations in time), and develop statistics for a finite-size1092

detection area representing a sensor rather than statis-1093

tics at a single spatial location. Additionally, we frame1094

the analysis as an input-output mapping function, in line1095

with the above view of turbulent transport as the first in1096

a series of signal processing transformations.1097
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As we alluded to when quantifying the behavior of1098

correlated particles, the complete modeling of correlated1099

particles in low-Reynolds number flows represents yet-1100

unsolved problems in turbulence theory. Broadly, the1101

problems relate to the persistence of initial condition ef-1102

fects as well as the linking of Eulerian and Lagrangian de-1103

scriptors of turbulence. As described in [86], decreasing1104

the initial time lags in Lagrangian particle pair analysis1105

makes it necessary to consider dissipation effects, which1106

then requires more nuanced and complex analysis. While1107

numerous approaches exist to model such dissipation ef-1108

fects, they largely rely on system-specific parameteriza-1109

tion of a micro-mixing time scale that is dependent on1110

length and time scales in the flow along with source con-1111

figuration including size and dimensionality [87, 88]. In1112

fact, Benzi and Vulpiani [89] specifically point out that1113

trying to use a few “critical phenomena” to characterize1114

the scalar spectrum will never be completely accurate,1115

since completely describing the scaling features would re-1116

quire an infinite set of exponents. In the current study,1117

we are not interested as much in completely character-1118

izing a generalizable odor spectrum, but rather in iden-1119

tifying a few of the most important physical phenomena1120

relating to the signal reformatting. Therefore, we did not1121

attempt to fully model this component but rather char-1122

acterize the behavior with changes to relevant parame-1123

ters. We use our empirical Gaussian parameterization1124

(in terms of mean shift, width increases, and area decay1125

with increasing separation in release times) to provide a1126

bridge between Lagrangian pair statistics and observed1127

frequency-domain mapping.1128

Finally, it is useful to identify phenomenological be-1129

haviors known in plume dispersion literature that affect1130

the temporal reformatting of odor signals. Production1131

of scalar variance primarily occurs in what is described1132

as the “near-field” regime, located relatively close to the1133

source, in which the plume width tends to be smaller1134

than the characteristic length scales of the flow and the1135

plume tends to behave in a meandering way, meaning the1136

plume generally travels as a cohesive ribbon along the1137

motion of large eddies in the flow [90]. In this regime, we1138

expect the odor signal transformation to be dominated1139

by the spreading of power across frequencies adjacent to1140

each input frequency, and we expect the source configura-1141

tion to be important, that is, for the spectrum to retain1142

power in the original odor signal spectrum frequencies.1143

By contrast, dissipation of scalar variance occurs primar-1144

ily in the “far-field” regime, located at a large distance1145

from the source, in which the plume tends to be wider1146

than the characteristic length scales in the flow and rela-1147

tive dispersion dominates [91]. In this regime, we expect1148

odor transformation to be characterized by rapid decay1149

of small-scale fluctuations, interpreted as the attenua-1150

tion of high-frequency signals in the frequency domain,1151

and for source configuration effects to be largely “forgot-1152

ten”, that is, the spectrum to be mostly independent of1153

the original odor signal spectrum. In the context of ol-1154

factory navigation, this means that encoding of source1155

information (such as location and frequency content) is1156

generally retained in the near-field spectrum, while the1157

far-field spectrum largely reflects features of the trans-1158

porting flow field.1159

C. Framework applicability and limitations1160

Due to their grounding in fundamental fluid dynamics1161

principles and literature, we expect that the processes1162

identified in this study will, in general, be widely appli-1163

cable to other odor plume conditions. Specifically, the1164

framework is directly applicable as long as the transport1165

process itself is linear with respect to the odor concen-1166

tration. This condition holds for the case for passive1167

odor transport governed by the advection-diffusion equa-1168

tion, regardless of various parameter perturbations, such1169

as varying the Reynolds number, turbulence intensity,1170

or odor source characteristics. Further, the framework1171

holds across both two-dimensional and three-dimensional1172

flows, as well as for plumes within a turbulent boundary1173

layer (or more generally, close enough to a boundary that1174

wall effects are significant), as further discussed in Ap-1175

pendix A. However, deviations may arise in some cases,1176

including very near surfaces that interact with odor in a1177

concentration-dependent manner, and in the case of ac-1178

tive scalars. Particularly relevant to olfactory navigation1179

along the ground, surfaces exhibit odor-dependent non-1180

linearities in sorption processes that would in turn affect1181

plume dynamics in very close proximity to the surface1182

[13, 92, 93]. Nonlinearities may also occur in the case of1183

active scalars (for example, particularly dense or buoyant1184

plumes) wherein the odor itself changes the flow field dy-1185

namics during transport, although in naturalistic cases1186

odor concentrations are typically low enough that there1187

are negligible effects on the flow field [22]. We consider1188

these two nonlinear cases in more detail in Appendix A.1189

In the presence of such nonlinearities, an extension or1190

modification to our framework would be required.1191

D. Summary and outlook1192

In this study, we provide a framework to bridge a1193

sensory-relevant perspective of odor signal processing in1194

the frequency domain with known processes in trans-1195

port of a passive scalar in turbulent flow. We employ1196

Lagrangian tracking of particle pairs and transform the1197

joint probabilities of sensor detection into a frequency-1198

domain mapping of the power spectrum at the source vs1199

the power spectrum at the sensor. We then use funda-1200

mental fluid dynamics principles to identify the primary1201

components of this mapping function. The results reveal1202

three dominant processes that reformat the source signal1203

as it is transported by turbulent flow: frequency filter-1204

ing, frequency production, and frequency spreading. We1205

model the frequency filtering effects using a simple dif-1206

fusion model based on mean-square particle separations,1207
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and demonstrate the frequency production and spreading1208

components using the energy spectrum of the transported1209

species, closely related to the energy cascade in the flow1210

field. The relative contribution of these three compo-1211

nents is a more nuanced matter that requires considera-1212

tion of dissipation effects, which involves turbulence clo-1213

sure problems and is beyond the scope of this work.1214

Testing our findings in real-world naturalistic flows will1215

clarify how universal the three-process decomposition is,1216

and leveraging the findings in animal navigation research1217

will reveal where biological systems may have evolved1218

olfactory navigation policies that exploit it. Applying1219

our framework to a wider range of flow conditions and1220

source configurations will allow for further parameteri-1221

zation of the behavior of correlated particle pairs. Fu-1222

ture studies focused on navigational policies or plume1223

information can quantify what spectral features actually1224

carry navigational value. For practical applications, cou-1225

pling movement design to these mappings suggests new1226

strategies for bio-inspired olfactory robots and testable1227

behavioral predictions (for example, movement-induced1228

frequency spreading or frequency-based distance estima-1229

tion). The mapping function approach also provides a1230

frequency-domain framework that can be extended to1231

other transformations of the odor signal, including not1232

only the transport process but also animal movement1233

and active sensing, odor transduction, and neural pro-1234

cessing. Viewing the entire journey of an odor as a series1235

of signal processing steps, from release at the source to1236

perception in the animal brain, allows for a concise de-1237

scription of sensory-relevant transformations in the odor1238

signal frequency content. Within such a framework, we1239

can then identify dominant transformations at each step,1240

such as the three processes identified in this study for the1241

transformation of odor signals by transport in turbulent1242

flows.1243
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IV. APPENDICES1261

Appendix A: Further discussion of framework1262

applicability and limitations1263

Applicability to different flow regimes1264

The framework presented in the current work is gen-1265

erally applicable to changes in the flow field compared1266

to our two-dimensional simulated flow, including three-1267

dimensional flows and flows within a turbulent boundary1268

layer. In this section we explore expected effects of these1269

two example flow changes on the characteristics of the1270

odor signal spectrum.1271

Even though the current study employs a 2D compu-1272

tational fluid dynamics simulation, there are well-known1273

changes in the spectrum of 3D flows that allow us to an-1274

ticipate behavior in a 3D context. In three-dimensional1275

turbulence, energy is transferred from larger energetic1276

eddies to smaller and smaller eddies until viscous dissi-1277

pation as heat at the smallest scales, (the phenomenon1278

known as the energy cascade, classically described by1279

Richardson and formally stated by Kolmogorov in 19411280

[26]). As shown in this study, two-dimensional flows ex-1281

hibit a “dual cascade”, due to conservation of enstro-1282

phy along with conservation of energy (enstrophy is de-1283

fined as the one-half the mean square vorticity, a measure1284

of rotation in the flow). In terms of physical mecha-1285

nisms, in three-dimensional turbulence vortex stretching1286

allows for the cascade of energy to smaller scales, while1287

in two-dimensional flows vortex gradient stretching con-1288

serves the rotational quantity of enstrophy and allows1289

it to cascade to smaller scales, while energy transfers to1290

larger scales [95]. For the flow spectrum, this results1291

in a dual-sided cascade from the forcing wavenumber: a1292

backwards-energy cascade to smaller wavenumbers along1293

with a forwards-enstrophy cascade to larger wavenum-1294

bers. In our mapping function context, for 3D flows we1295

would expect the underlying spectrum to be reflective of1296

the forward energy cascade and -5/3 power law scaling1297

typical of 3D flows.1298

Similarly, even though we analyze a source in the1299

center of a relatively large domain, minimizing bound-1300

ary effects, the framework applies as the turbulent flow1301

approaches a boundary (up until nonlinear sorption ef-1302

fects that may occur, as discussed in the following sec-1303

tion). From fluid dynamics, we know that in such tur-1304

bulent boundary layers concentration spectra are modu-1305

lated with distance from the boundary, while still being1306

transformed in a linear manner by the flow. Some of these1307

changes are predictable, such as increased attenuation of1308

high frequencies (strengthening of the frequency filter-1309

ing component) near the boundary. This attenuation oc-1310
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curs due to viscous effects, namely, that high shear near1311

the wall smears out concentration fluctuations [96]. Due1312

to the modulation of concentration spectra, we also ex-1313

pect that the relative importance of the filtering, spread-1314

ing, and production components will shift with distance1315

from boundaries. Experimental studies confirm this ef-1316

fect, showing, in general, an increase in the contribution1317

of the filtering component and decrease of the production1318

component as one begins moving from the freestream to-1319

ward a boundary (subtleties related to this observation1320

exist depending on the exact plume conditions and the1321

distance from the wall) [97].1322

Sources of nonlinearity in odor transport1323

There are a few cases in which the framework does1324

not fully capture the transformations to the odor and1325

would therefore need to be extended or modified to ap-1326

ply. Specifically, the framework is no longer valid if the1327

odor transport process shows nonlinear dependence on1328

concentration of the odor. Below we explore two poten-1329

tial causes of this: if transport is occurring very near1330

a surface with nonlinear sorption, or if the transported1331

odor is not passive, but rather impacts the flow field as1332

it is being transported.1333

Surfaces can play an important role in olfaction, espe-1334

cially in navigation tasks for walking organisms [92]. In1335

such cases, odorant-specific sorption and desorption pro-1336

cesses may alter the temporal dynamics of odor plumes1337

[13]; such effects would necessarily introduce a nonlinear1338

component to the spectral transformation of the odor1339

signal and therefore not be described by the proposed1340

framework. However, these effects are odorant-specific,1341

and with odorants that have low concentrations or high1342

desorption relative to adsorption to a given surface, the1343

dynamics are expected to still be essentially linear [93].1344

Analysis of the specific effects and relative strength of this1345

nonlinear component is out of the scope of the current1346

work, but future research may help identify if the nonlin-1347

ear effects have impact on navigation-relevant frequency1348

information as in our signal processing framework, or pri-1349

marily serve to discriminate between odors or identify1350

olfactory objects [98–100]. We would also expect non-1351

linear effects of sorption to become insignificant within1352

a short distance away from the surface, where the odor1353

signal temporal dynamics would instead be dominated1354

by linear turbulent transport processes.1355

Another case of nonlinearity would arise if the odor1356

is no longer passively transported by the flow field. In1357

such a case, feedback between the governing equations1358

would result in nonlinear dependence on the concentra-1359

tion, so the framework of a linear mapping function would1360

no longer hold. An example of an active scalar could1361

be a particularly dense or particularly buoyant plume.1362

In such a case, a body force term is introduced to the1363

Navier-Stokes equations governing the velocity field of1364

the transporting fluid, a term that itself depends on the1365

odor concentration. A nonlinear dependence then arises1366

when the concentration-dependent flow field is inserted1367

into the concentration-dependent term of the advection-1368

diffusion equation. In general, however, we expect odor1369

plumes to be carried passively by the flow. Even though1370

most common odorants are dense relative to air, typical1371

plumes show low enough concentrations that any body1372

forces are negligible and the framework still holds [22].1373

Appendix B: Effects of flow on power spectra:1374

mathematical methods1375

1. Overview1376

This section presents a formalism for translating par-1377

ticle simulation data of a flow into quantities that char-1378

acterize the transformation of the dynamics of odorant1379

release at the source into the dynamics of odorant con-1380

centration at a downstream sensor. The primary goal1381

is a quantity that describes how the power spectrum of1382

odor concentration at the source is transformed into the1383

power spectrum at the sensor.1384

We assume that an odorant is released into a flow at1385

a single point, without perturbing the flow. The odorant1386

concentration as a function of time is s(t). A sensor is1387

present at a fixed downstream displacement from to the1388

source, and also is assumed not to perturb the flow.1389

An instance of the flow will be denoted by ϕ, each a1390

member of an ensemble Φ. We seek to describe average1391

behaviors. We will assume that the flow is statistically1392

stationary and ergodic, i.e., that averages over ϕ ∈ Φ are1393

equivalent to averages over extended times – and more-1394

over that averages over Φ may be estimated experimen-1395

tally in this fashion.1396

2. First-order statistics1397

For an instance ϕ of the flow, denote the concentration1398

time series at the sensor by rϕ(t). Then1399

rϕ(t) =

∞∫
0

s(t− τ)aϕ(τ ; t)dτ (B1)

where aϕ(τ ; t) is the fraction of odorant that was released1400

at time t − τ that appears at the sensor at time t.The1401

assumption that the odorant release does not perturb the1402

flow implies that aϕ(τ ; t) is independent of the source1403

time series s(t) .1404

Equation B1 also has a particle-tracking interpreta-1405

tion, which will be helpful for the analysis of second-1406

order statistics: s(t) is the probability that a particle in1407

the flow is emitted at time t, rϕ(t) is the probability that1408

the particle is at the sensor at time t, and aϕ(τ ; t) is the1409

probability that a particle released at the source at time1410

t− τ arrives at the sensor at time t.1411

The expected value of the sensor time series, i.e., its1412
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ensemble average, is1413

r(t)
∆
= ⟨rϕ(t)⟩Φ =

〈 ∞∫
−∞

s(t− τ)aϕ(τ ; t)dτ

〉
Φ

(B2)

where, here and below, aϕ(τ ;t)= 0 for negative travel1414

times τ . Since averaging is linear,1415

r(t) =

∞∫
−∞

s(t− τ)⟨aϕ(τ ; t)⟩Φdτ (B3)

The assumption of ergodicity means that that averag-1416

ing aϕ(τ ; t) over the ensemble is equivalent to averaging1417

over absolute time t. Denoting this average by1418

a(τ)
∆
= ⟨aϕ(τ ; t)⟩Φ (B4)

eq. B3 becomes1419

r(t) =

∞∫
−∞

s(t− τ)a(τ)dτ (B5)

That is, the average time series at the sensor is a linear1420

transformation of the time series at the source. The ker-1421

nel of the transformation, a(t), may be regarded as an1422

“impulse response” of the flow. It is natural to represent1423

this relationship in the frequency domain,1424

r̃(ω) = s̃(ω)ã(ω) (B6)

Here and below, we use standard Fourier transformation1425 
x̃(ω) =

∞∫
−∞

x(t)e−iωtdt

x(t) = 1
2π

∞∫
−∞

x̃(ω)eiωtdω
(B7)

and the integral representation of the δ-function1426

δ(u) =
1

2π

∞∫
−∞

eiuydy (B8)

which satisfies1427

f(x) =

∞∫
−∞

f(u)δ(u− x)du. (B9)

3. Second-order statistics1428

To calculate the joint distribution of odorant concen-1429

trations at times t1 and t2, we maintain the particle view-1430

point. We consider a scenario in which a particle of one1431

odor is released with probability s1(t) and a particle of a1432

second odor is released with probability s2(t), and com-1433

pute the probability zϕ(t1, t2) that the two particles ar-1434

rive at the sensor at times t1 and t2, respectively. We1435

keep the identity of the odors represented by the two1436

particles separate (this does not entail additional com-1437

plexity) and later specialize to the case in which they are1438

the same.1439

The two odor particles may have entered the flow at1440

any pair of prior release times t1−τ1 and t2−τ2. The joint1441

probability that two such particles arrive at the sensor af-1442

ter travel times τ1 and τ2 depends not only on these travel1443

times, but may also depend on the difference between the1444

release times, the absolute time (which we measure with1445

respect to t1, and on the instance of the flow. We denote1446

this dependence by bϕ. Thus,1447

zϕ(t1, t2) =

∞∫
−∞

∞∫
−∞

s1(t1 − τ1)s2(t2 − τ2)

· bϕ(τ1, τ2, (t2 − τ2)− (t1 − τ1); t1)dτ1dτ2
(B10)

where arguments of bϕ are the two travel times, the dif-1448

ference between the release of the first odorant’s particle1449

and the second odorant’s particle (second particle minus1450

first), and the absolute arrival time of the particle of the1451

first odorant. bϕ = 0 if either travel time τi is negative.1452

Again we can replace the ensemble-average with an1453

average over time:1454

z(t1, t2)
∆
= ⟨zϕ(t1, t2)⟩Φ =〈 ∞∫

−∞

∞∫
−∞

s1(t1 − τ1)s2(t2 − τ2)

· bϕ(τ1, τ2, (t2 − τ2)− (t1 − τ1); t1)dτ1dτ2

〉
Φ

=

∞∫
−∞

∞∫
−∞

s1(t1 − τ1)s2(t2 − τ2)

·
〈
bϕ(τ1, τ2, (t2 − τ2)− (t1 − τ1); t1)

〉
Φ
dτ1dτ2

=

∞∫
−∞

∞∫
−∞

s1(t1 − τ1)s2(t2 − τ2)

· b(τ1, τ2, t2 − t1 − τ2 + τ1)dτ1dτ2
(B11)

where1455

b(τ1, τ2, τ21)
∆
= ⟨bϕ(τ1, τ2, τ21; t1)⟩Φ (B12)

since the ensemble average must be independent of ab-1456

solute time. b(τ1, τ2, τ21) is a description of the pairwise1457

statistics of particle flow: the joint probability of particles1458

with travel times τ1 and τ2 arriving at the sensor, given1459

that their release times (positive if particle 2 is released1460

after particle 1) differ by τ21.1461
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To express eq. B12 in the frequency domain, we cal-1462

culate its Fourier transform, in terms of1463

s̃i(ω) =

∞∫
−∞

si(t)e
−iωtdt (B13)

and1464

b̃(ω1, ω2, λ) =
∞∫

−∞

∞∫
−∞

∞∫
−∞

b(τ1, τ2, τ21)e
−iω1τ1−iω2τ2−iλτ21dτ1dτ2dτ21.

(B14)

From eq. B11,1465

z(t1, t2) =
1

(2π)
5

∞∫
−∞

[7×]

∞∫
−∞

s̃1(u1)e
iu1(t1−τ1)

· s̃2(u2)e
iu2(t2−τ2)

· b̃(ω1, ω2, λ)e
iω1τ1+iω2τ2+iλ(t2−t1−τ2+τ1)

du1du2 dω1dω2 dλ dτ1dτ2
(B15)

The integral over τ1 yields 2πδ(−u1 + ω1 + λ) and the1466

integral over τ2 yields 2πδ(−u2 + ω2 − λ), so1467

z(t1, t2) =
1

(2π)
3

∞∫
−∞

∞∫
−∞

∞∫
−∞

s̃1(ω1 + λ)s̃2(ω2 − λ)

· b̃(ω1, ω2, λ)e
iω1t1+iω2t2dω1dω2dλ.

(B16)

Comparing eq. B16 with1468

z(t1, t2) =
1

(2π)
2

∞∫
−∞

∞∫
−∞

z̃(ω1, ω2)e
iω1t1+iω2t2dω1dω2

(B17)
yields1469

z̃(ω1, ω2) =
1

2π

∞∫
−∞

s̃1(ω1 + λ)s̃2(ω2 − λ)b̃(ω1, ω2, λ)dλ.

(B18)

4. Cross-spectrum and power spectrum1470

If the release process is stationary, we can use eq. B181471

to relate the cross-spectrum at the sensor to the cross-1472

spectrum at the source. In this circumstance, the cross-1473

correlation function for particle release depends only on1474

the release interval:1475

⟨s1(t+ T1)s2(t+ T2)⟩Φ = Csource(T1 − T2) (B19)

The cross- spectrum at the source, C̃source(ω) , is the1476

Fourier transform of the cross-correlation1477

C̃source(ω) =

∞∫
−∞

Csource(T )e
−iωT dT . (B20)

As is standard to avoid diverging integrals, we assume1478

that the particle release occurs only over a finite time1479

interval [−L/2, L/2] , and consider the limit as L → ∞.1480

In this scenario, the cross-spectrum at the source is given1481

by1482

lim
L→∞

1

L
s̃1(ω1)s̃2(ω2) =

{
C̃source(ω1), ω1 + ω2 = 0

0, otherwise
(B21)

and the cross-spectrum at the sensor, C̃sensor(ω), satisfies1483

lim
L→∞

1

L
z̃(ω1, ω2) =

{
C̃sensor(ω1), ω1 + ω2 = 0

0, otherwise
(B22)

Combining eq. B18 and B22:1484

limL→∞
1
L z̃(ω1, ω2) = 1

2π

∞∫
−∞

C̃source(ω1 + λ)b̃(ω1, ω2, λ)dλ, ω1 + ω2 = 0

0, otherwise
(B23)

For the nonzero case of eq. B23,1485

lim
L→∞

1

L
z̃(ω,−ω) =

1

2π

∞∫
−∞

C̃source(ω + λ)b̃(ω,−ω, λ)dλ,

(B24)
which, in view of eq. B22, yields1486

C̃sensor(ω) =
1

2π

∞∫
−∞

C̃source(ω + λ)b̃(ω,−ω, λ)dλ.

(B25)
When the odorants corresponding to the two parti-1487

cles are identical, the cross-spectrum becomes the power1488

spectrum, so eq. B25 is also the relationship between the1489

power spectrum at the source and the power spectrum1490

at the sensor:1491

P̃sensor(ω) =
1

2π

∞∫
−∞

P̃source(ω + λ)b̃(ω,−ω, λ)dλ. (B26)

An important special case is that of a constant odor1492

release rate. In this case, the power spectrum of the1493

source is concentrated at a frequency of 0:1494

P̃source(ω) = 2πP̃0δ(ω). (B27)

Eq. B26 then yields1495

P̃sensor(ω) = P̃0b̃(ω,−ω,−ω). (B28)
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Note that the transformation B26 between the power1496

spectra at the source and the sensor depends only on1497

a restricted set of values for b̃. To focus on these values,1498

we define1499

B̃(ω, λ)
∆
= b̃(ω,−ω, λ) (B29)

and use B̃ in the main manuscript. In terms of B̃, eq.1500

B26 becomes1501

P̃sensor(ω) =
1

2π

∞∫
−∞

P̃source(ω + λ)B̃(ω, λ)dλ. (B30)

5. Idealized cases1502

The main manuscript considers three idealized cases in1503

which eq. B30 has a simplified form.1504

In the “frequency filtering” scenario, particles move1505

independently. That is,1506

b(τ1, τ2, τ21) = a(τ1)a(τ2) (B31)

so (from eq. B14)1507

b̃(ω1, ω2, λ) = 2πã(ω1)ã(ω2)δ(λ), (B32)
1508

B̃(ω, λ) = 2π|ã(ω)|2δ(λ), (B33)

and eq. B30 becomes1509

P̃sensor(ω) =

∞∫
−∞

P̃source(ω)|ã(ω)|2δ(λ)dλ (B34)

= P̃source(ω)|ã(ω)|2. (B35)

In the “frequency spreading” scenario, the transport1510

time for all particles is some fixed τ0 , but the probability1511

that two particles both arrive at all, q(τ21), depends on1512

the interval between their release. In this case,1513

b(τ1, τ2, τ21) = δ(τ1 − τ0)δ(τ2 − τ0)q(τ21). (B36)

From eq. B14,1514

b̃(ω1, ω2, λ) = e−iω1τ0e−iω2τ0 q̃(λ), (B37)

so1515

B̃(ω, λ) = q̃(λ), (B38)

and B30 becomes a convolution:1516

P̃sensor(ω) =
1

2π

∞∫
−∞

P̃source(ω + λ)q̃(λ)dλ. (B39)

In the “frequency production” scenario, the release1517

process is constant. That is, the power spectrum of1518

the source is concentrated at a frequency of 0 such that1519

P̃source(ω) = 2πP0δ(ω). In this case, eq. B30 becomes1520

P̃sensor(ω) = P̃0B̃(ω,−ω). (B40)

Appendix C: Computational Fluid Dynamics model:1521

details and validation1522

We performed the numerical simulations for the ve-1523

locity and concentration fields used in our analyses via1524

finite element discretization of the governing equations.1525

To construct a chaotic velocity field, we simulated two-1526

dimensional grid-turbulence using a mixing grid cylinder1527

array in a rectangular domain measuring 0.6 m in the1528

cross-stream (y) direction by 0.75 m in the streamwise1529

(x) direction, plus a 0.12 m flow development section at1530

the inlet. We modeled the resulting velocity field us-1531

ing a direct numerical simulation of the Navier-Stokes1532

and continuity equations with a finite element method to1533

discretize the problem and solve the partial differential1534

equations. A version of this model was first developed1535

for [29] and expanded spatially and temporally for this1536

study. See Fig. 3 for a schematic of the model domain1537

and table I for a summary of model geometry and pa-1538

rameters.1539

Initial conditions were set to zero velocity and pres-1540

sure everywhere. The inlet velocity was ramped from 01541

to U0 over a short time interval to ensure solver stabil-1542

ity. Boundary conditions were no-slip conditions at the1543

cylindar walls and lateral domain walls (velocity=0), a1544

uniform flow at the inlet, and zero pressure at the out-1545

let. The uniform inlet flow was passed across the cylinder1546

mixing array to create a chaotic flow field from the inter-1547

acting cylinder wakes, which was iteratively solved for at1548

each time step using the direct PARDISO solver, a time-1549

dependent solver known for its stability that uses an im-1550

plicit backward differentiation formula method and par-1551

allelizes the solving of sparse systems of equations [101].1552

An unstructured finite-element mesh was locally refined1553

in areas with large velocity gradients, namely in the vicin-1554

ity of the mixing cylinders and domain walls, to ensure1555

that the finest expected dynamic scales were resolved.1556

Specifically, the domain was discretized into 2,092,7841557

total triangular and quadrilateral elements with a max-1558

imum size of 2 mm and minimum size of 0.2 mm (aver-1559

age of 405 elements per square cm). The data was then1560

exported onto a grid with 500 µm resolution, using La-1561

grangian shape functions for weak-form discretization of1562

the velocity field between model elements. Each simula-1563

tion was 180 s in duration, plus a 10 s flow development1564

period to ensure chaotic flow conditions across the full1565

domain.1566

The concentration field was modeled at the same1567

time as the velocity field in our finite element model1568

(we simply did not use the concentration information1569

when performing particle tracking analysis). Similar to1570

the velocity field, the model iteratively solved for con-1571

centration at each timestep using the time-dependent1572

PARDISO solver, this time to solve the non-reactive1573

advection-diffusion equation (equation D2) for each mesh1574

element. We set the diffusion coefficient for the odor-1575

ant to 1.5 × 10−5 m2/s, equivalent to a Schmidt num-1576

ber of about 1. The source concentration was set to 11577
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Model property and units Value
simulation duration (s) 180
total domain size (m, x x y) 0.87 x 0.6
inlet section length, plume domain length (m) 0.12, 0.75
small cylinder diameter (m) 0.01
large cylinder diameter (m) 0.015
cylinder spacing, center-to-center (m) 0.025
mean flow speed u (m/s) 0.1
fluid kinematic viscosity ν (m2/s) 1.50E-05
Taylor Reynolds number (avg) Reλ 130
exported spatial resolution (µm) 500
temporal resolution (s) 0.02

TABLE I. Summary of velocity field numerical model param-
eters and geometry. Taylor Reynolds number was computed
as Reλ = u′λ/ν, where λ is the Taylor microscale, computed

as λ = ⟨u′⟩rms

√
15ν/ϵ.

mol/m3 and the source width 0.005 m. We set the ini-1578

tial concentration field to C = 0 across the entire do-1579

main. The odor source was ramped over a small time1580

to C=1 mol/m3 and held at a constant concentration1581

thereafter, where the source profile along x = 0 was a1582

smoothed top hat. Boundary conditions for the mixing1583

grid and lateral walls were zero total odor flux normal1584

to the surfaces, −n · (J + u∗C) = 0, with advective flux1585

uC, diffusive flux J = −n · D∇C, and n as the normal1586

unit vector. At the inlet and outlet, the boundary condi-1587

tions were set to no diffusive flux normal to the boundary,1588

−n · J = −n ·D∇C = 0. Like the velocity field, the con-1589

centration field was exported onto a 500 µm grid using1590

Lagrangian shape functions for discretization.15911592

Select summary statistics for the CFD simulation are1593

plotted in Fig. 9. As shown in the top row of Panel1594

A, the time-averaged concentration field shows smooth1595

variation across the domain, decreasing rapidly as x in-1596

creases and with distance from the centerline (note the1597

log scale of the color bar). The time-averaged velocity1598

field is essentially uniform across the bulk of the domain,1599

approximately equal to the inlet velocity of 0.1 m/s. Due1600

to the no-slip boundary conditions on the top and bot-1601

tom walls of the domain, areas adjacent to these walls1602

show expected boundary effects, informing our selection1603

of domain width to minimize effects to particle transport1604

statistics for sensors along the centerline. The instan-1605

taneous concentration and velocity fields show dramat-1606

ically different structures that may vary sharply across1607

the domain due to the fluctuating nature of the fields, as1608

illustrated along the bottom row of Panel A.1609

We quantify two properties related to the turbulence1610

characteristics of the velocity field in Panel B: integral1611

time scale and turbulent kinetic energy. Both begin with1612

Reynolds decomposition of the flow field into its time-1613

average (ui) and fluctuating components (u′
i = ui − ui).1614

Turbulent kinetic energy was then computed as half the1615

sum of squares of the fluctuating components:1616

TKE =
1

2

(
u′2 + v′2

)
.

As illustrated, the cylinder array generates a high amount1617

of turbulent kinetic energy, which decays with distance1618

from the array. For the integral time scale, we first com-1619

puted the discrete autocorrelation R for positive lags k1620

of the x-direction fluctuating velocity time series at each1621

location as1622

Rk =

∑
t
u′
t+ku

′
t∑

t
u′
tu

′
t

(C1)

where the normalization ensures a value of unity at a lag1623

of zero. To mitigate numerical noise in the autocorre-1624

lation function after the initial decay, we fit a Gaussian1625

function from lag zero to the point at which R decayed1626

to 0.4R0. In fluid dynamics literature, either exponential1627

or Gaussian functions are commonly used for autocorre-1628

lation fitting in integral scale computations (for example,1629

both shapes are considered in Klein [102]); we observed1630

flattening of slope of the autocorrelation near zero lag1631

(consistent throughout the domain), which informed our1632

selection of a Gaussian fit. Least-squares optimization1633

determined the fit parameters, implemented through the1634

SciPy ‘optimize’ module in Python. Following curve fit-1635

ting, we determine the integral length scale, TI , based on1636

analytical integration of the Gaussian:1637

TI = Aσ

√
π

2
t∆ (C2)

where A and σ are the fit parameters for the Gaus-1638

sian function’s amplitude and standard deviation, respec-1639

tively, and t∆ is the time between each value in the time1640

series.1641

Appendix D: Effective diffusivity calculations1642

First we demonstrate the validity of using Richard-1643

son pair dispersion concepts to understand the indepen-1644

dent component of the spectral transformation. We do1645

so through inspection of the growth rate of particle pair1646

separations for the particle tracking simulation. The1647

ensemble-averaged mean square particle pair separations1648

for various initial separations are shown in Fig. 10. The1649

initial separation distance, r0, is estimated based on the1650

time between releases and average flow velocity. Panel A1651

shows cases with large initial separations, that is, those1652

with r0 > L0, where L0 is the largest length scale in1653

the flow (set as the integral length scale near the down-1654

stream outlet of the domain). Panel B shows cases with1655

small initial separations - those with r0 < LI, where LI1656

is the energy injection length scale (taken as the integral1657

length scale at the upstream end of the domain). We1658

overlay dashed lines following expected scaling laws, in-1659

cluding black lines with slope t2, a red line with growth1660

that is exponential in t, and purple lines with slope ⟨ϵ⟩t3,1661

where ϵ decays as t−3/2. Equations for expected scaling1662

laws can be found in [103], along with details regarding1663
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FIG. 9. Spatial distribution of properties computed for the computational fluid dynamics simulation, including: (A) time-
average (top) and instantaneous snapshots (bottom) of the concentration and velocity fields, and (B) two time-averaged
velocity field quantities: integral time scale and turbulent kinetic energy.

scaling of mean square particle pair separations in 2D1664

versus 3D flows.1665

The enstrophy dissipation rate ϵ used in Fig. 10 was1666

computed as:1667

ϵ = 2ν⟨EijEij⟩ (D1)

where Eij is the strain rate tensor of the fluctuating ve-1668

locity field. Due to our decaying grid turbulence condi-1669

tions, ϵ decreases downstream approximately as t−3/2, as1670

shown in Fig. 11.1671

In the simplest case for computing effective diffusiv-1672

ity, all sensors would be located far enough downstream1673

that initial particle separations have been ‘forgotten’, so1674

that there is a single value for mean squared separation1675

regardless of initial condition. Note that our sensor loca-1676

tions are in the range 0.05 m (about 0.5 s average travel1677

time) and 0.4 m (about 4 s average travel time), which lies1678

in a regime where all initial conditions show similar par-1679

ticle separation rates (i.e., a constant slope). However, at1680

the sensors closest to the source with small initial particle1681

separations, there is some variation in the growth rate of1682

mean square particle separation, so we expect some devi-1683

ation from Richardson diffusion behavior in those cases.1684

To compute Deff , we approximate the travel time as1685

sensor distance divided by mean velocity. Then we can1686

use Fig. 10 to find the mean square particle separation,1687

then divide by the approximate travel time to obtain1688

Deff . By convention, a factor of 1/4 is included to align1689

with the standard 1D solution to the advection diffusion1690

equation:1691

C(x, t) =
M√

4πDefft
exp

[
− (x− µ)2

4Defft

]
, (D2)

where C is the concentration and M is the initial mass,1692

which we will take to be unity for the remainder of the1693

analysis. Converting to our approximation of a Gaussian1694

in time (see eq. D2) yields1695

C(x, t) ≈ 1√
4πDeffx/u

3
exp

(
− (t− x/u)2

4Deffx/u
3

)
. (D3)

Furthermore, multiplicative random processes typically16961697

exhibit lognormal distributions, and indeed previous re-1698

search in turbulent flows has identified lognormal distri-1699

butions for concentration PDFs ([104–106]). We there-1700

fore expect that the first-order probabilities for par-1701

ticle travel times will follow a lognormal distribution1702

with an underlying normal distribution that follows the1703

above space-time conversion of the 1D solution to the1704

advection-diffusion equation. We estimate the first-order1705
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FIG. 10. Mean square particle pair separations computed
from trajectory data.

FIG. 11. Enstrophy dissipation rate demonstrating scaling
approximately as t−3/2.

xs, m µχ, s ⟨|rµχ − r0|⟩2, m2 σ2
χ, s

2 µ σ Scaling

0.05 0.5 0.0010 0.05 -0.78 0.43 0.064

0.0707 0.707 0.0016 0.08 -0.42 0.39 0.065

0.1 1 0.0028 0.14 -0.07 0.36 0.067

0.141 1.41 0.0046 0.23 0.29 0.33 0.068

0.2 2 0.0077 0.39 0.65 0.31 0.068

0.2828 2.828 0.0130 0.65 1 0.28 0.068

0.4 4 0.0215 1.075 1.35 0.26 0.069

TABLE II. Computed parameters for the expected lognormal
travel time distributions.

probabilities, a0(t), as a lognormal distribution with1706

PDF:1707

f(ttravel;µ, σ) =
1

tσ
√
2π

exp

(
− (ln t− µ)2

2σ2

)
(D4)

1708

for t ∈ (0,+∞) (D5)

with mean (µ) and variance (σ2) computed as1709

µ = ln

 µ2
χ√

µ2
χ + σ2

χ

 and (D6)

1710

σ2 = ln

(
1 +

σ2
χ

µ2
χ

)
, (D7)

where χ follows a normal distribution with mean (µχ)1711

and variance (σ2
χ) defined as1712

µχ = xs/ u and (D8)

1713

σ2
χ =

2Deffµχ

u2 =
⟨|rµχ − r0|⟩2

2u2 , (D9)

where xs is the x location of the sensor, u is the mean1714

velocity, and ⟨|rµχ − r0|⟩ is the mean square particle pair1715

separation at the mean travel time. Table II lists the1716

resulting parameters at each sensor location, computed1717

according to the equations above. Note that the lognor-1718

mal distributions were also multiplied by a scaling factor1719

ranging from 0.064 to 0.069, chosen such that the dis-1720

tributions have approximately the same peak value as1721

the observed travel time probabilities. The scaling fac-1722

tor includes factors related to the ratio of power between1723

correlated and independent components of the mapping1724

function, which is beyond the scope of this study. The re-1725

sulting lognormal distributions are the modeled a0 single-1726

particle travel time distributions, as plotted and com-1727

pared with the actual distributions in Fig. 5 in the1728

manuscript.1729
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